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A new way to construct topological invariants of non-Hermitian
systems with the non-Hermitian skin effect*

J S Liu(刘建森), Y Z Han(韩炎桢), and C S Liu(刘承师)†
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The non-Hermitian skin effect breaks the conventional bulk–boundary correspondence and leads to non-Bloch topo-
logical invariants. Inspired by the fact that the topological protected zero modes are immune to perturbations, we construct
a partner of a non-Hermitian system by getting rid of the non-Hermitian skin effect. Through adjusting the imbalance
hopping, we find that the existence of zero-energy boundary states still dictate the bulk topological invariants based on the
band-theory framework. Two non-Hermitian Su–Schrieffer–Heeger (SSH) models are used to illuminate the ideas. Spe-
cially, we obtain the winding numbers in analytical form without the introduction of the generalized Brillouin zone. The
work gives an alternative method to calculate the topological invariants of non-Hermitian systems.

Keywords: non-Hermitian skin effect, Su–Schrieffer–Heeger (SSH) model, bulk–boundary correspondence,
topological invariant
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1. Introduction

The bulk–boundary correspondence is the central princi-
ple of topological matter where the existence of robust edge
states is attributed to the nontrivial bulk topological invari-
ants on the band-theory framework.[1,2] However, numeri-
cal results show that open-boundary spectra of some non-
Hermitian systems look quite different from those of periodic-
boundary.[3–6] It indicates that the bulk–boundary correspon-
dence is true for Hermitian systems and is breakdown com-
pletely for some non-Hermitian systems. General topologi-
cal invariants are needed to depict the non-Hermitian bulk–
boundary correspondence. To systematically understand the
physical properties of symmetry-protected topological phases,
a lot of effort has been paid to systematic classifications of
non-Hermitian systems.[7–9]

The issue is resolved by considering the non-Hermitian
skin effect which causes all eigenstates to localize exponen-
tially to boundaries, regardless of the topological edge states
and bulk states.[10–14] A complex-valued wave vector is intro-
duced to construct the generalized Brillouin zone to capture
the unique feature of non-Hermitian bands. The real part of the
wave vector is from the periodicity of the system according to
the Bloch theorem. The non-Hermitian skin effect determines
the imaginary part of the complex-valued wave vector. A gen-
eralized bulk–boundary correspondence is set up theoretically
by the introduction of the non-Bloch winding number in the
one-dimensional (1D) non-Hermitian Su–Schrieffer–Heeger
(SSH) model[10–13] and the non-Bloch Chern numbers in the

two-dimensional (2D) non-Hermitian Chern insulators.[11,14]

Experimentally, the non-Hermitian bulk–boundary correspon-
dence has been demonstrated in discrete-time non-unitary
quantum-walk dynamics of single photons[15] and in topolec-
trical circuits.[16] However, except for a simple non-Hermitian
SSH model where the non-Hermitian skin effect can be sepa-
rated by a similarity transformation,[10] it is difficult to obtain
the topological invariant in analytic form.

In fact, the non-Hermitian skin effect is due to the im-
balance hopping in the left and right directions. The asym-
metric couplings create effectively an imaginary gauge field.
The nonzero imaginary magnetic flux breaks the conven-
tional bulk–boundary correspondence and leads to a topolog-
ical phase transition.[17] If the the non-Hermitian skin effect
does not exist, such as the non-Hermitian system in the time-
reversal symmetry-unbroken region[17–19] or with inversion
symmetry,[20] it is unnecessary to separate the non-Hermitian
skin effect, or to introduce the complex wave vector. The non-
Hermitian topological invariants based on the Bloch theorem
can accurately predict the topological phase transition. In par-
ticular, it is well known that the topological boundary states
are protected by the symmetry of system and are immune to
perturbations. It is reasonable to speculate that, for a class of
non-Hermitian systems with non-Hermitian skin effect, there
is a partner without non-Hermitian skin effect that shares the
same topological phase diagrams. As such, the topological in-
variants of the original models with non-Hermitian skin effect
can be obtained from their partners, which can be calculated
in an easier way.
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In this paper, we use the 1D non-Hermitian SSH model
and coupled non-Hermitian SSH model to verify the above
ideas. Their partners are constructed by exchanging the
strength of the hopping term of the adjacent unit cell in the
right and left directions. Although the non-Hermitian skin ef-
fect disappears, the systems still have the non-Hermiticity. As
shown in the numerical analysis, the topological structure of
energy band of the deformed model Hamiltonian H is the same
as that of the prototype Hamilton where the non-Hermitian
skin effect is present. We can obtain the topological phase
transition points of the prototype Hamiltonian by studying its
corresponding partner where the non-Hermitian skin effect is
killed. In particular, the topological structure of energy band
of the deformed model Hamiltonian H is the same as that of
the Hermitian operator H†H. It suggests that the topologi-
cal invariants based on band-theory are effective to discuss the
topological phase transitions. We give the topological phase
transition point of the prototype Hamilton by solving its part-
ner analytically.

2. Models

The partner of the 1D non-Hermitian SSH model is shown
in Fig. 1(a). The non-Hermiticity is due to the introduction
of γ/2 which changes the hopping term in the unit cell i
with different hopping strengths in the right direction ti,R =

ti +(−1)i
γ/2 and left direction ti,L = ti − (−1)i

γ/2. The term
(−1)i causes the imbalance hopping between the adjacent unit
cells to be canceled and the non-Hermitian skin effect dis-
appears in the model. The partner Hamiltonian actually ful-
fils the inverse or reflection symmetry. The non-Hermitian
topological systems with reflection symmetry have no skin
effect.[9] It should first emphasize that not all non-Hermiticity
can be killed in this simple way. For example, non-Hermiticity
is introduced in the t3 hopping terms, i.e., t3+γ/2 (right to left)
and t3 + γ/2 (left to right).

The Bloch Hamiltonian reads H = ψ
†
k Hkψk with

Hk =


0 t1 +

γ

2 0 t2 e−ik + t3
t1 − γ

2 0 t2 0
0 t2 0 t1

2 − γ

2
t2 e ik + t3 0 t1

2 + γ

2 0

 , (1)

where ψ
†
k =

(
a†

k , b†
k , c†

k , d†
k

)
is the creation operation of the

lattice (ABCD) shown in Fig. 1(a). As the prototype Hamilto-
nian, the model also has a chiral symmetry Σ−1

z HkΣz = −Hk

with Σz = σ0 ⊗σz, where σ0 and σz are the unity matrix and
the Pauli matrix, respectively. The chiral symmetry ensures
that the eigenvalues of Hamiltonian Hk appear in (E j,−E j)

pairs with j = 1,2.

ADCBA

DCBAD

DCBA

(a)

(b)

t2

t3
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Fig. 1. (a) Non-Hermitian SSH model. The yellow-dashed box in-
dicates the unit cell. (b) Coupled SSH model with alternating t1, t2
hoppings and a non-Hermitian t3 ± γ/2 hopping. The imbalance hop-
ping between the adjacent unit cells (the black-dotted boxes) leads to
the non-Hermitian skin effect disappearing.

Let us first discuss the simple case t3 = 0, the four eigen-
values in analytic form are

±

[
t2
1 −
(

γ

2

)2
+ t2

2 ± t2

√
1

e ik

(
e ik +1

)2
(

t2
1 −
(

γ

2

)2
)]1/2

.

Since the energy gap must close at the phase transition points,
we can determine the phase boundaries by the band-crossing
condition |E(k)|= 0, which yields t2

1 = t2
2 +(γ/2)2. The tran-

sition points are the same as those given in Ref. [10] where the
non-Hermitian skin effect exists in the model.

To study the topological transitions, we diagonalize the
Hamiltonian in Eq. (1) numerically under the open boundary
condition. The open-boundary spectrum |E| of the model is
shown in Fig. 2(a) by blue lines. For comparison, we also
present the open-boundary spectra of the prototype Hamilto-
nian with the non-Hermitian skin effect (red lines) given in
Ref. [10]. Both of the open-boundary spectra have the same
transition point of zero energy, which indicates further that the
partner can be used to study the topological phase of the pro-
totype model.

As shown in Refs. [21–23], if H†H has a zero mode
eigenstate, i.e., H†H |ψ⟩ = 0 |ψ⟩ = 0, then ⟨ψ|H†H |ψ⟩ =
0. We notice that

(
⟨ψ|H†

)†
= H |ψ⟩, so ⟨ψ|H†H |ψ⟩ =

|H |ψ⟩|2 = 0 and H |ψ⟩ = 0. We also notice that the opera-
tor H†H is a Hermitian operator and has the same periodicity
with the Hamiltonian H. So the wave vector k is a good quan-
tum number and a real number.

To further understand the non-Hermitian skin effect, we
present the open-boundary spectrum of H†H in Fig. 2(b) by
blue lines. The H is the designed partner in Fig. 1(a) where no
non-Hermitian skin effect is presented. The Hamilton H (red
lines) and the operator H†H (blue lines) have the same topo-
logical transition points. However, in Fig. 2(c) for the case of
the prototype Hamiltonian where the non-Hermitian skin ef-
fect is presented, the open-boundary spectrum of Hamiltonian
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H (red lines) is noticeably different from that of the opera-
tor H†H (blue lines). It gives a direct evidence that the zero
mode of H†H is generally considered as the zero mode of H
of open boundary provided that the non-Hermitian skin effect
is absent. The consistence of the open-boundary spectra of
H†H and H in Fig. 2(b) indicates that the Bloch theorem is
effective to discuss the non-Hermitian Hamiltonian in Eq. (1).
It can also be taken as a useful benchmark to judge the previ-
ous non-Hermitian topological invariants in terms of the Bloch
Hamiltonian.[3,21–28]
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
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(c)
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                 H

no non Hermitian skin effect

                      H

non Hermitian skin effect

no non Hermitian skin effect

 H+H
no non Hermitian skin effect

  

t1

  

  

t1/↩↼t2⇁γ2/↽1/2
2

t1/↼t2⇁γ2/↽1/2
2

Fig. 2. Energy spectra of an open chain with length L = 60 as a function
of t1 by numerical diagonalization of the non-Hermitian SSH Hamilto-
nian: (a) red lines for the model in which the non-Hermitian skin effect
exists as discussed in Ref. [10] and blue lines for its partner in which
the non-Hermitian skin effect disappears as shown in Fig. 1(a). (b) Red
lines for the partner Hamilton and blue lines for the corresponding Her-
mitian operator H†H. (c) Red lines for the prototype Hamilton and blue
lines for the corresponding Hermitian operator H†H. The parameters
are taken to be t2 = 1, t3 = 0, and γ = 4/3.

3. Topological invariant
It is well known that the winding number defined in

terms of wavefunction determines the number of pairs of zero-
energy edge states and can be used to distinguish different
topological phases. When the non-Hermitan skin effect is
present, the winding number must be defined in terms of wave-
function in the generalized Brillouin zone. Here the non-
Hermitan skin effect is absent, the generalized Brillouin zone
reduces to the conventional Brillouin zone, which is just the
usual k space. However, it is difficult to obtain the eigenfunc-

tion of Eq. (1) in analytic form. The definition of the winding
number can also be relevant in the case of block off-diagonal
Hamiltonian.[29,30] This winding number is used to predict the
number of topological modes.

With the unitary transformation, the Hamiltonian hk in
Eq. (1) can be brought into block off-diagonal form

H̄k = UHkU−1

=


0 0 1

2 γ + t1 t3 + t2 e ik

0 0 t2 + t3 e−ik t1 − 1
2 γ

t1 − 1
2 γ t2 + t3 e ik 0 0

t3 + t2 e−ik 1
2 γ + t1 0 0

 , (2)

where the unitary matrix

U =


0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0

 .

With the block off-diagonal Hamiltonian in Eq. (2), the wind-
ing number is defined by [29,30]

𝒲 = −
∮ dk

2π i
∂k

{
ln

[
Det

(
1
2 γ + t1 t3 + t2 e ik

t2 + t3 e−ik t1 − 1
2 γ

)]}

= −
∮ dk

2π i
∂k

{
ln
[(

t2
1 −

γ2

4

)
+
(

t3 + t2 e ik
)(

t2 + t3 e−ik
)]}

. (3)

When t3 = 0, the winding vector is t2
1 − γ2/4 + t2

2 e ik.
We obtain the transition points t2

1 − γ2/4 = t2
2 , namely,

t1 = ±
√

t2
1 + γ2/4 which is just the results obtained in

Ref. [10]. When t3 ̸= 0, the winding vector is t2
1 − γ2/4 −

2t2t3 − t2
2 e ik − t2

3 e−ik and the transition points are t1 =

±
[
γ2/4+(t2 + t3)

2
]1/2

and t1 = ±
[
γ2/4− (t2 − t3)

2
]1/2

.
When the parameters are taken to be t2 = 1, t3 = 1/5, and
γ = 4/3, the transition points should be t1 = ±1.3728 which
are different from the numerical result t1 = ±1.56 given in
Ref. [10]. This method becomes inapplicable as soon as t3 be-
comes nonzero. So it may be applicable to a class of model.
Numerical calculation on the generalized Brillouin zone is al-
ways effective to find the phase transition points, where a pre-
cise formula is been used.

4. Coupled SSH model
To verify the effectiveness of the above method, we study

the coupled SSH model shown in Fig. 1(b). The model orig-
inates from the two-row limit of the brick-wall lattice which
is an alternative representation of a honeycomb lattice.[31,32]

The coupled SSH system, as the crossover from 1D to 2D
system, hosts a rich phase diagram which is different from
that of both 1D and 2D systems.[33,34] The non-Hermitian
version of the coupled SSH system is studied by introducing
the non-Hermitian topological invariants of real space in the
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presence of non-Hermitian skin effect.[12] Here, we study the
non-Hermitian coupled SSH model without the non-Hermitian
skin effect due to the introduction of site dependence hopping
terms.

The Bloch Hamiltonian reads H = ψ
†
k Hkψk with

Hk = Hh,k +Hnh,k, (4)

where ψ
†
k =

(
a†

k b†
k c†

k d†
k

)
. The Hermitian part of Hk is given

by

Hh,k =


0 t1

2 + t3 e ik 0 t1
2 + t2 e−ik

t1
2 + t3 e−ik 0 t1

2 + t2 e ik 0
0 t1

2 + t2 e−ik 0 t1
2 + t3 e ik

t1
2 + t2 e ik 0 t1

2 + t3 e−ik 0

 ,

and the non-Hermitian part of Hk is given by

Hnh,k =
γ

2


0 e ik 0 0

−e−ik 0 0 0
0 0 0 −e−ik

0 0 e ik 0

 .

The coupled SSH Hamiltonian Hk in Eq. (4) also has the chiral
symmetry which is the same as that of the SSH Hamiltonian
Hk in Eq. (1).

We also calculate the open-boundary spectra with and
without non-Hermitian skin effect, as well as the correspond-
ing spectra of H†H numerically, and find that the above con-
clusions remain unchanged. Now we find the topological in-
variant and study the topological transition points. With the
unitary matrix

U =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 ,

the Hamiltonian Hk in Eq. (4) can be tranformed into block
off-diagonal form

H̄k =UHkU−1 =

(
0 V

V * 0

)
,

where

V =

(
1
2 t1 + e ik

( 1
2 γ + t3

) 1
2 t1 + t2 e−ik

1
2 t1 + t2 e−ik 1

2 t1 + e ik
(
t3 − 1

2 γ
) ) .

With the block off-diagonal Hamiltonian V , the winding num-
ber is given by

𝒲 =−
∮ dk

2πi
∂k [ln(DetV )] ,

and the winding vector

DetV = t1t3 e ik + e2ik (t2
3 − γ

2/4
)
− t1t2 e−ik − t2

2 e−2ik.

According to the geometrical meaning of winding vector
DetV , the topological phase transistion points are

t1 =±
[
(t2 + t3)+

γ2

4(t2 − t3)

]
.

When the non-Hermitian skin effect exists in the model,
the Bloch-Hamiltonian energy gap closes at t1 = ±(t2 + t3)±
γ/2 and the system has four topological transition points t1 =
±1.15, ±1.25 with t2 = 1, t3 = 0.2, γ = 0.1.[12] However, zero
modes open-boundary spectra exist for t1 ∈ [−1.21, 1.21],
which is consistent with the critical points estimated by non-
Hermitian topological invariants based directly on real-space
wavefunctions.[12] Here, we give the topological phase transi-
tion points t1 =±1.2031 when the above parameters are used.

5. Conclusions
We have proposed a way to construct the topological in-

variant of a non-Hermitian system. This method suggests
the topological invariants of the original models with non-
Hermitian skin effect could be obtained from their partners
without non-Hermitian skin effect by adjusting the asymmet-
ric hoppings. When the topological structure of the open-
boundary spectra of the modified Hamilton Hk is consistent
with that of H†

k Hk, the bulk topological invariants based on
the band-theory framework are effective to determine the zero-
energy edge states. The winding numbers in analytical form
of two non-Hermitian SSH models are obtained to verify the
practicality of the method. The merit of the present approach
is the simplicity and the possible analytic solutions. The de-
merit is complexity due to the enlarged Hilbert space. The
method presented here can be applied to a rich variety of non-
Hermitian systems. However, not all non-Hermitian models
can be removed by this simple way. For the models that can-
not find the partners, one still has to use the generalized Bril-
louin zone though numerical calculation, in which a precise
formula has been given. There are many open questions ahead.
For example, what is the true partner of the non-Hermitian
SSH model including the t3 term. How to construct the part-
ner of the non-Hermitian domain-wall model and other non-
Hermitian system.
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