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The multimodal admittance method and its improvement are presented to deal with various aspects in underwater
acoustics, mostly for the sound propagation in inhomogeneous waveguides with sound-speed profiles, arbitrary-shaped
liquid-like scatterers, and range-dependent environments. In all cases, the propagation problem governed by the Helmholtz
equation is transformed into initial value problems of two coupled first-order evolution equations with respect to the modal
components of field quantities (sound pressure and its derivative), by projecting the Helmholtz equation on a constructed
orthogonal and complete local basis. The admittance matrix, which is the modal representation of Direchlet-to-Neumann
operator, is introduced to compute the first-order evolution equations with no numerical instability caused by evanescent
modes. The fourth-order Magnus scheme is used for the numerical integration of differential equations in the numerical
implementation. The numerical experiments of sound field in underwater inhomogeneous waveguides generated by point
sources are performed. Besides, the numerical results computed by simulation software COMSOL Multiphysics are given
to validate the correction of the multimodal admittance method. It is shown that the multimodal admittance method is an
efficient and stable numerical method to solve the wave propagation problem in inhomogeneous underwater waveguides
with sound-speed profiles, liquid-like scatterers, and range-dependent environments. The extension of the method to more
complicated waveguides such as horizontally stratified waveguides is available.

Keywords: inhomogeneous waveguide, multimodal admittance method, sound-speed profiles, admittance ma-
trix

PACS: 43.20.Mv, 43.20.Bi, 43.30.–k DOI: 10.1088/1674-1056/ab5940

1. Introduction
Sound propagation in shallow water waveguides is an im-

portant subject in underwater acoustics. It has attracted much
attention, both theoretically and experimentally, for several
decades. However, the quantitative understanding of sound
propagation in underwater waveguides is not available in a
satisfactory way, because of the complexity of the underwater
environments. For instance, sound-speed profiles as generic
characteristics, and other inhomogeneities caused by organ-
isms, vehicles, seamounts, and surface fluctuations, etc. Ray
theory is one of the most utilized techniques, whose objective
is tracing ray paths and thereby analyzing wave propagation,
radiation, and scattering properties.[1–3] However, its applica-
tion is limited to high frequencies, and the ray trajectories are
quite sensitive to details of the media and the numerical dis-
cretization, particularly when one traces rays to long range.
Normal mode method is often used in the study of underwa-
ter sound propagation in range-independent waveguides.[1,4,5]

When the waveguide is range-dependent, applications of mode
method is not evident. Some other classical techniques such
as the finite element methods[6,7] and the finite difference
methods[8,9] can be alternative to calculate wave propagation

in waveguides with sound-speed profiles and inhomogeneities.
Nevertheless, such methods are inconvenient when the typical
wavelength is much less than the height of the waveguide or
the propagation range is much larger than the height, because
these circumstances require a sufficient number of calculating
nodes which leads to a prohibitively expensive cost. An effi-
cient and stable numerical method to compute the sound field
in inhomogeneous underwater waveguides is significant to be
addressed.

In this paper, we present the multimodal admittance
method to treat the sound propagation problem in inhomo-
geneous underwater waveguides. The multimodal admittance
method was first proposed by Pagneux et al. to compute
wave propagation in a varying cross-section waveguide.[10,11]

Then it has been used to analyze Lamb wave propagation
in inhomogeneous elastic waveguides,[12] wave propagation
in two-dimensional (2D) and three-dimensional (3D) rigid
bends,[13,14] and in waveguides with penetrable scatterers.[15]

In order to improve the calculation convergence, the im-
proved version of multimodal method was developed to ana-
lyze wave propagation in waveguides with impedance bound-
ary condition[16] or with varying cross section.[17] The multi-
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modal admittance method stems from the multimodal method,
the basic concept of which is the generalized Fourier series ex-
pansion, in other words, the solutions of the Helmholtz equa-
tion can be expanded by an orthogonal and complete basis
consisting of transverse local modes. The modes are supposed
to include all propagating modes and several evanescent mode.
By projecting the Helmholtz equation onto the mode basis,
two couple first-order differential equations with respect to
the modal components of the sound pressure and its deriva-
tive are obtained. A sound condition and a radiation condition
are crucial to give the initial conditions to solve the coupled
mode equations. However, directly integrating the first-order
differential equation from the radiation condition can bring
numerically instability, because the evanescent waves are ex-
ponentially increasing in that way. The admittance matrix is
introduced to evade the numerical divergence difficulty. The
admittance matrix is often referred to the modal representa-
tion of the Direchlet-to-Neumann operator, linking the sound
pressure and its derivative in modal representation. It can ef-
ficiently avoid the contamination generated by exponentially
diverging evanescent modes. Although the multimodal ad-
mittance method has been utilized in various waveguides, the
wave propagation and scattering in underwater waveguides
under the effect of a sound-speed profile, still need to be in-
vestigated. For the sake of comprehensiveness, the boundary
conditions of the physical problem in this paper are formulated
as acoustically soft at the top water–air interface and rigid at
the bottom water–rock interface, respectively. The generaliza-
tion to more complicated cases, such as the ocean geometry
is modeled as a two-layered waveguide, is also possible. Be-
sides the sound-speed profiles, two inhomogeneous cases in
underwater waveguides are considered: (i) waveguides with
liquid-like scatters and (ii) waveguides with range-dependent
environments. For the case (ii), the expansion of sound pres-
sure by local normal modes performs poor convergence with
respect to the truncation number of the transverse modes, be-
cause the local normal modes do not satisfy the natural bound-
ary conditions of the varying cross section waveguides. The
improved multimodal admittance method is presented to give a
better convergence. The idea is choosing a boundary mode[18]

to enrich the mode basis such that the natural boundary con-
dition is automatically satisfied. We will show that the advan-
tage of the improved method is that the calculation follows the
classic procedure.

The paper is organized as follows: in Section 2, a brief
revisiting of multimodal method is present for the wave prop-
agation in a 2D axial-uniform waveguide with a sound-speed
profile. In Section 3, we treat the wave propagation problem
in a 2D waveguide with liquid-like scatterers and a sound-
speed profile. Basic equations of the multimodal admittance

method are given. To numerically solve the resulting coupled
first-order wave equation and Riccati equation, we employ a
fourth-order Magnus numerical integration scheme, which is
suitable for computing wave propagation in large ranges or
high frequencies. For the validation of the multimodal ad-
mittance method, numerical results of the sound fields are
shown in Subsection 3.3, including a comparison of the results
calculated by simulation software COMSOL Multiphysics to
the results using the multimodal admittance method. In Sec-
tion 4, the improved multimodal admittance method is applied
to waveguides with range-dependent environments in order to
realize a better convergence. The corresponding sound field is
illustrated as well. Finally, in Section 5 we give the conclu-
sions.

2. Sound propagation in waveguides with sound-
speed profiles using multimodal method
The sound propagation in a 2D water-filled waveguide of

semi-infinite length and finite depth h with a sound-speed pro-
file is considered as shown in Fig. 1. The sound speed c(y)
is assumed to depend merely on the depth. The boundaries
are acoustically soft at y = 0 and acoustically rigid at y = h,
respectively. A source is emitted from left x = 0.

0

source

h

y

x
soft p=0

rigid ∂yp=0

ρ↪c↼y↽

Fig. 1. Configuration of a waveguide having a sound speed profile.

The harmonic time dependence in this paper is e−iωt and
will be omitted in the following. The acoustic pressure p sat-
isfies the Helmholtz equation

∇
2 p+

ω2

c2(y)
p = 0, (1)

where ∇2 = ∂ 2/∂x2 + ∂ 2/∂y2, together with the boundary
conditions

p|y=0 = 0,
∂ p
∂y

∣∣
y=h = 0. (2)

The waveguide sustains an infinite number of modes, which
are complicated to be analytically computed due to the pres-
ence of sound speed gradient. We use the multimodal method
to treat this problem. The basic concept of the multimodal
method, based on the generalized Fourier series expansion, is
to expand the unknown by a set of orthogonal and complete
transverse functions (a mode basis) and the expansion coef-
ficients (modal components) are evaluated by projecting the
Helmholtz equation onto the basis.
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The basis we choose obeys the eigenproblem
∂ 2ψn(y)

∂y2 =−γ
2
n ψn(y),

ψn(y)
∣∣
y=0 = 0,

∂ψn

∂y

∣∣∣∣
y=h

= 0.

Here ψn(y) denote the normal modes in a waveguide with the
same dimension and boundary conditions as the model shown
in Fig. 1, but having a constant sound speed c̃. It follows

ψn(y) =

√
2
h

sin(γny),

γn =

(
n+

1
2

)
π

h
, n = 0,1,2, . . . ,∞. (3)

The orthogonality relation is given as∫ h

0
ψ
∗
mψn dy = δmn. (4)

The sound pressure at any position can be expanded by
ψn(y), i.e.

p(x,y) =
N−1

∑
n=0

pn(x)ψn(y) = 𝛹T𝑝, (5)

where 𝑝 and 𝛹 are vectors with elements pn and ψn, respec-
tively. N is the truncation number. Then projecting Eq. (1) on
the basis 𝛹 ∗ and taking advantage of the orthogonality rela-
tion, we get a second-order differential equation

d2𝑝

dx2 −K2𝑝= 0. (6)

One can also write the above equation as coupled mode equa-
tions in terms of 𝑠= ∂x𝑝

d
dx

(
𝑝
𝑠

)
= H

(
𝑝
𝑠

)
, (7)

where H =

(
0 I
−K2 0

)
, I is an identity matrix, and K2 is the

‘wavenumber’ matrix

K2 =−γ
2
n I +

∫ h

0

ω2

c2(y)
𝛹 ∗𝛹T dy, (8)

here γ2
n I is a diagonal matrix with γ2

n on the diagonal. The
eigenvalues of K2 are exactly identical to k2

x where kx are the
horizontal wavenumbers of the modes.

The matrix H can be regarded as the evolution propagator
of the axial-uniform waveguide with sound-speed profiles. H
is independent of x which enables us to directly compute the
modal components 𝑝

𝑝(x) = eiKx𝑝0, (9)

where 𝑝0 is the modal components of the source condition
p(x = 0), and K is the square root of K2. The choice of the

sign of K is determined by the radiation condition stating that
the energy radiates outwards as propagation. Since the time
dependence is e−iωt , the eigenvalues of K are chosen having
zero or positive imaginary part, corresponding to propagative
or evanescent waves, respectively. The natural modes in the
waveguide can be obtained by mutiplying the transpose of the
eigenvectors of K and the modal basis 𝛹 . In the numerically
implementation we employ a numerical integration tool called
Clenshaw–Curtis interpolatory quadrature[18] to compute the
integral in Eq. (8). The details of the Clenshaw–Curtis inter-
polatory quadrature are given in Appendix A.

Note that to solve the coupled first-order differential
equations Eq. (7), originally, two initial conditions are nec-
essary. However, due to the axial uniformity, the radiation
condition is implicitly contained in the coupled equations, ex-
pressed as 𝑠/𝑝= iK. Consequently, once the source condition
p(x = 0) (the pressure distribution at x = 0) is given, the sound
pressure field can be acquired by computing the modal com-
ponents 𝑝 (Eq. (9) and then substituting it into Eq. (5).

3. Sound propagation in waveguides with sound-
speed profiles and liquid-like scatterers
In this section we investigate the sound propagation in

inhomogeneous waveguides with scatterers of liquid-like ma-
terial and still, depth-dependent sound speed profiles. The
resultant field contains a backscattered field and a transmit-
ted field. Using the multimodal method as mentioned in Sec-
tion 2, the Helmholtz equation can be reduced to two cou-
pled first-order differential equations. Two initial conditions,
i.e., source condition and radiation condition, are crucial to
solve the equations. However, numerical instability emerges
when integrating the first-order differential equation from the
radiation equation since the evanescent modes are exponential
growing in that way (from right to left). The problem can be
circumvented by applying the admittance matrix.

3.1. Multimodal admittance method

The configuration is illustrated in Fig. 2. Ωs and Ωres

denote the space occupied by the scatterers and the exterior
space outside the scatterers in the waveguide, respectively. All
the scatterers are involved in the region x ∈ [0,xmax]. There-
fore the resultant scattered field contains a backscattered field
in the region 0 ≤ x ≤ xmax and a transmitted field in the re-
gion x ≥ xmax. The number and the shape of the scatterers
are arbitrary. Without loss of generality, we consider only one
scatterer in the following. The sound speed and mass den-
sity of the scatterer are c0(y) and ρ0, respectively, which are
in contrast to the sound speed c(y) and density ρ for the host
medium. ρ0 and ρ are constant. The sound pressure p(x,y)
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in such an inhomogeneous waveguide satisfies the Helmholtz
equation [

∇
2 +

ω2

c2(y)

(
1+α(y)δ (x,y)

)2
]

p(x,y) = 0,

δ (x,y) =

{
0, in Ωres,

1, in Ωs,
(10)

where 1+α(y) = c(y)/c0(y), and in case of absorbing scatter-
ers, α(y) is a complex function with ℑm(α) > 0. The bound-
ary conditions are imposed to be acoustically rigid for the bot-
tom wall and soft for the top wall, i.e.,

p|y=0 = 0,
∂ p
∂y
|y=h = 0, (11)

and the continuous conditions on the interface of the scatterer
and the host medium are given as

p+ = p− and
1
ρ

∂ p+

∂𝑛
=

1
ρ0

∂ p−

∂𝑛
, on ∂Ωs, (12)

where 𝑛 represents the exterior normal of the scatterers and
p+ (p−) denotes the pressure at the exterior (interior) side of
the interface of the scatterer and the host medium.

y

soft p=0

rigid ∂yp=0

ρ↪c↼y↽

0

source

h

x
xmax

Ωres

Ωs

a↼x↽

b↼x↽

ρ0↪c0↼y↽

Fig. 2. Configuration of an inhomogeneous waveguide with a sound-speed
profile and a liquid-like scatterer.

First we rewrite Eq. (10) into weak formulation form by
introducing a test function q(x,y)[15] and integrating it in the
whole region. This leads to∫∫

Ω

dxdy[∇p ·∇q∗− k2 pq∗]

+
∫∫

Ωs
dxdy

[(
ρ

ρ0
−1

)
∇p ·∇q∗−ξ k2 pq∗

]
= 0, (13)

where q(x,y) = Q(x)ψn(y), Q(x) is compactly supported, and
ξ = (ρ/ρ0)(1+α)2− 1. Ω = Ωs ∪Ωres is the whole region
of the waveguide. We expand p by the basis ψn(y) (Eq. (3))

p(x,y) =
N−1

∑
n=0

pn(x)ψn(y) = 𝛹T𝑝, (14)

where 𝑝 is a vector with pn as the elements and N is the trun-
cation number. Then substituting Eq. (14) into Eq. (13), after
some manipulations, we obtain

d
dx

(
E

d𝑝
dx

)
− (−K2 +D)𝑝= 0, (15)

where 

E = I +
(

ρ

ρ0
−1
)∫ b(x)

a(x)
𝛹 ∗𝛹T dy,

K2 =−γ
2
n I +

∫ h

0

ω2

c2(y)
𝛹 ∗𝛹T dy,

D =

(
ρ

ρ0
−1
)∫ b(x)

a(x)

∂𝛹 ∗

∂y
∂𝛹T

∂y
dy

−
∫ b(x)

a(x)
ξ

ω2

c2(y)
𝛹 ∗𝛹T dy.

Here a(x) and b(x) are the shape functions of the scatterer (see
Fig. 2). The integrals in E and the left term of D can be ana-
lytically computed∫ b(x)

a(x)
ψnψ

∗
m dy =

y
h

(
sinc

(
(m−n)πy

h

)
− sinc

(
(m+n+1)πy

h

))∣∣∣∣y=b(x)

y=a(x)
,

∫ b(x)

a(x)

∂ψn

∂y
∂ψ∗m
∂y

dy =
π2(m+

1
2
)(n+

1
2
)y

h3

×
(

sinc
(
(m−n)πy

h

)
+ sinc

(
(m+n+1)πy

h

))∣∣∣∣y=b(x)

y=a(x)
.

K2 and the rest term of D are numerically calculated by
the Clenshaw–Curtis interpolatory quadrature given in Ap-
pendix A. When there is no scatterer, i.e. a(x) = b(x), ρ = ρ0,
and α = 0, such that E = I and D = 0, the problem turns to
be the wave propagation problem described by Eq. (7). The
second-order differential equation (Eq. (15)) is actually the re-
formulation of the Helmholtz equation Eq. (10) via projecting
it onto the constructed basis ψn(y).

We write Eq. (15) into two coupled first-order evolution
equations by assuming 𝑠= E∂x𝑝

d
dx

(
𝑝
𝑠

)
= H

(
𝑝
𝑠

)
, (16)

where H =

(
0 E−1

−K2 +D 0

)
, and H can be considered as

the evolution propagator of the corresponding waveguide.
The propagator here is x-dependent while the propagator
of the axial-uniform waveguide (Eq. (7)) is x-independent.
Two initial conditions are required to solve the equations, a
source condition at x = 0 and a radiation condition at x ≥
xmax. Note that equation (16) cannot be integrated directly
because the evanescent modes are exponentially increasing
when integrating from right to left which leads to numerical
divergence.[12,19] Nevertheless, evanescent modes are not neg-
ligible since they are significant for the near field of any inho-
mogeneity in the waveguide. We employ the admittance ma-
trix to avoid this circumstance. The admittance matrix Y (x)
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is the modal representation of Direchlet-to-Neumann operator
which is defined as 𝑠= Y𝑝, linking the acoustic pressure 𝑝 to
its x-derivative 𝑠.

Substituting 𝑠 = Y𝑝 into Eq. (16), we yield two equa-
tions: the Riccati equation with respect to Y and a first-order
differential equation governing the modal components 𝑝

∂xY =−Y E−1Y −K2 +D, (17a)

∂x𝑝= E−1Y𝑝. (17b)

Given an initial value of Y , the admittance matrix for all x
is able to be obtained. The initial value of Y can be extracted
from the transmitted field region x≥ xmax where there only ex-
ist right-going waves with E(x≥ xmax)= I and D(x≥ xmax)=0.
The initial condition follows

Y (x≥ xmax) = iK, (18)

where K is the square root of K2. The values of K are chosen to
have eigenvalues with zero or positive imaginary part. There-
fore, it is available to compute 𝑝 once the source condition is
given. Note that the required source condition is the sound
pressure distribution at x = 0, meaning that it is the superpo-
sition of the incident wave and the reflected wave. The modal
components of the source condition can be obtained with the
aid of the reflection matrix R

𝑝0 = (I +R)𝑝inc, (19)

where R = (iK +Y )−1(iK−Y ) and 𝑝inc is the modal compo-
nents of the incident wave.

3.2. Numerical integration

The differential equations (17a) and (17b) cannot be read-
ily solved because the matrices E, D, and Y depend on x.
We give the numerical procedure to solve these equations,
and one can follow the same steps to compute the wave field
governed by Eqs. (40) and (41) in Section 4. We assume
that an operator G is defined as 𝑝(xmax) = G(xmax,x)𝑝(x) for
x ≤ xmax. Thus G satisfies the first-order differential equation
∂xG = −GE−1Y . G can be numerically computed by inte-
grating from right at x = xmax to left at x = 0 with the initial
condition G(xmax,xmax) = I. The modal components 𝑝 can be
obtained thereafter.

Inspired by Refs. [20,21], we use the fourth-order Mag-
nus method for numerical integration of linear differential
equations. The fourth-order Magnus method is suitable for
the situation where the calculating range is much larger than
the typical wavelength, or the calculated propagation distance
is much larger than the height of the waveguide, since it ne-
cessitates less calculating nodes than several classical numer-
ical techniques, such as finite difference methods and finite

element methods.[20,22] The detail of this numerical scheme
to calculate Y (x), G(x), and 𝑝 is now presented. The in-
terval x ∈ [0,xmax] is discretized by a series of coordinates
x1 > x2 > · · · > xN with xN = 0 and x1 = xmax. Equation (16)
can be rewritten as(

𝑝(xn+1)
𝑠(xn+1)

)
= eMn

(
𝑝(xn)
𝑠(xn)

)
. (20)

Here the Magnus matrix Mn is given as

Mn =
δn

2
(Mn1 +Mn2)+

√
3δ 2

n

12
(Mn2Mn1−Mn1Mn2),

where

Mn1 = H(xn +

(
1
2
−
√

3
6

)
δn),

Mn2 = H(xn +

(
1
2
+

√
3

6

)
δn)

are the evaluations of the matrix H at the nodes of the fourth-
order Gauss–Lagendre quadrature in the segment from xn to
xn+1, and δn = xn+1− xn. This iteration is operated from right
to left such that δn < 0. Note that when Mn is x-independent,
which implies that there is no scatterer in the medium, the re-
sults derived from the fourth-order Magnus scheme are exact.
The matrix exponential eMn can be devided as

eMn =

(
E1 E2
E3 E4

)
. (21)

Substituting Eq. (21) into Eq. (20) and taking using of 𝑠=Y𝑝,
Y (x) and G(x) then can be derived as

Y (xn+1) = [E3 +E4Y (xn)][E1 +E2Y (xn)]
−1, (22)

G(xn+1) = G(xn)[E1 +E2Y (xn)]
−1. (23)

Therefore 𝑝 is able to be solved benefiting from the opera-
tor G(x) since G(x) establishes the relation between 𝑝(xi) and
𝑝(x j) at any two positions in the range [0,xmax]. The iteration
result for 𝑝 is given as

𝑝(xn) = [E1 +E2Y (xn)]
−1𝑝(xn+1). (24)

The iteration of 𝑝 is operated from 0 to xmax, starting from the
modal components 𝑝0 of source condition.

To summarize, once the geometries and characteristic pa-
rameters (sound speed and density) of the host medium and
liquid-like scatterers are known, Y (x) and G(x) in the range
[0,xmax] are determined by integrating from the radiation con-
dition. And the sound field generated by any possible source
in this waveguide can be obtained by iteration from source
condition. In numerical implementation, the series of Eq. (14)
is truncated at finite N. The choice of N needs to make sure
all the propagative modes and several evanescent modes are
included in the series.
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3.3. Numerical results and method validation

Normally, a point source is appropriate to use in practical
problems in underwater acoustics. Assuming a point source is
located at (x,y) = (0,ys), we give the expanding expression of
the corresponding Green’s function G(x,y) on the constructed
basis ψn(y) (more details see Appendix B)

G(x,y) =
+∞

∑
n=0

gn(x)ψn(y) = 𝛹T𝑔, (25)

where 𝑔 is the modal component vector 𝑔 ≡ (gn)

𝑔(x) =
e iK|x|

2i
K−1𝛹(ys). (26)

Figure 3 displays the examples of sound propagation in
inhomogeneous waveguides with or without scatterers, gen-
erated by a point source at y = 0.2h, where h = 30 m is the
depth of the waveguides and the frequency is f = 500 Hz.
Figures 3(a) and 3(b) show the sound field of a waveg-
uide having negative sound-speed profile gradient c = 1500×
(1− 10−3y) and in the absence of scatterer. The calcula-
tion in Fig. 3(a) has been done using the multimodal method

as mentioned in Section 2, while using a commercial soft-

ware COMSOL Multiphysics in Fig. 3(b). It is observed

that the results agree well. The acoustic wave bends lo-

cally towards the bottom boundary where the sound speed

is low, and then reflected by the surfaces. The waveguide

considered in Figs. 3(c) and 3(d) contains a scatterer formu-

lated by a(x) = 0.5h+0.2h
√

1− [(x−3h)/h]2, b(x) = 0.5h−
0.2h

√
1− [(x−3h)/h]2, and parameterized by ρ/ρ0 = 0.3

and α = 0.5, and the sound speed profile in the host medium

is still c = 1500× (1− 10−3y). The sound fields illustrated

in Figs. 3(c) and 3(d) are computed by the multimodal ad-

mittance method and commercial software COMSOL Mul-

tiphysics, respectively. We can observe that the result in

Fig. 3(c) is extremely close to that in Fig. 3(d). Moreover,

the change of the wavelength between the host medium and

the scatterer is clear. It is verified that the multimodal admit-

tance method is a powerful and efficient way to analyze wave

propagation in inhomogeneous waveguides with sound-speed

profiles.
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Fig. 3. Sound fields (pressure amplitude) in inhomogeneous waveguides having sound-speed profiles without ((a) and (b)) and with ((c) and (d)) a scatterer.
The sound source is a point source located at y = 0.2h where h = 30 m is the depth. The frequency is f = 500 Hz. The sound-speed profiles in the host
medium are assumed to be the same in both cases expressed as c = 1500× (1− 10−3y) as shown in the left panel. (a) Sound field in the waveguide with
no scatterer. The result is computed by the multimodal method; (b) Sound field in the waveguide with no scatterer. The result is computed by a numerical
calculating software COMSOL Multiphysics; (c) Sound field in the waveguide containing a scatterer with parameters ρ/ρ0 = 0.3 and α = 0.5. The result is
calculated by multimodal admittance method; (d) Sound field in the waveguide with the same scatterer as in panel (c). The result is calculated by COMSOL
Multiphysics.

Figure 4 depicts the scattering field of a waveguide with
an absorbent scatterer, excited by a point source located at
y = 0.2h, where h = 30 m is the depth. The frequency is
f = 500 Hz. The sound speed of the host medium is same
as that in Fig. 3, expressed as c = 1500×(1−10−3y). The pa-
rameters of the scatterer are set as ρ/ρ0 = 0.3 and α = 0.01i.

The complex sound speed in the scatterer means that it is
lossy. The results are computed by the multimodal admit-
tance method. When sound propagates across the absorbent
scatterer, sound interacts with the scatterer and the wavelength
changes in the scatterer range. Figure 4(b) exhibits the corre-
sponding variation of energy flux as a function of x of Fig. 4(a).
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In inhomogeneous waveguides the expression of the energy
flux is written as

E f (x) = Im

(∫ h

0
p∗(x,y)

1
ρ(x,y)

∂ p(x,y)
∂x

dy

)
, (27)

and the reciprocity an energy conservation have been proved
in Refs. [15,23]. It is shown that the sound energy suffers loss
when propagation across the absorbent scatterer, and sound
propagates without loss in other regions due to the perfectly
total reflection boundaries.
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(b)0.8

0.4

Fig. 4. Sound propagation in a waveguide with a sound-speed profile and an
absorbent scatterer: ρ/ρ0 = 0.3 and α = 0.01i, generated by a point source.
The source is located at 0.2h, where h= 30 m. The frequency is f = 500 Hz.
The sound speed of the host medium is c = 1500× (1−10−3y). (a) Sound
field (pressure amplitude); (b) Energy flux as a function of x of the waveg-
uide in panel (a).

4. Sound propagation in waveguides with range-
dependent environments and sound-speed
profiles

4.1. The improved multimodal admittance method

In the shallow ocean, the top and bottom surfaces are im-
portant since sound inevitably bounces by the surfaces. There
are some situations where the cross section of the waveguide
is range-dependent, and therefore strongly influence the sound
field. In the section, the wave propagation in a waveguide with
continuously and varying cross section is inspected. For sim-
plicity, we only formulate the waveguide with varying bottom
wall in the region x0 ≤ x ≤ xmax (see Fig. 5). The top wall is
acoustically soft, and the bottom is rigid, described by h(x).
A stable source is given at x = 0. The sound speed depends
on the depth. The corresponding sound pressure satisfies the
Helmholtz equation

∂ 2 p
∂x2 +

∂ 2 p
∂y2 +

ω2

c2(y)
p = 0, (28)

with the boundary conditions

p
∣∣
y=0 = 0, ∂ p/∂n

∣∣
y=h(x) = 0, (29)

where

∂/∂n =
1√

1+h′(x)2
∂/∂y− h′(x)√

1+h′(x)2
∂/∂x.

soft p=0

rigid ∂yp=0

ρ↪c↼y↽

x0

0

source

y

x

xmax
h↼x↽

Fig. 5. Configuration of a varying cross-section waveguide with sound-
speed profiles.

First we construct a mode basis ψn(y;x) to express p and
s. Here ψn(y;x) are local normal modes, which correspond
to the eigenfunctions of the eigenproblem ∂ 2ψn(y;x)/∂y2 =

−γ2
n ψn(y;x) with homogeneous Direchlete boundary condi-

tion for top wall ψn(0;x) = 0 and Neumann boundary con-
dition for bottom wall ∂ψn(h(x);x)/∂y = 0 at each local x. It
follows

ψn(y;x) =

√
2

h(x)
sin(γny) ,

γn =
(n+ 1

2 )π

h(x)
, n = 0,1,2, . . . ,N−1. (30)

Note that the natural boundary condition imposed on the bot-
tom surface is ∂ p(h(x);x)/∂y = h′(x)∂ p(h(x);x)/∂x, but the
basis functions ψn(y;x) do not satisfy it such that the se-
ries representation of p and s onto the basis ψn(y;x) ( n =

0,1,2, . . . ,N − 1) will exhibit poor convergence properties.
We use the improved version of the multimodal admittance
method[17] to treat this problem. The idea is adding a sup-
plementary function ψ−1, so-called a boundary mode, to en-
rich the mode basis. It is easy to write such a boundary mode
ψ−1(y;x) by Schmidt orthogonalization

ψ−1 = χ−
N−1

∑
n=0

χnψn,

χn =
∫ h(x)

0
χ
∗
ψn dy,

(31)

where χ satisfies ∂ χ(h(x);x)/∂y 6= 0 and χ(0;x) = 0. χ is
arbitrary, and here we choose

χ = a−1

√
2

h(x)
sin

πy
h(x)

, (32)

where a−1 is the normalization factor to make sure ψ−1 nor-
malized. Therefore we get a basis ψn (n =−1,0,1, . . . ,N−1)
with orthogonality relation∫ h(x)

0
ψ
∗
n ψm dy = δnm. (33)

Then we write the Helmholtz equation into the first-order
evolution form in terms of s = ∂x p

∂x

(
p
s

)
=

(
0 1

−(∂y2 +ω2/c2(y)) 0

)(
p
s

)
. (34)
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p and s can be written as the expansion on ψn(y;x)

p(x,y) =
N−1

∑
n=−1

pn(x)ψn(y;x),

s(x,y) =
N−1

∑
n=−1

sn(x)ψn(y;x). (35)

The expansion convergence increases from 1/N2 to 1/N4

by adding a boundary mode (see Appendix C). Substituting
Eq. (35) into Eq. (34) and integrating over the depth of the
waveguide, we yield

p′n(x) = sn(x)−
N−1

∑
m=−1

pm(x)
∫ h(x)

0
ψn(y;x)∂xψm(y;x)dy,

s′n(x) =
N−1

∑
m=−1

sm(x)
∫ h(x)

0
ψm(y;x)∂xψn(y;x)dy (36)

+
N−1

∑
m=−1

pm(x)
(∫ h(x)

0
∂yψm(y;x)∂yψn(y;x)dy

−
∫ h(x)

0

ω2

c2(y)
ψn(y;x)ψm(y;x)dy

)
. (37)

Write Eq. (36) into two coupled first-order differential equa-
tions governing the modal components 𝑝≡ (pn) and 𝑠≡ (sn)

∂x

(
𝑝
𝑠

)
= H

(
𝑝
𝑠

)
, (38)

where the evolution propagator H =

(
−A I
−K2 AT

)
, and the ele-

ments in A and K2 are

Anm =
∫ h(x)

0
ψn(y;x)∂xψm(y;x)dy,

K2
nm(x) = −

∫ h(x)

0
∂yψn(y;x)∂yψm(y;x)dy

+
∫ h(x)

0

ω2

c2(y)
ψn(y;x)ψm(y;x) dy.

The explicit expressions for the formulas are given in Ap-
pendix D. Note that for 0≤ n,m≤ (N−1),

K2
nm(x) =−γ

2
n +

∫ h(x)

0

ω2

c2(y)
ψn(y;x)ψm(y;x) dy

correspond to the square of the usual horizontal wavenumbers
k2

x,n of the modes. For n = m =−1,

k2
x,−1 =−

∫ h(x)

0
(∂yψ−1(y;x))2 dy+

∫ h(x)

0

ω2

c2(y)
ψ

2
−1(y;x)dy

is found negative, corresponding to an evanescent mode, such
that the boundary mode ψ−1 automatically satisfies the radia-
tion condition (for details see Ref. [17]).

Equation (39) implies that the Helmholtz equation is
posed as initial value problems of the coupled first-order dif-
ferential equations. Equation (38) cannot be integrated di-
rectly, similar to the discussion in Section 3. We introduce

the admittance matrix Y as

𝑠= Y𝑝. (39)

Inserting Eq. (39) into Eq. (38), it follows a Riccati equation
with respect to Y

∂xY +Y 2−YA−ATY +K2 = 0. (40)

One can get the admittance matrix Y at any x with an initial
condition. The initial condition of Y can be extracted from
the radiation condition in the constant cross-section region
x≥ xmax

Y (x≥ xmax) = iK(xmax). (41)

𝑝 eventually satisfies the first-order evolution equation

∂x𝑝=−(A+Y )𝑝. (42)

The sound field can be computed once the source condition
p(x = 0) is given. We note that the properties of the bound-
ary mode ψ−1, orthogonal to the rest N modes and evanescent
as propagation, lead to the classic form of coupled first-order
evolution equations. The numerical regime to solve Y and 𝑝
follows the same steps as described in Subsection 3.2.

To summarize, using the (improved) multimodal admit-
tance method, the wave propagation problem for an inhomo-
geneous waveguide is effectively reduced to initial value prob-
lems of two coupled first-order evolution equations with re-
spect to the modal components of sound field. The evolution
behavior is well described by an evolution propagator H. The
inhomogeneities influence strongly on the evolution propaga-
tor. For the axially uniform waveguide, the evolution prop-
agator (Eq. (7)) is apparently x-independent. The effect of
scatterers lies on the anti-diagonal block (Eq. (16)), and the
range-dependent cross-section leads to additive terms on the
main diagonal block (Eq. (38)). It makes the extension of
the multimodal admittance method to the wave propagation
in the underwater waveguides with both liquid-like scatterers
and varying cross-section available in a more straightforward
way.

4.2. Numerical results

The sound field in a varying cross section waveguide,
generated by a point source located at 0.2h, h = 50 m, is plot-
ted in Fig. 6. The frequency is f = 500 Hz. The waveguide
has a negative sound-speed profile c = 1500× (1− 10−3y).
There is a seamount at the bottom surface, described as h(x) =
h− h/10(1− cos(2π(x− h)/h)), h < x < 2h, and h = 50 m
elsewhere. The truncation number is N = 200, in order to
guarantee that all the propagative modes and a few evanescent
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modes are included. It is apparent that the sound interact with
the seamount and suffer strong reflection. Figure 6 shows the
energy flux ratio at any position x with respect to the energy
flux at x = 0, i.e., E f (x)/E f (0). The energy is conserved.
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/
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Fig. 6. (a) Sound propagation in a waveguide with a sound-speed profile
and a seamount, generated by a point source. The source is located at
0.2h, where h = 50 m. The frequency is f = 500 Hz. The sound speed
is c = 1500× (1−10−3y). (b) Energy flux ratio E f (x)/E f (0) as a function
of x for the waveguide in panel (a).

5. Conclusion
We have presented the multimodal admittance method to

analyze the sound propagation in underwater waveguides. Var-
ious aspects of inhomogeneity in ocean acoustics have been
taken into account: sound speed profiles, liquid-like scatterers
and range-dependent bathymetry. The improved multimodal
admittance method by adding a boundary mode on the mode
basis is inspected to realize better convergence in the varying
cross section cases. We show that using the multimodal ad-
mittance method, the Helmholtz equation is transformed into
two first-order coupled differential equations with respect to
the modal components of sound pressure and its x-derivative
on the constructed mode basis. These first-order coupled dif-
ferential equations govern the sound evolution behavior for
the specified inhomogeneous waveguide through an evolution
propagator. Diverse inhomogeneity has different effect on
the evolution propagator. For the axially uniform waveguide
with only depth-dependent sound speed profiles, the evolution
propagator is x-independent. When penetrable scatterers are
imposed in the waveguide, the evolution propagator will add
extra terms on the anti-diagonal block. The range-dependent
cross-section will lead additive terms on the main diagonal
block.

The series expansion with respect to transverse modes
contains evanescent modes. The evanescent modes can cause
numerical instability during the integration from radiation
condition. The admittance matrix is introduced to stably com-
pute the integrals, and it is able to eliminate the contamination
of exponentially diverging of evanescent modes. The admit-
tance matrix links the modal components of sound pressure
and its x-derivative on the constructed mode basis. To sum-
mary, the key point of the multimodal admittance method is

projecting the Helmholtz equation onto the mode basis and us-
ing the admittance matrix to compute the solutions. The mul-
timodal admittance method has significant advantages com-
pared with some typical methods applied in underwater acous-
tics. There is no assumption about frequencies in the deriva-
tion of the multimodal admittance method, which enables us
compute the sound field excited by sources with arbitrary fre-
quency. Besides, the multimodal admittance method neces-
sitates less calculating nodes than several classical numerical
techniques, such as finite difference methods and finite ele-
ment methods, which reduce the computational expense.

This method is able to be applied to more complicated
cases where the modes in the waveguides are not orthogonal.
We can construct a basis and make the projection based on the
bi-orthogonality of the local mode basis. The method gives
the possibility to analyze the physical systems no matter they
are hermitian or not. In the paper, we choose 2D planar waveg-
uides with simple Dirichlet and Neumann boundary conditions
as models to demonstrate the multimodal admittance method.
The simple models are easy to be manipulated and accessed.
All the formulations presented in the paper are analytical, the
existing errors result from the use of truncation number (the
projection) and the numerical integrals. The extension to more
complicated situations, such as three-dimensional (3D) cylin-
drical waveguides and horizontally layer waveguides, is also
available.

Appendix A: The Clenshaw–Curtis interpola-
tory quadrature

Based on the Clenshaw–Curtis interpolatory quadrature
rules,[18] the definite integral of a given integrand f (y) in any
interval y ∈ [a,b] (a < b ∈ R) can be evaluated as a weighted
sum ∫ b

a
f (y) dy = ∑

i
wi f (yi) =𝑤

T𝑓 , (A1)

where 𝑤 is the quadrature weights vector and the superscript
‘T’ represents the transpose. The evaluation points yi are
used the Chebyshev points as the nodes, i.e., yi = a+ (b−
a)cos(iπ/(N−1))/2, i = 0,1,2, . . . ,(N−1). Here N is trun-
cation number. The expression of 𝑤 is written as

wi =
b−a

2
× ci

N−1

(
1−

[(N−1)/2]

∑
j=1

b j

4 j2−1
cos
(

2 j
iπ

N−1

))
,

i = 0,1, . . . ,(N−1),

where the coefficients are

b j =

{
1, j = (N−1)/2,
2, j < (N−1)/2,

ci =

{
1, i = 0 or N−1,
2, otherwise.

014303-9



Chin. Phys. B Vol. 29, No. 1 (2020) 014303

Thus the integral in Eq. (8) and in the expression of the matrix
D (Eq. (15)) can be given as∫ h

0

ω2

c2(y)
ψ
∗
mψn dy = 𝛹 †diag

(
ω2wi

c2(yi)

)
𝛹 , (A2)∫ b(x)

a(x)
ξ

ω2

c2(y)
𝜓∗mψn dy = 𝛹 †diag

(
ξ

ω2wi

c2(yi)

)
𝛹 . (A3)

Note that wi are different in the two integrals because of the
various intervals.

Appendix B: The modal projection coefficients of
a Green’s function on a modal basis

In the implementation of multimodal admittance method,
the sound source condition is an essential boundary value, es-
pecially its modal projection coefficients on the constructed
basis ψ(y) (Eq. (3)). Here we give the modal components
of a Green’s function generated by a point source in a axial-
uniform waveguide with depth-dependent sound speed (see
Fig. 1). The Green’s function satisfies the Helmholtz equation

∇
2G(x,y)+

ω2

c2(y)
G(x,y) =−δ (x)δ (y− ys), (B1)

and G(x,y) can be expressed as the modal sum

G(x,y) =
+∞

∑
n=0

gn(x)ψn(y) = 𝛹T(y)𝑔(x). (B2)

Substituting Eq. (B2) into Eq. (B1) yields

𝛹T(y)
d2𝑔(x)

dx2 − γ
2𝛹T(y)𝑔(x)+

ω2

c2(y)
𝛹T(y)𝑔(x)

=−δ (x)δ (y− ys). (B3)

Then projecting the above equation onto the modal basis 𝛹
and making use of the orthogonality of the modal basis, we
have

d2𝑔(x)
dx2 +K2𝑔(x) =−𝛹(ys)δ (x), (B4)

where K2 =−γ2
n I +

∫ h
0 [ω2/c2(y)]𝛹 ∗𝛹T dy.

We apply the Fourier transformation and inverse Fourier
transformation to solve Eq. (B5). The solution is

𝑔(x) =
ei|x|K

2
iK−1𝛹(ys). (B5)

Appendix C: Convergence analysis of unim-
proved and improved modal expansion

For the expansion p(x,y) = ∑
N−1
n=0 Pn(x)ψn(y;x) in the

multimodal admittance method (unimproved), the coefficients
Pn are given as

Pn =
∫ h(x)

0
p(x,y)ψ∗n (y;x)dy =− 1

γ2
n

∫ h(x)

0
p(x,y)

∂ 2ψ∗n
∂y2 dy

=− 1
γ2

n

(
(p

∂ψ∗n
∂y

)

∣∣∣∣h(x)
0
−
∫ h(x)

0

∂ p
∂y

∂ψ∗n
∂y

dy

)

=
1
γ2

n

(
(

∂ p
∂y

ψ
∗
n )

∣∣∣∣h(x)
0
−
∫ h(x)

0

∂ 2 p
∂y2 ψ

∗
n dy

)

=
1
γ2

n

∂ p(h)
∂y

ψ
∗
n (h)+

1
γ4

n

∫ h(x)

0

∂ 2 p
∂y2

∂ 2ψ∗n
∂y2 dy

∝ O(
1
γ2

n
) ∝ O(

1
N2 ). (C1)

For the expansion p(x,y) = P−1ψ−1+∑
N−1
n=0 Pn(x)ψn(y;x)

in the improved multimodal admittance method, we rewrite
it as p(x,y) = ∑

N−1
0 qn(x)ψn(y;x)+P−1(x)χ(y;x) where qn =

Pn−P−1
∫ h(x)

0 χψn dy. The coefficients qn are given as

qn =
∫ h(x)

0
(p−P−1χ)ψ∗n dy

=− 1
γ2

n

∫ h(x)

0
(p−P−1χ)

∂ 2ψ∗n
∂y2 dy

=
1
γ2

n

((
∂ (p−P−1χ)

∂y
ψ
∗
n

)∣∣∣∣h(x)
0

−
∫ h(x)

0

∂ 2(p−P−1χ)

∂y2 ψ
∗
n dy

)
=

1
γ2

n

(
∂ (p(h)−P−1χ(h))

∂y
ψ
∗
n (h)

+
1
γ2

n

∫ h(x)

0

∂ 2(p−P−1χ)

∂y2
∂ 2ψ∗n
∂y2 dy

)
=

1
γ4

n

∫ h(x)

0

∂ 2(p−P−1χ)

∂y2
∂ 2ψ∗n
∂y2 dy

∝ O
(

1
γ4

n

)
∝ O

(
1

N4

)
. (C2)

Appendix D: Expressions for ψ−1ψ−1ψ−1, AnmAnmAnm, and K2
nmK2
nmK2
nm

Assuming χ = a−1χ̂ , we have χn = a−1χ̂n with

χ̂n =
∫ h(x)

0
χ̂ψn dy =

(−1)n+1

π

(
1

n−1/2
− 1

n+3/2

)
. (D1)

The boundary mode ψ−1 = a−1ψ̂−1 = a−1(χ̂ −∑
N−1
n=0 χ̂nψn)

such that a−1 =
1

||ψ̂−1||
where

||ψ̂−1||=
∫ h(x)

0
ψ̂−1ψ̂−1 dy = 1−

N−1

∑
n=0

χ̂
2
n . (D2)

The elements in the matrix A are Anm =∫ h(x)
0 ψn(y;x)∂xψm(y;x)dy. For 0 ≤ n,m ≤ N−1, the explicit

expressions are

An,n =−
h′

h
,

A−1,−1 =−
h′

h

(N−1

∑
n=0

χn(−1)n
)2

,

014303-10
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An,m =
h′(m+1/2)(−1)n+m

h

(
1

n−m
− 1

n+m+1

)
,

A−1,m =−
N−1

∑
n=0

χnAn,m−
h′

2h
χm +

πh′(−1)m+1(m+1/2)
h

×
(

1
(m−1/2)2 −

1
(m+3/2)2

)
,

An,−1 =−A−1,n +h′
√

2
h
(−1)n

N−1

∑
j=0

χ j(−1) j. (D3)

For the integral
∫ h(x)

0 ∂yψn(y;x)∂yψm(y;x)dy in the matrix
K2, we have∫ h(x)

0
∂yψn(y;x)∂yψm(y;x)dy

= (ψn∂yψm)

∣∣∣∣h(x)
0
−
∫ h(x)

0
ψn∂

2
y ψm(y;x)dy. (D4)

For n =−1,0, . . . ,N−1 and m = 0,1, . . . ,N−1, it follows∫ h(x)

0
∂yψn(y;x)∂yψm(y;x)dy = γ

2
n δm,n. (D5)

Using the symmetry of the indices,
∫ h(x)

0 ∂yψn(y;x)∂yψm(y;x)dy=
0 for any n 6= m (−1≤ n,m≤ N−1).

The integral
∫ h(x)

0 (∂yψn)
2 dy indicates the transverse num-

ber. For n = 0,1 . . . ,N−1, we yield
∫ h(x)

0 (∂yψn)
2 dy = γ2

n . For
n =−1, the explicit expression is∫ h(x)

0
(∂yψ−1)

2 dy =
π2

h2 −
4
h2

∑
N−1
0 ( 1

2n−1 −
1

2n+3 )

1−∑
N−1
n=0 χ̂2

n
. (D6)
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