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Coherence is a fundamental ingredient for quantum physics and a key resource for quantum information theory.
Baumgratz, Cramer and Plenio established a rigorous framework (BCP framework) for quantifying coherence [Baumgratz
T, Cramer M and Plenio M B Phys. Rev. Lett. 113 140401 (2014)]. In the present paper, under the BCP framework we
provide two classes of coherence measures based on the sandwiched Rényi relative entropy. We also prove that we cannot
get a new coherence measure f (C(·)) by a function f acting on a given coherence measure C.
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1. Introduction
Quantum coherence is one of the most fundamental fea-

tures of quantum physics. Recently, Baumgratz, Cramer, and
Plenio established a rigorous framework (BCP framework)
for quantifying coherence.[1] The BCP framework has been
widely accepted and triggered rapidly growing research for
quantifying coherence (recent reviews see Refs. [2–4]).

To construct a coherence measure, we first define the in-
coherent states and incoherent operations as in Ref. [1]. For a
fixed orthonormal basis {| j⟩}d

j=1 of the d-dimensional Hilbert
space H, a quantum state σ on H is named to be incoherent
with respect to {| j⟩}d

j=1 if σ is diagonal when expressed in
{| j⟩}d

j=1. We denote the set of all incoherent states by ℐ, and
the set of density operators by 𝒟. A quantum operation Φ ,
or called a CPTP (completely positive trace preserving) map,
can be expressed by a set of Kraus operators {Kn}n satisfying
∑n K†

n Kn = I, where I being the identity operator on H, and op-
erate a state ρ as Φ(ρ) = ∑n KnρK†

n . A quantum operation Φ

will be called an incoherent operation (ICPTP) ΦI if it admits
that a set of Kraus operators {Kn}n and KnσK†

n is diagonal for
any n and any incoherent state σ . Notice that the definitions
of incoherent state, incoherent operation, and the coherence
measure all depend on the fixed orthonormal basis {| j⟩}d

j=1,
we call this basis the reference basis.

The BCP framework consists of the following postulates
(C1)–(C4) that any quantifier of coherence C should fulfill:

(C1) Non-negativity

C(ρ)≥ 0, C(ρ) = 0 ⇔ ρ ∈ ℐ. (1)

(C2) Monotonicity C does not increase under the opera-
tion of any incoherent operation ΦI ,

C[ΦI(ρ)]≤C(ρ). (2)

(C3) Strong monotonicity for any incoherent operation
ΦI = {Kn}n with KnσK†

n being diagonal for any n and any
incoherent state σ ,

∑
n

tr(KnρK†
n )C
[

KnρK†
n

tr(KnρK†
n )

]
≤C(ρ). (3)

(C4) Convexity C is a convex function of the state, i.e.,

∑
n

pnC(ρn)≥C
(
∑
n

pnρn

)
, (4)

where pn > 0, ∑n pn = 1, ρ1,ρ2 ∈ 𝒟.
We call a quantifier C satisfying (C1)–(C4) together a co-

herence measure. Note that (C3)+(C4) implies (C2).[1]

Yu, Zhang, Xu and Tong proposed condition (C5), and
showed that (C1)–(C4) is equivalent to (C1)+(C2)+(C5).[5]

(C5) Additivity on block-diagonal states

C(p1ρ1 ⊕ p2ρ2) = p1C(ρ1)+ p2C(ρ2), (5)

where p1 > 0, p2 > 0, p1 + p2 = 1, ρ1,ρ2 ∈ 𝒟.
BCP framework draws strong attention and many discus-

sions, but it is not the unique framework for quantifying co-
herence, and other potential candidates have been investigated
(see, e.g., Refs. [6–16]).

So far, some coherence measures under the BCP frame-
work have been found out for different applications and back-
grounds, such as relative entropy of coherence,[1] the l1 norm
of coherence,[1] geometric measure of coherence,[17] modified
trace norm of coherence,[5] robustness of coherence,[18,19] co-
herence measure via quantum skew information,[20] coherence
measures based on Tsallis relative entropy,[21–24] coherence
weight.[25] For a coherence measure defined only for all pure
states, it can be extended to mixed states via the convex roof
construction.[6,12,26,27] Also, a coherence measure defined on
all pure states is determined by its majorization property on
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the modulus square of coefficients of pure states.[7,8,28–30] Al-
though the convex roof construction and majorization on pure
states together provide a powerful way to construct coherence
measures, the coherence measures obtained in such a way gen-
erally speaking are only in the form of optimization and it is
difficult to obtain analytical expressions.[2]

Coherence measures have many fruitful applications in
exploring the properties of coherence, such as the freezing of
coherence[4,31–34] and coherence estimating based on experi-
mental data.[35]

In this paper, we provide two classes of coherence mea-
sures based on the sandwiched Rényi relative entropy in Sec-
tion 2, the geometric measure of coherence[17] is a special case
of them. Also in Section 3, we discuss whether or not one can
get a new coherence measure through a function of a given
coherence measure.

2. Coherence measures based on sandwiched
Rényi relative entropy
In this section, we propose two classes of coherence mea-

sures based on the sandwiched Rényi relative entropy.
Theorem 1 For α ∈ [ 1

2 ,1), ρ ∈ 𝒟,

Cs1,α(ρ) = 1−max
σ∈ℐ

({tr[(ρ
1−α
2α σρ

1−α
2α )α ]}

1
1−α ) (6)

is a coherence measure.
Proof For α ∈ [ 1

2 ,1), σ ,ρ ∈ 𝒟, the sandwiched Rényi
relative entropy is defined as[36,37]

Fα(σ ||ρ) = ln tr[(ρ
1−α
2α σρ

1−α
2α )α ]

α −1
. (7)

Note that Fα(σ ||ρ) can be defined for α > 0,[36,37] but in The-
orem 1 we only consider the case of α ∈ [ 1

2 ,1).
It is shown that[37,38] for α ∈ [ 1

2 ,1),

Fα(σ ||ρ)≥ 0, and equality iff σ = ρ. (8)

This is equivalent to

tr[(ρ
1−α
2α σρ

1−α
2α )α ≤ 1, and equality iff σ = ρ, (9)

and further equivalent to

{tr[(ρ
1−α
2α σρ

1−α
2α )α ]}

1
1−α ≤ 1, and equality iff σ = ρ. (10)

This says that Cs1,α(ρ) satisfies (C1).
For α ∈ [ 1

2 ,1), it has been shown that[39] for σ ,ρ ∈𝒟 and
for any CPTP map Φ ,

Fα(Φ(σ)||Φ(ρ))≤ Fα(σ ||ρ). (11)

This implies

tr[(Φ(ρ))
1−α
2α Φ(σ)(Φ(ρ))

1−α
2α )α ]

≥ tr[(ρ
1−α
2α σρ

1−α
2α )α ], (12)

{tr[(Φ(ρ))
1−α
2α Φ(σ)(Φ(ρ))

1−α
2α )α ]}

1
1−α

≥ {tr[(ρ
1−α
2α σρ

1−α
2α )α ]}

1
1−α . (13)

For any ICPTP map ΦI , there exists σ* ∈ ℐ such that

max
σ∈ℐ

{tr[(ρ
1−α
2α σρ

1−α
2α )α ]}

1
1−α

= {tr[(ρ
1−α
2α σ

*
ρ

1−α
2α )α ]}

1
1−α

≤ {tr[(ΦI(ρ))
1−α
2α ΦI(σ

*)(ΦI(ρ))
1−α
2α )α ]}

1
1−α

≤ max
σ∈ℐ

{tr[(ΦI(ρ))
1−α
2α σ(ΦI(ρ))

1−α
2α )α ]}

1
1−α . (14)

This proves that Cs1,α(ρ) satisfies (C2).
Next we prove Cs1,α(ρ) satisfies (C5). Suppose that ρ is

block-diagonal in the reference basis {| j⟩}d
j=1,

ρ = p1ρ1 ⊗ p2ρ2, (15)

with p1 > 0, p2 > 0, p1 + p2 = 1; ρ1 and ρ2 are density oper-
ators. For any diagonal state σ , we can write it as

σ = q1σ1 ⊗q2σ2, (16)

with the diagonal states σ1 and σ2 having the same rows
(columns) with ρ1 and ρ2, respectively, q1 ≥ 0, q2 ≥ 0,
q1 +q2 = 1.

It follows

max
σ∈ℐ

tr[(ρ
1−α
2α σρ

1−α
2α )α ]

= max
q1,q2

{(p1−α

1 qα
1 )max

σ1
tr[(ρ

1−α
2α

1 σ1ρ
1−α
2α

1 )α ]

+(p1−α

2 qα
2 )max

σ2
tr[(ρ

1−α
2α

2 σ2ρ
1−α
2α

2 )α ]}

= max
q1,q2

{p1−α

1 qα
1 t1 + p1−α

2 qα
2 t2}

= p1−α

1 p1−α

2 t1t2(p−1
1 t

1
α−1

1 + p−1
2 t

1
α−1

2 )1−α , (17)

where we have denoted

t1 = max
σ1

tr[(ρ
1−α
2α

1 σ1ρ
1−α
2α

1 )α ], (18)

t2 = max
σ2

tr[(ρ
1−α
2α

2 σ2ρ
1−α
2α

2 )α ], (19)

and have used the Hölder inequality in Appendix A (note that
t1 > 0, t2 > 0) such that

qα
1 (p1−α

1 t1)+qα
2 (p1−α

2 t2)

≤ [(qα
1 )

1
α +(qα

2 )
1
α ]α [(p1−α

1 t1)
1

1−α +(p1−α

2 t2)
1

1−α ]1−α

= [p1t
1

1−α

1 + p2t
1

1−α

2 ]1−α , (20)

the equality holds when

q1

q2
=

p1t
1

1−α

1

p2t
1

1−α

2

. (21)
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Consequently,

max
σ∈ℐ

({tr[(ρ
1−α
2α σρ

1−α
2α )α ]}

1
1−α )

= {max
σ∈ℐ

tr[(ρ
1−α
2α σρ

1−α
2α )α ]}

1
1−α

= p1 p2t
1

1−α

1 t
1

1−α

2 (p−1
1 t

1
α−1

1 + p−1
2 t

1
α−1

2 )

= p1t
1

1−α

1 + p2t
1

1−α

2 . (22)

This shows that Cs1,α(ρ) satisfies (C5), and then we complete
this proof.

We remark that when α = 1
2 ,Cs1, 1

2
(ρ) corresponds to the

geometric measure of coherence.[17]

Example 1 For pure state ρ = |ψ⟩⟨ψ|,

Cs1,α(|ψ⟩) = 1−max
j
{|⟨ j|ψ⟩|

2α
1−α }. (23)

Proof Suppose that σ = ∑ j σ j| j⟩⟨ j| is an incoherent
state,

tr[(ρ
1−α
2α σρ

1−α
2α )α ] = tr

[
(|ψ⟩⟨ψ|∑

j
σ j| j⟩⟨ j|ψ⟩⟨ψ|)α

]
=
(
∑

j
σ j|⟨ j|ψ⟩|2

)α

, (24)

then we can reach the result.
Theorem 2 For α ∈ [ 1

2 ,1)∪ (1,∞),

Cs,α(ρ) = min
σ∈ℐ

{tr[(σ
1−α
2α ρσ

1−α
2α )α ]} 1

α −1
α −1

,

supp(ρ)⊂ supp(σ) when α > 1, (25)

is a coherence measure.
Proof The proof of Theorem 2 is similar to the proof of

Theorem 1, we postpone it to Appendix B.
Note that since the quantum fidelity

F(ρ,σ) = tr[(σ
1
2 ρσ

1
2 )

1
2 ] = tr[(ρ

1
2 σρ

1
2 )

1
2 ], (26)

then Cs, 1
2
(ρ) = Cs1, 1

2
(ρ) again corresponds to the geometric

measure of coherence.[17]

We remark that a coherence quantifier based on sand-
wiched Rényi relative entropy was also investigated in
Refs. [7,15], but the quantifier is not a coherence measure in
the sense of satisfying (C1)–(C4), i.e., under the BCP frame-
work, we will give a proof for this assertion in Example 3.

Example 2 For pure state ρ = |ψ⟩⟨ψ|,

Cs,α(|ψ⟩) =

(
∑ j |⟨ψ| j⟩|

2α
2α−1

) 2α−1
α −1

α −1
. (27)

Proof Suppose that σ = ∑ j σ j| j⟩⟨ j| is an incoherent
state,

tr[(σ
1−α
2α ρσ

1−α
2α )α ]

= tr[(σ
1−α
2α |ψ⟩⟨ψ|σ

1−α
2α )α ]

= (⟨ψ|σ
1−α

α |ψ⟩)α

=
(
∑

j
σ

1−α
α

j |⟨ψ| j⟩|2
)α

. (28)

Using the Hölder inequality (Appendix A), we then reach the
result.

Examples 1 and 2 show that Cs,α and Cs1,β will not be
equivalent even if α = β .

3. Linearization theorem of coherence measures
Constructing a coherence measure under the BCP frame-

work in general is not an easy task because of the stringent
requirements of (C1)–(C4). (C5) is more easy to check than
(C3)+(C4) in many cases such as in the proof of Theorem
1 in the present work. Different coherence measures have
their advantages in different applications. An attractive idea
for constructing new coherence measures is to ask whether or
not there exists a function f such that f [C(ρ)] still is a coher-
ence measure for a given coherence measure C. The answer
of this question is essentially negative. In fact we have the
following theorem.

Theorem 3 (Linearization theorem) Given a coher-
ence measure C, the function f : [0,∞) −→ [0,∞) will make
f (C(ρ)) also a coherence measure, if and only if there exists
λ > 0 such that f (x) = λx.

Proof Since C(ρ) and f (C(ρ)) are all coherence mea-
sures, then (C1) leads to

f (x)≥ 0 and f (0) = 0 iff x = 0. (29)

Suppose the dimension of system d > 2, for the state

ρ = p1ρ1 ⊗ p2ρ2, (30)

with p1 > 0, p2 > 0, p1 + p2 = 1; ρ1 and ρ2 are density opera-
tors, dimρ1 ≥ 1, dimρ2 ≥ 1, dimρ1 +dimρ2 = d. Since C(ρ)

is coherence measure, (C5) leads to

f [C(p1ρ1 ⊕ p2ρ2)] = f [p1C(ρ1)+ p2C(ρ2)]. (31)

Similarly, f (C(ρ)) is also a coherence measure, then (C5)
leads to

f [C(p1ρ1 ⊕ p2ρ2)] = p1 f [C(ρ1)]+ p2 f [C(ρ2)]. (32)

As a result, we obtain

f [p1C(ρ1)+ p2C(ρ2)] = p1 f [C(ρ1)]+ p2 f [C(ρ2)]. (33)

Without loss of generality, suppose dimρ2 ≥ 2, then there
exist ρ1 and ρ2 such that C(ρ1) = 0, C(ρ2) = µ > 0. The
above equation yields

f (p2µ) = p2 f (µ), (34)

with f (µ)> 0.

010301-3
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Let p2µ = x, then

f (x) = x
f (µ)

µ
= λx,λ > 0. (35)

We complete this proof.
We make a note that Eq. (33) is a functional equation (see,

e.g., Ref. [40]).
Since coherence measures C and λC (λ > 0) have no es-

sential difference, from Theorem 3 we can say that it is impos-
sible to obtain a new coherence measure f (C(ρ)) by a function
f .

Note that in the proof of Theorem 3 we only use C(ρ) and
f (C(ρ)) satisfying (C1)+(C5) while (C2) is unnecessary.

Example 3 Consider the coherence quantifier in Refs. [7,
15],

Cα(ρ) = min
σ∈ℐ

Fα(ρ||σ),α ∈ [
1
2
,1)∪ (1,∞), (36)

Fα(ρ||σ) =
ln tr[(σ

1−α
2α ρσ

1−α
2α )α ]

α −1
, (37)

supp(ρ) ⊂ supp(σ) when α > 1. (38)

We now show that Cα(ρ) is not a coherence measure under
the BCP framework.

Denote

g(ρ) =

{
maxσ∈ℐ tr[(ρ

1−α
2α σρ

1−α
2α )α ], α ∈ [ 1

2 ,1),

minσ∈ℐ tr[(ρ
1−α
2α σρ

1−α
2α )α ], α ∈ (1,∞),

(39)

then from the definitions of Cs,α(ρ) and Cα(ρ) we have

Cs,α(ρ) =
[g(ρ)]

1
α −1

α −1
, (40)

Cα(ρ) =
lng(ρ)
α −1

, (41)

Cα(ρ) =
α

α −1
ln[(α −1)Cs,α(ρ)+1]. (42)

From Theorem 3, we can realize that Cα(ρ) is not a coherence
measure under the BCP framework. From the proof of Theo-
rem 2 (Appendix B) we can see that Cα satisfies (C1) and (C2),
then Example 3 implies that Cα violates (C5) (hence violates
(C3) or (C4)).

4. Conclusions
In summary, under the BCP framework for quantifying

coherence, we have proposed two classes of coherence mea-
sures based on sandwiched Rényi relative entropy. We also
prove that it is essentially impossible to obtain a new coher-
ence measure f (C(ρ)) by a function f acting on a given co-
herence measure C.

There are many open questions for future investigations
after the present work. For example, the monotonicity of Cs1,α

and Cs,α in α , the ordering of magnitude for them and other

coherence measures, the operational interpretations for them,
potential applications in quantum information processing, and
also the counterparts for quantifying coherence of Gaussian
states as performed in Refs. [41,42].
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Appendix A: Hölder inequality
Suppose that {a j}d

j=1 and {b j}d
j=1 are both finite positive

real numbers, p and q are finite real numbers, 1
p +

1
q = 1, then

(1) when p > 1,

d

∑
j=1

a jb j ≤
( d

∑
j=1

ap
j

) 1
p
( d

∑
j=1

bq
j

) 1
q

, (A1)

and the equality will appear iff there exists positive number C
such that ap

j =Cbq
j for any j;

(2) when 0 < p < 1,

d

∑
j=1

a jb j ≥
( d

∑
j=1

ap
j

) 1
p
( d

∑
j=1

bq
j

) 1
q

, (A2)

and the equality will appear iff there exists positive number C
such that ap

j =Cbq
j for any j.

Appendix B: Proof of Theorem 2
Part 1 α ∈ [ 1

2 ,1)
For α ∈ [ 1

2 ,1), ρ,σ ∈ 𝒟, the sandwiched Rényi relative
entropy is defined as[36,37]

Fα(ρ||σ) =
ln tr[(σ

1−α
2α ρσ

1−α
2α )α ]

α −1
. (B1)

Note that Fα(ρ||σ) can be defined for α > 0,[36,37] but in Part
1 we only consider the case of α ∈ [ 1

2 ,1).
It is shown that[37,38] for α ∈ [ 1

2 ,1),

Fα(ρ||σ)≥ 0, and equality iff ρ = σ . (B2)

This is equivalent to

tr[(σ
1−α
2α ρσ

1−α
2α )α ≤ 1, and equality iff ρ = σ , (B3)

and further equivalent to

{tr[(σ
1−α
2α ρσ

1−α
2α )α ]}

1
α ≤ 1, and equality iff ρ = σ . (B4)

This says that Cs,α(ρ) satisfies (C1).
For α ∈ [ 1

2 ,1), it has been shown that[39] for ρ,σ ∈ 𝒟,
and any CPTP map Φ ,

Fα(Φ(ρ)||Φ(σ))≤ Fα(ρ||σ). (B5)

010301-4
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This implies

tr[(Φ(σ))
1−α
2α Φ(ρ)(Φ(σ))

1−α
2α )α ]

≥ tr[(σ
1−α
2α ρσ

1−α
2α )α ], (B6)

{tr[(Φ(σ))
1−α
2α Φ(ρ)(Φ(σ))

1−α
2α )α ]}

1
α

≥ {tr[(σ
1−α
2α ρσ

1−α
2α )α ]}

1
α . (B7)

For any ICPTP map ΦI , there exists σ* ∈ ℐ such that

max
σ∈ℐ

{tr[(σ
1−α
2α ρσ

1−α
2α )α ]}

1
α

= {tr[((σ*)
1−α
2α ρ(σ*)

1−α
2α )α ]}

1
α

≤ {tr[(ΦI(σ
*))

1−α
2α ΦI(ρ)(ΦI(σ

*))
1−α
2α )α ]}

1
α

≤ max
σ∈ℐ

{tr[(σ
1−α
2α ΦI(ρ)σ

1−α
2α )α ]}

1
α . (B8)

This proves that Cs,α(ρ) satisfies (C2).
Next we prove Cs,α(ρ) satisfies (C5). Suppose that ρ is

block-diagonal in the reference basis {| j⟩}d
j=1,

ρ = p1ρ1 ⊗ p2ρ2, (B9)

with p1 > 0, p2 > 0, p1 + p2 = 1; ρ1 and ρ2 are density oper-
ators. For any diagonal state σ , we can write it as

σ = p1σ1 ⊗ p2σ2, (B10)

with the diagonal states σ1 and σ2 having the same rows
(columns) with ρ1 and ρ2 respectively, q1 ≥ 0, q2 ≥ 0, q1 +

q2 = 1.
It follows that

max
σ∈ℐ

tr[(σ
1−α
2α ρσ

1−α
2α )α ]

= max
σ∈ℐ

tr[((q1σ1 ⊕q2σ2)
1−α
2α

× (p1ρ1 ⊕ p2ρ2)(q1σ1 ⊕q2σ2)
1−α
2α )α ]

= max
q1,q2

{(pα
1 q1−α

1 )max
σ1

tr[(σ
1−α
2α

1 ρ1σ
1−α
2α

1 )α ]

+ (pα
2 q1−α

2 )max
σ2

tr[(σ
1−α
2α

2 ρ2σ
1−α
2α

2 )α ]}

= max
q1,q2

{pα
1 q1−α

1 t1 + pα
2 q1−α

2 t2}

= [p1t1
1
α + p2t2

1
α ]α , (B11)

where we have denoted

t1 = max
σ1

tr[(σ
1−α
2α

1 ρ1σ
1−α
2α

1 )α ], (B12)

t2 = max
σ2

tr[(σ
1−α
2α

2 ρ2σ
1−α
2α

2 )α ], (B13)

and have used the Hölder inequality in Appendix A (note that
t1 > 0, t2 > 0) such that

q1−α

1 pα
1 t1 +q1−α

2 pα
2 t2

≤ [(q1−α

1 )
1

1−α +(q1−α

2 )
1

1−α ]1−α [(pα
1 t1)

1
α +(pα

2 t2)
1
α ]α

= [p1t1
1
α + p2t2

1
α ]α , (B14)

the equality holds when

q1

q2
=

p1t1/α

1

P2t1/2α

2

. (B15)

Consequently,

max
σ∈ℐ

({tr[(ρ
1−α
2α σρ

1−α
2α )α ]}

1
α )

= {max
σ∈ℐ

tr[(ρ
1−α
2α σρ

1−α
2α )α ]}

1
α

= p1t1
1
α + p2t2

1
α . (B16)

This shows that Cs,α(ρ) satisfies (C5), and we complete this
proof.

Part 2 α > 1
For α > 1, ρ,σ ∈ 𝒟, the sandwiched Rényi relative en-

tropy is defined as[36,37]

Fα(ρ||σ) =
ln tr[(σ

1−α
2α ρσ

1−α
2α )α ]

α −1
, (B17)

with supp(ρ) ⊂ supp(σ). Note that Fα(ρ||σ) can be defined
for α > 0,[36,37] but in Part 2 we only consider the case of
α > 1.

It is shown that[37,38] for α > 1,

Fα(ρ||σ)≥ 0, and equality iff ρ = σ . (B18)

This is equivalent to

tr[(σ
1−α
2α ρσ

1−α
2α )α ≥ 1, and equality iff ρ = σ , (B19)

and further equivalent to

{tr[(σ
1−α
2α ρσ

1−α
2α )α ]}

1
α ≥ 1, and equality iff ρ = σ .

(B20)

This says that Cs,α(ρ) satisfies (C1).
For α > 1, it has been shown that[38,39] for ρ,σ ∈𝒟, and

any CPTP map Φ ,

Fα(Φ(ρ)||Φ(σ))≤ Fα(ρ||σ). (B21)

This implies

tr[(Φ(σ))
1−α
2α Φ(ρ)(Φ(σ))

1−α
2α )α ]

≤ tr[(σ
1−α
2α ρσ

1−α
2α )α ], (B22)

{tr[(Φ(σ))
1−α
2α Φ(ρ)(Φ(σ))

1−α
2α )α ]}

1
α

≤ {tr[(σ
1−α
2α ρσ

1−α
2α )α ]}

1
α . (B23)

For any ICPTP map ΦI , there exists σ* ∈ ℐ such that

min
σ∈ℐ

{tr[(σ
1−α
2α ρσ

1−α
2α )α ]}

1
α

= {tr[((σ*)
1−α
2α ρ(σ*)

1−α
2α )α ]}

1
α

≥ {tr[(ΦI(σ
*))

1−α
2α ΦI(ρ)(ΦI(σ

*))
1−α
2α )α ]}

1
α
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≥ min
σ∈ℐ

{tr[(σ
1−α
2α ΦI(ρ)σ

1−α
2α )α ]}

1
α . (B24)

This proves that Cs,α(ρ) satisfies (C2).
Next we prove that Cs,α(ρ) satisfies (C5). Suppose that ρ

is block-diagonal in the reference basis {| j⟩}d
j=1,

ρ = p1ρ1 ⊕ p2ρ2, (B25)

with p1 > 0, p2 > 0, p1 + p2 = 1; ρ1 and ρ2 are density oper-
ators. For any diagonal state σ , we can write it as

σ = q1σ1 ⊕q2σ2, (B26)

with the diagonal states σ1 and σ2 having the same rows
(columns) with ρ1 and ρ2, respectively, q1 ≥ 0, q2 ≥ 0, q1 +

q2 = 1.
It follows that

min
σ∈ℐ

tr[(σ
1−α
2α ρσ

1−α
2α )α ]

= min
σ∈ℐ

tr[((q1σ1 ⊕q2σ2)
1−α
2α

× (p1ρ1 ⊕ p2ρ2)(q1σ1 ⊕q2σ2)
1−α
2α )α ]

= min
q1,q2

{(pα
1 q1−α

1 )min
σ1

tr[(σ
1−α
2α

1 ρ1σ
1−α
2α

1 )α ]

+ (pα
2 q1−α

2 )min
σ2

tr[(σ
1−α
2α

2 ρ2σ
1−α
2α

2 )α ]}

= min
q1,q2

{pα
1 q1−α

1 t1 + pα
2 q1−α

2 t2}

= [p1t1
1
α + p2t2

1
α ]α , (B27)

where we have denoted

t1 = min
σ1

tr[(σ
1−α
2α

1 ρ1σ
1−α
2α

1 )α , (B28)

t2 = min
σ2

tr[(σ
1−α
2α

2 ρ2σ
1−α
2α

2 )α ], (B29)

and have used the Hölder inequality in Appendix A (note that
t1 > 0, t2 > 0) such that

q1−α

1 pα
1 t1 +q1−α

2 pα
2 t2

≥ [(q1−α

1 )
1

1−α +(q1−α

2 )
1

1−α ]1−α [(pα
1 t1)

1
α +(pα

2 t2)
1
α ]α

= [p1t1
1
α + p2t2

1
α ]α , (B30)

the equality holds when

q1

q2
=

p1t1
1
α

p2t2
1
α

. (B31)

Consequently,

min
σ∈ℐ

({tr[(ρ
1−α
2α σρ

1−α
2α )α ]}

1
α )

= {min
σ∈ℐ

tr[(ρ
1−α
2α σρ

1−α
2α )α ]}

1
α

= p1t1
1
α + p2t2

1
α . (B32)

This shows that Cs,α(ρ) satisfies (C5), and we complete this
proof.
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