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A new model of particle yield stress including cohesive strength is proposed, which considers the friction and cohesive
strength between particles. A calculation method for the fluidization process of liquid–solid two-phase flow in compact
packing state is given, and the simulation and experimental studies of fluidization process are carried out by taking the
sand–water two-phase flow in the jet dredging system as an example, and the calculation method is verified.
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1. Introduction

The process from compaction to fluidization of parti-
cles is common in dredging, fluidized bed, and mixing pro-
cess. The study of this fluidization process can be used
to optimize the structure and operating conditions of related
equipments.[1–3]

In liquid and solid two-phase flow, the evolution pro-
cess of particle phase from compaction to fluidization includes
three stages: quasi-static flow, dense flow, and dilute flow.[4]

Because of the different behaviors of particle phase in differ-
ent stages,[5,6] the calculation methods of the three stages are
different.

In the dilute flow stage, particles are fully fluidized and
interact by binary collision. Sinclair et al.[7] used the kinetic
theory of granular flow (KTGF) which considered collision as
the main interaction between particles to study the flow prop-
erties and the calculation method of full developed gas and
solid two-phase flow in a vertical tube. Upadhyay et al.[8]

studied the gas–solid two-phase flow properties in a lab scale
circulating fluidized bed riser based on KTGF. Wu et al.[9] ap-
plied KTGF to study the flow properties of dilute particles in
vertical and inclined vessels. Mehran et al.[10] applied KTGF
to study the flow properties and heat transfer behavior in a
liquid–solid regenerative fluidized bed heat exchanger.

In the stage of dense flow, the particle phase is not fully
fluidized, and the interactions between particles include binary
collision and friction. Sofiane et al.[11] used KTGF combin-
ing frictional stress model which considered the collision and
friction between particles to study the flow properties of dense

gas and solid two-phase flow in a bin discharge. Ng et al.[12]

used KTGF combining frictional stress model to study the ki-
netic and frictional contributions to granular motion in an an-
nular Couette flow. Maryam et al.[13] studied dense gas–solid
flow properties in a bubbling fluidized bed by applying KTGF
combining frictional stress model. Wang et al.[14] studied the
flow behavior of gas and particles in spouted beds by using
KTGF combining frictional stress model. Srujal et al.[15,16]

applied KTGF combining frictional stress model to study the
dense gas and solid two-phase flow properties in a large-scale
circulating fluidized bed. Abbas et al.[17] used KTGF com-
bining frictional stress model to study liquid and solid two-
phase flow properties in a circulating fluidized bed riser. Wang
et al.[18] studied the hydrodynamic characteristics of particles
in a liquid–solid fluidized bed by applying KTGF combining
frictional stress model. Li et al.[19] used KTGF combining
frictional stress model to study the behavior of solid and liq-
uid two-phase flow in cross fractures.

In the stage of quasi-static flow, particles are packing
closely, and the interactions between particles are different
from those between particles in the stages of dense flow and
dilute flow. Passalacqu et al.[20] used KTGF combining fric-
tional stress model which considered the factors of friction and
collision to study the behaviors of dry particles in a gas–solid
bubbling fluidized bed from quasi-static flow to dilute flow.
However, in the liquid and solid two-phase flow, the particles
are wet, and the interactions between particles in the quasi-
static flow stage are different from those of dry particles.

In a spraying dredging system, sediment particles are flu-
idized by jet flow. The particles are fluidized from quasi-static
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flow to dilute flow in the whole fluidization process. In prior
analysis of the process, the authors used KTGF combining
frictional stress model which only considered the factors of
collision and friction to study the behaviors of the particles.
But the computed results did not agree well with the experi-
mental data. Therefore, in this paper, the interactions of colli-
sion, friction, and cohesive strength between particles are con-
sidered to study the flow properties of liquid and solid two-
phase flow in the fluidization process. A particle yield stress
model including cohesive strength is established, and a calcu-
lation method for such process is presented.

2. Methodology
2.1. Continuity equations

The two-fluid model is used to describe the liquid–solid
two phases. The mass and momentum equations are written as
follows:

∂

∂ t
(αLρL)+∇ · (αLρLvL) = 0, (1)

∂

∂ t
(αLρLvL)+∇ · (αLρLvLvL)

= −αL∇pL +∇τL +αLρLg−β (vL − vS), (2)
∂

∂ t
(αSρS)+∇ · (αSρSvS) = 0, (3)

∂

∂ t
(αSρSvS)+∇ · (αSρSvSvS)

= −αS∇pL +∇τS +αSρSg+β (vL − vS). (4)

In the above equations, the subscripts L and S denote the liquid
and particles, respectively, ρ is the density, v is the velocity, p
is the pressure, α is the volume fraction of liquid and particles,
and β is the drag coefficient. The drag coefficient β is defined
as[21]

β =


150

αS(1−αL)µL

αLd2
S

+1.75
ρLαS |vS − vL|

dS
, αS > 0.2,

3
4

CD
αSαLρL |vS − vL|

dS
α
−2.65
L , αS < 0.2.

(5)

The drag coefficient for single particle CD and Reynolds num-
ber of particle phase ReS are defined as

CD =
24

αLReS

[
1+0.15(αLReS)

0.687
]
, (6)

ReS =
αLρLdS |vL − vS|

µL
. (7)

2.2. Stress of granular phase

Because of the different behaviors of granular flow in dif-
ferent concentrations, the shear stress of granular phase is di-
vided into two regimes of dilute flow and dense flow

τS =

{
τS,dil, αS < αS,min,
τS,des, αS > αS,min,

(8)

where αS,min is the critical frictional volume fraction of parti-
cles, αS,min = 0.5.

In the dilute flow regime, the particle stress is written as

τS,dil = (−pS +λS∇ · vS)I +2µSSS, (9)

where pS is the particle pressure, λS is the bulk viscosity of the
particle phase, µS is the shear viscosity of the particle phase,
and SS is the strain rate of the particle phase expressed as

SS =
1
2
(∇vS +∇vT

S)−
1
3

∇ · vSI. (10)

According to the kinetic theory of granular flows,[21–27] the
particle pressure is composed of motion and collision terms[23]

pS = pSC = αSρSΘS +2ρS(1+ eSS)α
2
Sg0,SSΘS, (11)

where pSC is the particle pressure composed of motion and
collision terms; eSS is the collision recovery coefficient, 0 <

eSS < 1; g0,SS is the radial distribution function; and ΘS is the
particle temperature.

Bulk viscosity λS is written as[26]

λS =
4
3

αSρSdSg0,SS(1+ eSS)(ΘS/π)1/2 . (12)

The µS is composed of dynamic viscosity µS,kin and collision
viscosity µS,col,[23]

µS=µS,col +µS,kin, (13)

µS,col=
4
5

αSρSdSg0,SS(1+ eSS)(ΘS/π)1/2
αS, (14)

µS,kin=
10dS

√
ΘSπ

96αS(1+ eSS)g0,SS

[
1+

4
5

g0,SSαS(1+ eSS)

]2

αS. (15)

Radial distribution function g0,SS is defined as[23]

g0,SS =
[
1− (αS/αS,max)

1/3
]−1

. (16)

Particle temperature ΘS denotes the intensity of particle move-
ment, ΘS =

1
3 v′Sv′S. The transport equation of ΘS is given by[27]

3
2

[
∂

∂ t
(αSρSΘS)+∇ · (αSρSvSΘS)

]
= (−pSI + τS) : ∇vS +∇ · (k∇ΘS)− γ +3βΘS, (17)

k =
150ρSdS

√
ΘSπ

384(1+ eSS)g0,SS

[
1+

6
5

αSg0,SS(1+ eSS)

]2

+2ρSα
2
SdSg0,SS(1+ eSS)

√
ΘS/π, (18)

γ =
12(1− e2

SS)g0,SS

dS
√

π
ρSα

2
SΘ

3/2
S . (19)

In the dense flow regime, the particle stress is written as

τs,des = (−pS +λS∇ · vs)I +2µSSS + τy, (20)

where τy is the yield stress of solid phase. Taking into account
of the friction between particles, pS is defined as[28]

pS = pSC + pfr, (21)

pfr = 0.05
(αS −αS,min)

2

(αS,max −αS)5 . (22)
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2.3. Yield stress of granular phase

When the particles are packed in the liquid phase, the
yield stress of granular phase should be composed of two
parts: the friction and cohesive strength between the particles.
So, the particle yield stress τy is defined as

τy = (τc + τf)SS/‖SS‖ , (23)

where ‖SS‖ =
√

1
2 SS : SS, τf represents the frictional interac-

tion between particles, and τc represents the cohesive strength
between particles.

The frictional stress of the particle phase conforms to
Coulomb’s law

τf = pfr sinϕ, (24)

where ϕ is the initial friction angle.
In this paper, we consider that the cohesive strength is re-

lated to the volume fraction of the particle phase. And when
αS < αS,min, the cohesive strength does not exist between par-
ticles. According to Ref. [29], the cohesive strength is defined
as

τc =


nαS,max

dS

[
2.5
(

αS

αS,max

)1.5

+120
(

αS

αS,max

)6
]
, αS > αS,min,

0, αS < αS,min,

(25)

where n is the coefficient of cohesive strength and its order
of magnitude is 10−4 g/cm. When n = 0, it means that the
cohesive strength is ignored.

3. Experiment and simulation
3.1. Experimental system

In order to study the influence of cohesive strength, an
experimental jet dredging system is established, as shown in
Fig. 1. Sand is packed at the bottom of the tank 4○. Since the
sand is immersed in water, cohesive strength exists between
the wet sand particles. A jet flow sprays out from the injec-
tion tube 3○, and fluidizes the sand. Then, the fluidized sand is
sucked out from the suction pipe 5○. In solid–liquid separator
7○, sand and water are separated.

1 2

3

4

5

6 7 8 9

Fig. 1. Experimental system and the structure of calculation region: 1○
injection tank; 2○ injection pump; 3○ injection tube; 4○ tank; 5○ suction
tube; 6○ valve; 7○ separator; 8○ suction pump; 9○ suction tank.

3.2. Simulation method and boundary conditions

We apply the CFD solver Fluent to simulate the fluidiza-
tion progress of sand and water in the jet dredging system.
The structure of calculation region is shown in Fig. 2. In or-
der to avoid the influence of air, the area within the red line is
regarded as the calculation region. Because of the structural

symmetry, an axial symmetry model is used to simplify the
calculation. The calculation region is meshed in a structured
grid. The minimum grid size is 1 mm. The jet pipe is the
velocity inlet, the suction tube is the pressure outlet, and the
upper boundary of water is the pressure inlet. The time step is
0.001 s, and the calculation time is 30 s. The averaged diame-
ter of sand particles is 0.26 mm, the density of liquid phase is
983 kg/m3, the liquid viscosity is 0.001 kg/ms, the solid den-
sity is 2550 kg/m3, the maximum packing limit is 0.64, and
the initial volume fraction of the particle phase is 0.6.

500

5
0
0

2
5
0

6
0
0

Fig. 2. The structure of calculation region.

3.3. Simulation results and discussion

In the process of sand collection, the fluidization region is
formed by the impact of jet flow. The fluidization effect can be
compared by the width and deepness of the fluidized region.
In this paper, αs = 0.55 is taken as the critical volume frac-
tion for the fluidization region. Figure 3 shows the boundary
of the fluidized regions with different cohesive strength coef-
ficients, where the jet flow rate Qi = 45 g/s and the suction
flow rate Qs = 50 g/s. In Fig. 3, rz is the distance from the
center of the injection pipe to the boundary, h is the deepness
of the fluidized region, and r is the radius of the suction pipe.

014702-3
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It can be found in Fig. 3 that, when n = 0, the maximum radii
of fluidization area are greater than the experimental results.
When n increases, the maximum radii of fluidized region de-

crease, and the depth of the fluidization area increases. When
n ≥ 0.0002 g/cm, the fluidization regions agree well with the
experimental results.

rz/r

h
/
r

    8 10 12

0

2

4

6

8

10

12

rz/r

h
/
r

rz/r

h
/
r

0 2 4 6 8 10 12

0

2

4

6

8

10

12

rz/r

h
/
r

exp. 10 s
exp. 20 s
exp. 30 s

n=5T10-4 10 s

n=5T10-4 20 s

n=5T10-4 30 s

exp. 10 s
exp. 20 s
exp. 30 s

n=2T10-4 10 s

n=2T10-4 20 s

n=2T10-4 30 s

exp. 10 s
exp. 20 s
exp. 30 s

n=0 10 s

n=0 20 s

n=0 30 s

exp. 10 s
exp. 20 s
exp. 30 s

n=1T10-4 10 s

n=1T10-4 20 s

n=1T10-4 30 s

(a)
(b)

(c) (d)

0 2 4 6 8 10 12

0

2

4

6

8

10

12

0 2 4 6 8 10 12

0

2

4

6

8

10

12

Fig. 3. Boundary of the fluidized regions with different cohesive strength coefficients: (a) n = 0, (b) n = 0.0001 g/cm, (c) n =
0.0002 g/cm, (d) n = 0.0005 g/cm.

The fluidization effect is also shown by the fluidized vol-
ume. Figure 4 shows the relation between the fluidized volume
and collecting time (Qi = 45 g/s, Qs = 50 g/s). When n = 0,
the fluidized volume of granular phase increases faster than
the experimental results from 0 to 10 s. When n increases,
the increasing rate of the fluidized volume decreases. When
n = 0.0002 g/cm, the calculation results agree well with the
experimental results.

0 5 10 15 20 25 30
0

2

4

6

8

10

t/s

V
/
1
0

-
4
 m

3

exp.
n=0

n=1T10-4

n=2T10-4

n=5T10-4

Fig. 4. The relation between fluidized volume and collecting time.

Figure 5 shows the relation between the averaged mass
concentration of particle phase and rate of suction flow at the
outlet (Qi = 45 g/s). As shown in Fig. 5, the maximum av-
eraged mass concentration is around 33% in experimental re-
sults. However, when n= 0, the maximum averaged mass con-
centration is around 45%. The averaged mass concentration

decreases with the increasing cohesive strength coefficient.
When n = 0.0002 g/cm, the averaged mass concentration of
particle phase agrees well with the experimental results.

exp.
n=0
n=1T10-4

n=2T10-4
n=5T10-4

20 40 60 80 100 120 140
20

25

30

35

40

45

50

Qs/gSs-1

C
w
/
%

Fig. 5. Relation between averaged mass concentration of particle phase
and rate of suction flow.

4. Conclusion
In summary, when n = 0, the yield stress of the granu-

lar phase is underestimated due to the neglect of the cohesive
strength between particles in the sand–water two-phase flow.
Taking the influence of the cohesive strength between parti-
cles into account, we have established a yield stress model of
particle phase in this paper. A calculation method for fluidiza-
tion process of liquid–solid two-phase flow in compact pack-
ing state is presented. Comparing with the simulation and ex-
perimental study, we find that when cohesive strength coeffi-
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cient n = 0.0002 g/cm, the calculation results agree well with
the experimental data.
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