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Fluctuation theorems have been applied successfully to any system away from thermal equilibrium, which are helpful
for understanding the thermodynamic state evolution. We investigate fluctuation theorems for strong coupling between a
system and its reservoir, by path-dependent definition of work and heat satisfying the first law of thermodynamics. We
present the fluctuation theorems for two kinds of entropy productions. One is the informational entropy production, which
is always non-negative and can be employed in either strong or weak coupling systems. The other is the thermodynamic
entropy production, which differs from the informational entropy production at strong coupling by the effects regarding
the reservoir. We find that, it is the negative work on the reservoir, rather than the nonequilibrium of the thermal reservoir,
which invalidates the thermodynamic entropy production at strong coupling. Our results indicate that the effects from the
reservoir are essential to understanding thermodynamic processes at strong coupling.
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1. Introduction

Fluctuation theorems (FTs) are applied to explaining ther-
modynamic behaviors of microscopic or macroscopic dynam-
ics in a system away from thermodynamic equilibrium.[=#! In
particular, since Jarzynski’s proposal for an equality between
the non-equilibrium work and the free energy difference,’!
there has been increasing attention on the fluctuations regard-
ing different thermodynamic quantities.*8] One of the fa-
mous FTs was proposed by Crook to connect the probabil-
ity of an entropy production (EP) along the forward trajec-
tory with that along the reverse one.!°! Subsequent develop-
ments have extended the conditions in Ref. [9] to more gen-
eral situation, such as the differential FT!!O11 for the joint
probabilities of EP regarding arbitrary initial and final gener-
alized coordinates. This generalized FT was also verified ex-
perimentally by an optically levitated nanosphere!'?! and gen-
eralized again to the case with arbitrary measurements and
feedback.!'3] Recently, the EP was also extended to analyz-
ing the elliptical thermal cloak.!'*-1®! Moreover, the FT itself
was quantized,!!”-1°] although definitions of work and heat in

c. (20

quantum systems are still in debate.*’l Meanwhile, experi-

mentally verifying the Jarzynski equality was also extended

from the classical consideration[?!-23

I to the quantum counter-
part by trapped ions.[?+23]
In this work, we consider a thermodynamic system in-

teracting strongly with its reservoir, which is recently a hot

DOI: 10.1088/1674-1056/ab592d

topic[?073% for both quantum and classical systems. The ef-
fects of strong coupling in equilibrium thermodynamics were
first considered by the potential of mean force.3!! The asso-
ciated problems include identification of work and heat in the
strong coupling case!>’>°! and estimate of the strong coupling

26301 For example, the internal

effects on the energy transfer.|
energy was defined by the potential of mean force, and work
and heat were assumed to be associated with the change of the
corresponding states of the system, from which FTs of the EP
were obtained.?”?8 Such a definition of work and heat was
also applied to another publication for the Jarzynski equality
at strong coupling. %]

This paper focuses on the FT of informational EP through
microscopic reversibility. We also explore a generalized FT of
thermodynamic EP in the case of a strong system-reservoir
coupling based on a trajectory-dependent definition of work
and heat. In this generalized FT, new terms originated from
the effects of reservoir appear. Discussion is made for avoid-
ing violation of the second law of thermodynamics at strong
coupling by justifying the FT of the informational EP.

2. Redefinition of thermodynamic quantities

We consider an isolated composite system comprising a
system and its reservoir, whose Hamiltonian is given by

H(Z7}’):Hs(xvz’)—i_Hr(y)"_HI(Ly)v (D
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where H; is the Hamiltonian of the system driven by the con-
trol parameter A, H; is for the reservoir, and Hj is regarding
the system-reservoir interaction. Here the strong coupling im-
plies either a system-reservoir interaction comparable to other
characteristic quantities in the Hamiltonian or non-Gibbs state
in the system or reservoir. In fact, there exists correlation
between the system and reservoir when the composite sys-
tem reaches an equilibrium state. In our protocol, the control
parameter is designed as 490 — A(r) — A for the forward
process. The interaction Hamiltonian is generally written as
H; = Y,;0[0,. For simplicity, here we reduce it to H; = O;6).
Moreover, z = (x,y) means the point in the total phase space
I' = I ®I;, with I and I; being the phase spaces of the system
and its reservoir, respectively.

As a comparison, we first check the definition in the weak
coupling case. In terms of stochastic thermodynamics, the
fluctuating internal energies (or called internal energies on the
trajectory level) of the system and its reservoir are defined, re-
spectively, as e; = Hy(x,A) and e; = H;(y),[**33! in which the
interaction energy is excluded from both the internal energies.
We argue that such a definition can be reasonably extended to
the case of strong coupling based on the fact that the interac-
tion energy belongs neither to the system nor to the reservoir,
but comes from the coupling in between.

Considering the difference from the weak coupling, we
need to redefine work and heat on the trajectory level. To this
end, we may first check the corresponding definitions on the
ensemble level, which are given by the ensemble average for
the fluctuating quantities, e.g., Us = (Hs(x)), (Ur = (H:(y)),)
as the internal energy of the system (reservoir), where the en-
semble average means (H,(x)), = [ ps(x)Hs(x)dx ((Hy(y)), =
[ pe(y)H:(y)dy) with py(x) (p:(y)) being the probability dis-
tribution function (PDF) of the system (reservoir). As the
internal energies change due to the interaction, we may de-
fine the work and heat by the decrease of the interaction
energy, i.e., dW; + dW; + dQs + dQ; = —d (Hi(z)), where
(Hi(z)) = [p(z)Hi(z)dz is the ensemble average of the in-
teraction, with p(z) being the PDF of the composite system.
In quantum thermodynamics, the work is usually defined as
an uncorrelated quantity,*®! i.e., dWs + dW; = —d (Hi(2)) ypes
with (H1(2)) yne = (Os), (Or),. So, the work done on the system
and the reservoir can be written, respectively, as

aw, = —(0,),d(0,)
aw; = — <®r>

T

d (). 2)

r

Correspondingly, the heat is defined as a correlated quan-
tity, i.e., dQs + dQr = —[d (Hi(z)) — d (H1(2)) ) Which, af-
ter some algebra, is rewritten as dQs + dQ; = d (Hs(x)) +
d (Hy(y)) + d (H1(2))yne- As a result, the heat transferred to
the system and to the reservoir can be defined, respectively, as

dQs = d(Hs(x)) +(6s), d (O)),,

dOr = d(H:(y)) + <®r>rd <@S>s' 3)

For our purpose as clarified later, we rewrite the heat dissipated
to the reservoir in a finite process as

Or :A<Hr(y)>+6Qra @

where 60, = [(0;),d(0), is the correction of the heat at
strong coupling with respect to the weak coupling case. This
correction can be understood as a negative work done on the
reservoir under the requirement of the first law of thermody-
namics.

Based on the ensemble results as above, we can straight-
forwardly define work and heat on the trajectory level. The
work done on the system and its reservoir are given, respec-
tively, by

we = —/@S(x)d (@),
we = = [@a©)),. 3)

and the heat transferred to the system and its reservoir are, re-
spectively,

4 = AH+ [ 0x)d (@),

%:Am+/@wﬂak ©)

Similar to the ensemble result, the heat transferred to the reser-
voir can be rewritten as

gr = AH; + 64, @)

where 8q, = [ ©,(y)d (Os), represents the heat correction at
strong coupling with respect to the weak coupling case. Obvi-
ously, the first law of thermodynamics is also satisfied at tra-
jectory level.

Now we discuss a property of the heat under the time re-
versal. In our case, the time reversal means that both the con-
trol parameter and time are all reversed. The time reversed
control parameter A(—f) means that A — A(f) — Ao in
the reverse process. As the Liouville equation is invariant
under the time reversal, the PDF keeps unchanged in both
the forward and reverse processes, i.e., ps(t) = ps(—t) and
pe(t) = pr(—1).1371 As a result, the heat is an odd function un-
der the time reversal.

3. FT of informational EP

We consider the FT of informational EP from the micro-
scopically reversible dynamics. As the composite system is
isolated, the microscopical reversibility means

Prlz(r) [A(1)] = Pr[z(=1) |2 (=1)], (®)

where Pglz(¢)|A(¢)] describes the PDF of the composite
system evolving along a trajectory z(t) when the control
parameter A(7) is given by the forward protocol, while
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zZ(—1) |i (—1)] is the PDF of the corresponding time reverse
trajectory, as presented in Appendix A.
Under the above reversible condition, we can obtain an
FT of informational EP. In stochastic thermodynamics the
stochastic entropy is defined as s = — In p, where p is the prob-
ability. Using this definition we can define the informational
EP as

Zint =1Inpd —Inp,+Inp) —Inp;, ©)

where ps (pr) and ps (p;) are the initial and final PDFs of the
system (the reservoir). This EP measures the entropy change
of the total system, which, as clarified in the following, will
be coincided with thermodynamic EP (defined later) if the
coupling is weak and the reservoir remains in a Gibbs state.
From the reversibility of the PDF, i.e., ps(t) = ps(—t) and
pr(t) = pr(—t), we obtain that both the final PDFs of the for-
ward process are the same as the initial ones of the reverse
process, i.e., ps = pg and p; = pr , and vice versa. Under this
condition, the 1nf0rmat10nal EP is obviously an odd function,
i.e., Eilflf =— mf, where me (me) is the informational EP in
a forward (reverse) process. As a result, we obtain

PEPROORENAD] _ st )
P(%0) p0(F0) Pr[Z(—1) |A (—t 7
Pe(Zinf) = € Pr(—Zin), (11)

where Pr(EL) (Pr(ZR,)) is the probability of observing a par-
ticular value of the informational EP in a forward (reverse)
process (see Appendix A for more details). Equation (11) is
formally identical to a previously presented thermodynamic
EP at weak coupling.[”! This implies that the informational
EP could be employed for both weak coupling and strong cou-
pling cases.

Using the above results, we obtain an integral FT, which
is actually another form of the second law of thermodynam-
ics from the viewpoint of information. If we denote the en-
semble average by (e i) = [ e~ %inf Pa(Einf) d Zipg, then from
Eq. (11) we have

(e Fnf) = /PR(—Einf)dZinf =1, (12)

which means that the averaged informational EP is never neg-
ative, i.e., (Zipr) > 0. This also implies that the informational
EP can be used to indicate the direction of the thermodynamic
evolution, even in the strong coupling case.

4. FT of thermodynamic EP

In stochastic thermodynamics, the thermodynamic EP is
defined as!?%
Ziherm = Inp¥ — In pg + Bg:. (13)

Assuming the reservoir initially in a Gibbs state, i.e., pro =

Z-Vexp[—BH;(vo)], with Z, = [ exp[—BH;(yo)]dyo being par-
tition function, which has always been assumed in studying the

second law of thermodynamics, we obtain the entropy change
of the reservoir as

d(p:|p:t) + B(q: — 04qr), (14

) = Inp;? —In p, is the entropy difference be-

In p(r) —Inp, =
where d(p; |pr?
tween the two distributions p; and p;". This entropy difference
d(p:|pi?) describes the deviation from thermal equilibrium of
the reservoir. Then Eq. (13) turns to be a relation between the
two EPs,

Zint = Ztherm + d(pr |Pfq ) - ﬁ‘SCIra (15)

where the last two terms on the right-hand side of the above
equality appear due to the strong coupling. In weak coupling
limit with the reservoir in a thermal equilibrium state, Eq. (15)
is reduced to Xipf = Ziherm due to d(pr ’ pit)=0and ¢, =0.

If the reservoir is driven out of the thermal equilibrium,
i.e., in a non-Gibbs state, but dg; is still zero, we obtain, from
Egs. (10) and (15), the FT of the thermodynamic EP as fol-
lows:

Pr (Ztherm ) = gXthem Pﬁq ( —Ztherm ) s (16)

where Plgq (Ziherm) Trepresents the probability of observing a
particular value of the thermodynamic EP in a reverse process
with the initial distribution being p® = Z~!exp[—BH,(59)]
(see Appendix B for details). From this result we reach an
integral FT as

<eleherm> — 17 (]7)

which indicates the same fluctuation for both the EPs. In other
words, these two kinds of EPs are equivalent in measuring the
irreversibility in this case, which also implies that the thermo-
dynamic EP could be employed even in the case out of the
thermal equilibrium of the reservoir.

However, the thermodynamic EP does not work in the
strong coupling case. Different from Eq. (17), FT at strong
coupling can be written as

<e*2merm> =7, (18)

where the factor ¥, different from unity, is given by

}’*/// P34 50 (50) R (50 ) PR [2(—1) |A (—

X S(Ztherm +2therm) [ ( )]dzodzdztherm’ 19

as derived in Appendix B. Moreover, equation (18) can be
rewritten as a generalized FT, i.e.,

< e~ Ztherm— K> =1, (20)

where the new term k = Iny is due to the nonzero negative
work done on the reservoir at strong coupling. This form
is very similar to a previous result obtained in a nonequilib-
rium system subject to a feedback control, where the new
term K is replaced by the mutual information obtained by
measurements. 38! In fact, measurements yield the same ef-
fects on the system as the reservoir, which implies that the
term K plays the same role as the feedback control.
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Fig. 1. The factor y with respect to the heat correction §¢’. In the interval
8q' € (—o0,0], the case of ¥ > 1 implies the negative thermodynamic FT.

More importantly, appearance of the factor x also implies
that the second law of thermodynamics as expressed by the
thermodynamic EP may be violated, i.e., (Zperm) < 0. To fur-
ther clarify this point, we exemplify a special case that the heat
correction in a system has a saddle point in the paths with all
possible initial points in the total phase space. As a result,
Eq. (18) can be approximated as[*"!

y = e B3 / // 50(%0) P9 (Fo) Pr2(—1) | (—1)]
X 8 (Ztherm + Zioim )D[2(1)] dZodZd Ziperm
_ e*ﬁﬁq/7 21

where in the first line we have used the fact that the main con-
tribution in the integral comes from the neighborhood of the
saddle point, and in the second equality we have considered
Eq. (B7) whose integral with respect to Ly i equal to 1.
Thus 84’ is the heat correction at the saddle point. In this con-
text, we find that the ensemble average of the heat correction
00Q; is of the same order of magnitude as the heat correction
64’. To be more clarified, we plot Fig. 1 to show the possible
region given by Eq. (21) for the negative thermodynamic EP,
ie., 8q € [—o0,0].

In fact, we can give a more exact condition under which
the above-mentioned violation occurs. For this purpose, we
consider a second-law lemma. By applying the Liouville equa-
tion of the composite system followed by partial integration,
we find that the Shannon entropy of the composite system is a
constant, i.e., S = Sgr. If the PDFs of the system and reservoir
are initially uncorrelated, the Shannon entropy is additive, i.e.,
Sse = S0+ 8Y. As a result, we obtain the following second-law
lemma

ASs+AS =1, (22)

where p%(z) = p?(x)p?(y) is assumed. The term I = S +
S — Sg¢ 1s the mutual information at the final time, where
the entropy of the system (reservoir) S; = — Y ps(x)In ps(x)
(S = =Y. pr(y)Inp(y)) is the Shannon entropy of the sys-
tem (reservoir) and also the ensemble average of the corre-
sponding stochastic entropy. Similarly, Si; = —Y p(z)Inp(z)
is the Shannon entropy of the composite system. Under the
condition that the reservoir is initially in a Gibbs state, i.e.,

AS; = =Y. pr(y)Inpr(y) — B (H:(y0)) — InZ;, we employ the
ensemble average of the thermodynamic EP as

<2therm> = AS; + BQU (23)

and we have
B (H:(yo)) = ASs + B (H(y)) — (Ztherm) + BSQr.  (24)
Combining Egs. (22), (23) with Eq. (24), we obtain
(Ztherm) =1+ D+ BSO;, (25)

where the term
D=Y p(d[p:) ()] = =Y p(3) In[pc(y)/ P (v)]
S

is a relative entropy. As a result, the sufficient condition of the
violation is

B0, < —(I+D), (26)

which may be satisfied at strong coupling. It implies that the
thermodynamic EP is invalidated due to the heat correction,
rather than the nonequilibrium effect from the thermal reser-
VOir.

The above results indicate that the thermodynamic EP
should be replaced by the informational EP in the strong cou-
pling case in order to satisfy the second law of thermodynam-
ics. We notice that information is introduced into the thermo-
dynamics when we consider a thermodynamic process sub-
ject to quantum mechanics.!*!l However, different from vi-
olation of thermodynamic laws due to quantum correlation

42431 the violation of the second law of thermody-

involved, !
namics in our case is due to the new definition of work and
heat. More specifically, we are treating a purely classical sit-
uation, but in the strong coupling case effects regarding the
reservoir should be seriously considered. The heat correction
due to strong coupling, which is from the negative work on
the reservoir, is more important than the nonequilibrium ef-
fect from the thermal reservoir in the difference between the

thermodynamic EP and the informational EP.

5. Conclusions

In summary, we have explored the FT of entropy produc-
tion in the case of the strong system-reservoir coupling by re-
defining heat and work to be trajectory-dependent. In compar-
ison with previous definition regarding the changes of the cor-
responding state parameters, our definition is consistent with
the concept of the thermodynamics. We have compared the
informational EP with the thermodynamic EP, and presented a
generalized FT of the thermodynamic EP. We have also found
that, due to non-zero negative work on the reservoir in the
strong coupling case, the thermodynamic EP should be re-
placed by the informational EP in order to keep the second law
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of thermodynamics satisfied. These results would be helpful
for understanding thermodynamic behavior in the strong cou-
pling situation, particularly for example, for the effects from
the reservoir on the observation.

Appendix A: Details of the FT of informational
EP

To show the microscopic reversibility, we begin from the
Olz(r)—
z(z0,t)], where z(¢) represents any trajectory started from a
phase point z4 chosen from the initial PDF, and z(zo,t) rep-

probability distribution of a trajectory Pr[z(z) |A(¢)] =

resents a special trajectory from the phase point zg. From
the microscopic reversibility, the time reverse trajectory of the
special trajectory Z(Zp, —t) remains identical to the trajectory
2(z0,1), 1.€., Z2(Z0, —t) = z(z0,1). As aresult, the probability dis-
tribution of a trajectory z(z) is equal to that of its time reverse
trajectory z(zo,1), i.€.,

Pr2(t) |A(=1)] = Pelz(t) |A (1) ]. (AD)

By a delta function, the probability Pr(XF;) of observing
a particular value of the informational EP in a forward process
can be obtained as the average over all forward trajectories and
over all initial and final phase points, i.e.,

Zir) = [ P2x0) R0 Pelele) 2.1

X 6( inf — mf) [ ( )]dZ()dZ, (A2)

where [ -D[z(¢)] represents the sum over all paths in total phase
space, and [ -dzodz the integral over all initial and final phase-
space points. Using the result

p?(m)p?(yo) [ (1) |A (2 )] .
P2(50) 7 (o) Pr[2(—1) A (- ’

(A3)

the average over all forward trajectories can be converted to
that over reverse trajectories

Fr(Enr) = o5 [ )G el A~

x 8 (Einf + Zinf) [Z( )] dzodz, (A4)

where the term e”inf is moved outside the integral due to the
§ function, and Xf. =
scopic reversibility Z(Zo, —t) = z(z0,t), we obtain [ -D|z(f)] =
J-D[z(—t)], and [-dzodz = [-dZpdZ. As a result, the proba-

bility in its time reverse process equals

Zﬁf is used. Through the micro-

B(=Zi) = [ 7200) 0 o) Bz~ [ A~

% & (Zint + Zing) Dlz(1)] dzodz. (AS)

Combining Egs. (A4) and (A5), we obtain the the FT of the
informational EP.

Appendix B: Details of the generalized FT of
thermodynamic EP

For the initial probability distribution of the reservoir

—InZ. — BH:(yo),
which, by means of the definition of heat, implies Inp? =

—InZ; — B[H;(y)
h‘lpr ll’lprq—l—ﬁ( 56]1—),

where p;? = Z- 1 exp[—BH;(y)] is a Gibbs distribution at final
time. Unfortunately, the final distribution of the reservoir may
not be this Gibbs distribution, since the equilibrium state at
strong coupling is different from the Gibbs state. As a result,

py = Z; ' exp[—BH:(yo)], we have Inp; =

— ¢r + 6¢;|, and can be rewritten as

(BI)

the entropy change of the reservoir is

Inp? —Inpr = d(p:|pt*) + B(g: — 8ax),

with d(p; | pel) = Inpr? — Inp; being the entropy difference.
Substituting Eq. (B2) into Eq. (10) yields

pd(x0)py (yo) Prelz(r) |A
Ds (xo)pr yO [ —t ‘
e£therm+d I’r|pr 7135%.

(B2)

()}

(B3)

To obtain Eq. (15), we begin from the probability of ob-
serving a particular value of the thermodynamic EP in a for-
ward process Pr(Znerm). Similar to Pr(Zint), the probability
Pr(Ziherm) can be written as

Pr(Ziherm) = //PS(XO)P?(yo)sz(t) A(1)]
XB(E[herm Z:therm) [(l‘)}dZodZ.

0 into Eq. (B4), we find

(B4)

Substituting Eq. (B3) with 8¢, =
Pe(Ziherm )

= eZem [ ™) 50 (50) 50 Pela(—1) A (1))

% & (Ziherm + Ziherm)DI2(1)] dzodz, (BS)

where the condition that the thermodynamic EP is an odd

function under the time reversal is used. Using the identity
eq .

ed(rrlpi®) = pi/pr, We obtain

Pe(nem) = €0 [ 50(50)8950) (220
X 8(Ziherm + Ziherm)DI2(1)] dzodz.

Using [-D[z(t)] = [-D[z(—
have

(B6)

1)) and [-dzodz = [-dZpdz, we

( Ziherm) / pq %0) P (Yo) PR (Z]20 )

X 6(Ztherm+2therm) z(t)]dzodz,  (B7)

where Pg!(—Ziherm) describes the probability of observing a
particular value of the thermodynamic EP in a reverse pro-
cess the reservoir stopped at a Gibbs state p;(J). Combining
Egs. (B6) and (B7), we achieve Eq. (15).
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Now we demonstrate the form of ¥ in Eq. (18). Combin-
ing Egs. (B3) and (B4), we obtain Pr(Zierm) as

Pr(Zerm) = e [/ ¢P2450(50)53(570) P (2 20)
X 8 (Ziherm + Zixerm )D[2(1)] dzodz, (B8)
whose integral FT is
emim) = [[[ e P05 50) 52 (50) 2 o)

X 6 (Ztherm + Etl}{]erm )D [Z(t)] dzodzd Ziperm.

(B9)
Therefore, the factor 7 is given by
v=[[] e PO o) i o) B2l
X 8(Ziherm + Ziverm)P2(1)| d20dzd Ziperm-  (B10)
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