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Grating-based x-ray phase contrast imaging has attracted increasing interest in recent decades as multimodal and
laboratory source usable method. Specific efforts have been focused on establishing a new extraction method to perform
practical applications. In this work, noise properties of multi-combination information of newly established information
extraction method, so-called angular signal radiography method, are investigated to provide guidelines for targeted and
specific applications. The results show that how multi-combination of images can be used in targeted practical applications
to obtain a high-quality image in terms of signal-to-noise ratio. Our conclusions can also hold true for upcoming targeted
practical applications such as biomedical imaging, non-destructive imaging, and materials science.
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1. Introduction
X-ray imaging is a widely used technique to examine in-

ner structure of opaque materials. X-rays can be used to de-
tect, identify or diagnose the objects without invasion in fields
like security, non-destructive testing or medicine. However,
absorption-based x-ray imaging suffer a limited contrast to
low Z elements. Phase shift x-ray imaging techniques could
give solution to this shortfall. In the hard x-ray energy range
(10 keV–100 keV), the real part of complex index of refraction
(associated with phase shift) is about 100–1000 times higher
than imaginary part (associated with absorption). Moreover,
its dependence of atomic number is weaker for real part of
index of refraction than for imaginary part.[1] This means
that low Z elements can present a better image by employing
phase-shifting techniques. Besides, scattering imaging pro-
vides complementary and in-accessible information compared
to absorption-based imaging. Scattering imaging discloses
structure information on a submicron scale below spatial res-
olution of imaging system which is in-accessible by absorp-
tion and phase contrast signals, without using high-resolution
detectors.[2–12]

In the past years, various methods have been devel-
oped to measure the phase shift of x-rays, including inter-

ferometric imaging,[13,14] propagation-based imaging,[15,16]

and analyzer-based imaging.[17–20] Among these methods the
grating-based x-ray phase-contrast imaging (GBPCI) has po-
tential in image processing and medical applications due to
its compatibility with laboratory x-ray along with synchrotron
source.[21] However, the extraction methods are important in
GBPCI for minimizing the radiation dose. In GBPCI, several
information extraction methods have been proposed to sepa-
rate absorption, refraction, and scattering signals from projec-
tion images. Phase-stepping (PS)[22] is widely used extrac-
tion method, but its discontinuous image acquisition restricts
its clinical applications. On the other hand, reverse projection
(RP)[23] is fast, simple, and low in dose, but is unable to extract
scattering information. Angular signal radiography (ASR),[24]

has improved the image acquisition speed and reduced overall
radiation dose.

Noise is one of the important factors influencing the prop-
erties of the imaging system. Therefore, noise analysis of
PS,[25–27] RP,[28] and ASR[29] methods have been proposed.
However, to the best of our knowledge, there has been no noise
analysis of multi images in GBPCI. Hence, the present work
is to study the noise characteristics of multi-combination in-
formation in GBPCI by employing ASR. Our proposed noise
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analysis would be useful for targeted applications of GBPCI
in various fields where absorption, refraction and/or scattering
images or their combinations (so-called multi-combination in-
formation) are required.

2. Theory
According to classical imaging description, the detected

image function can be obtained by taking the convolution of
angle modulated function (AMF) and angular signal response
function (ASRF). The AMF characterizes the object proper-
ties, like absorption, refraction, and scattering while ASRF
represents the detected intensity in GBPCI system. In the
sample-beam interactions the absorption, refraction, and scat-
tering deviate incoming x-rays, that is, absorption causes zero
angular signal, refraction produces angular signal, and scatter-
ing is associated with angular distribution signal. According
to the above sample–beam interactions the AMF can be de-
scribed as[24]

f (ψ;x,y) = I0
exp [−M(x,y)]√

2πυs(x,y)

× exp

[
−1

2
(ψ−θ(x,y))2

υ2
s (x,y)

]
, (1)

where M(x,y), θ(x,y), υ2
s (x,y), I0, and ψ are the absorption,

refraction angle, scattering variance of sample, intensity of in-
cident x-ray beam, and x-ray deviation angle respectively.

Grating-based Talbot interferometer schematic setup is
shown in Fig. 1(a). It consists of x-ray source, a detector,
a phase grating G1, an analyzer grating G2, and a rotational
sample stage. In grating interferometer, G1 acts as an angu-
lar collimator, while G2 acts as an angular filter and is set at
self-image distance D downstream of G1. When G2 is shifted
by small displacement (xg) with respect to G1 in the perpen-
dicular direction of x-ray beam, then the detected intensity
changes. The variation in detected intensity as a function of
xg is called shifting curve (SC) and is shown in Fig. 1(b).

Angular deviation (xg/D) is produced in Talbot interfer-
ometer by shifting relative displacement between G1 and G2,
so ASRF is substituted by SC and is given as

S(ψ) = S(xg/D)

= S
[

1−V0 cos
(

2πD
p

(ψ +ψ0)+η
π

2

)]
, (2)

where p is the period of G2, ψ0 is the initial deviation angle,
S is the mean value, V0 is the visibility of background SC, and
η = 0,1,2,3, which is the modulation parameter. SC can be
fitted with a cosine curve.[30,31] Here, imaging data are inves-
tigated for four typical sections (valley-SC (V ), upslope-SC
(U), peak-SC (P), and downslope-SC (D)) on SC as shown in
Fig. 1(b). When an object is placed in x-ray beam, the periodic

intensity pattern changes, so by using Eqs. (1) and (2), the four
typical imaging equations can be expressed as[24]

Is
V (x,y) = I0Se−M(x,y) [1−V (x,y)cos(φ(x,y))] , (3)

Is
U (x,y) = I0Se−M(x,y) [1+V (x,y)sin(φ(x,y))] , (4)

Is
P(x,y) = I0Se−M(x,y) [1+V (x,y)cos(φ(x,y))] , (5)

Is
D(x,y) = I0Se−M(x,y) [1−V (x,y)sin(φ(x,y))] , (6)

where V (x,y) = V0 exp
[
−2π2D2υ2

s (x,y)/p2
]

and φ(x,y) =
(2πD/p)(θ(x,y)+ψ0) .
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Fig. 1. (a) Schematic setup of GBPCI and (b) plot of SC versus grating
position.

To eliminate ψ0, the effective absorption, refraction, and
scattering image of the object are calculated with and with-
out sample in beam path at four typical points on SC. Then
using Eqs. (3)–(6), the effective absorption, refraction angle,
and scattering variance are extracted from (for simplicity (x,y)
is omitted)

M = ln
[

Ib
U + Ib

D
Is
U + Is

D

]
, (7)

θ = − p
2πD

[
arctan

(
Is
U − Is

D
Is
V − Is

P

)
− arctan

(
Ib
U − Ib

D

Ib
V − Ib

P

)]
, (8)

υ
2
s = − p2

2π2D2 ln


√(

Is
U − Is

D

)2
+
(
Is
V − Is

P

)2

V0
(
Is
U + Is

D

)


+
p2

2π2D2 ln


√(

Ib
U − Ib

D

)2
+
(
Ib
V − Ib

P

)2

V0
(
Ib
U + Ib

D

)
 , (9)

where Ib
V , Ib

U , Ib
P, and Ib

D are the projection background images
(without sample) while Is

V , Is
U , Is

P, and Is
D are the sample images

at four typical positions (V , U , P, D) of SC.
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In practical applications, only one or two sample-beam
interactions may be required. In the case of low Z object, re-
fraction and scattering information are prominent but absorp-
tion is negligible. In the case of edge investigation, the refrac-
tion information is significant and in the case of structural in-
vestigation, the scattering information is prominent. Here, by
using ASR, multi-combinations of information and their noise
are discussed in the next subsection.

2.1. Negligible scattering for ASR (NS-ASR)

If scattering information is neglected, i.e., υ2
s (x,y) = 0,

then by using Eqs. (4) and (6), the absorption and refraction
information can be extracted from

MNS = ln
[

Ib
U + Ib

D
Is
U + Is

D

]
, (10)

θNS =
p

2πD

[
arcsin

(
1

V0

Is
D− Is

U
Is
D + Is

U

)
− arcsin

(
1

V0

Ib
D− Ib

U

Ib
D + Ib

U

)]
. (11)

2.2. Negligible absorption for ASR (NA-ASR)

When absorption is negligible, i.e., M(x,y) = 0, then re-
fraction and scattering information can be calculated by using
Eqs. (3) and (6) and given as

θNA =
p2

2πD

[
arctan

(
Is
D− I0S

Is
V − I0S

)
− arctan

(
Ib
D− I0S

Ib
V − I0S

)]
, (12)

υ
2
s,NA =

p2
2

2π2D2 ln


√(

Ib
D− I0S

)2
+
(
Ib
V − I0S

)2√(
Is
D− I0S

)2
+
(
Is
V − I0S

)2

 . (13)

2.3. Negligible refraction for ASR (NR-ASR)

When refraction is negligible, i.e., θ(x,y) = 0, then ab-
sorption and scattering information can be calculated by using
Eqs. (3) and (5) and given as

MNR = ln
[

Ib
V + Ib

P
Is
V + Is

P

]
, (14)

υ
2
s,NR =

p2
2

2π2D2 ln
[

Is
P + Is

V
Is
P− Is

V
·

Ib
P + Ib

V

Ib
P− Ib

V

]
. (15)

2.4. Negligible absorption and refraction for ASR (NANR-
ASR)

When absorption and refraction are both negligible, i.e.,
M(x,y) = θ(x,y) = 0, then scattering information can be cal-
culated by using Eq. (3) or Eq. (5) and given as

υ
2
s,NANR =

p2
2

2π2D2 ln
[

Ib
P− I0S

Is
P− I0S

]
. (16)

2.5. Negligible absorption and scattering for ASR (NANS-
ASR)

When both absorption and scattering are negligible, i.e.,
M(x,y) = υ2

s (x,y) = 0, then refraction information can be cal-

culated by using Eq. (4) or Eq. (6) and given as

θNANS =
p2

2πD
arcsin

[
Is
U − I0S
V0Ib

U

]
. (17)

3. Noise analysis
In this section the photon statistical noise, one of the main

factors affecting image quality, is discussed. Poisson statistics
and error propagation[32] formula are used to derive noise.

3.1. Noise of NS-ASR

The noise in NS-ASR for absorption image is given as

σ
2
MNS

= ∑
i=U,D

(
∂MNS

∂ Is
i

)2

Is
i =Is

i

σ
2
Ii .

By using Eqs. (4) and (6), we obtain

σ
2
MNS

=
1

2I0Se−M
,

SNRMNS =

√
2I0Se−MM.

The noise in NS-ASR for refraction image is given as

σ
2
θNS

= ∑
i=U,D

(
∂θNS

∂ Is
i

)2

Is
i =Is

i

σ
2
Ii .

By using Eqs. (4) and (6), we have

σ
2
θNS

=
( p

2πD

)2 1−V 2
0 sin2

φ

2I0Se−MV 2
0 cos2 φ

,

SNRθNS =

(
2πD

p

)√2I0Se−MθV0 cosφ√
1−V 2

0 sin2
φ

.

3.2. Noise of NA-ASR

The noise in NA-ASR for refraction image is given as

σ
2
θNA

= ∑
i=U,P

(
∂θNA

∂ Is
i

)2

Is
i =Is

i

σ
2
Ii .

By using Eqs. (3) and (6), we obtain

σ
2
θNA

=
( p

2πD

)2 1−V sinφ cosφ(sinφ + cosφ)

I0SV 2
,

SNRθNA =

(
2πD

p

) √
I0SθV√

1−V sinφ cosφ(sinφ + cosφ)
.

The noise in NA-ASR for scattering image is given as

σ
2
υ2

sNA
= ∑

i=U,P

(
∂υ2

sNA
∂ Is

i

)2

Is
i =Is

i

σ
2
Ii .

By using Eqs. (3) and (6), we have

σ
2
υ2

sNA
=

(
p2

2π2D2

)2 1−V (sin3
φ + cos3 φ)

I0SV 2
,

SNR
υ2

sNA
=

(
2π2D2

p2

) √
I0SV υ2

s√
1−V (sin3

φ + cos3 φ)
.
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3.3. Noise of NR-ASR

The noise in NR-ASR for absorption image is given as

σ
2
MNR

= ∑
i=V,P

(
∂MNR

∂ Is
i

)2

Is
i =Is

i

σ
2
Ii .

By using Eqs. (4) and (5), we have

σ
2
MNR

=
1

2I0Se−M
,

SNRMNR =

√
2I0Se−MM.

The noise in NR-ASR for scattering image is given as

σ
2
υ2

sNR
= ∑

i=V,P

(
∂υ2

sNR
∂ Is

i

)2

Is
i =Is

i

σ
2
Ii ,

σ
2
υ2

sNR
=

(
p2

2π2D2

)2 1−V 2

2I0Se−MV 2
,

SNR
υ2

sNR
=

(
2π2D2

p2

)√2I0Se−MV υ2
s√

1−V 2
.

3.4. Noise of NANR-ASR

The noise in NANR-ASR is given as

σ
2
υ2

sNANR
=

(
∂υ2

sNR
∂ Is

P

)2

Is
i =Is

P

σ
2
IP ,

σ
2
υ2

sNANR
=

(
p2

2π2D2

)2 1+V
I0SV 2

,

SNR
υ2

sNANR
=

(
2π2D2

p2

)√
I0SV υ2

s√
1+V

.

3.5. Noise of NANS-ASR

The noise in NANS-ASR is given as

σ
2
θNANS

=

(
∂θNANS

∂ Is
U

)2

Is
i =Is

U

σ
2
IU ,

σ
2
θNANS

=
( p

2πD

)2 1+V0 sinφ

I0SV 2
o cos2 φ

,

SNRθNANS =

(
2πD

p

)√
I0SθV0 cosφ√
1+V0 sinφ

.

4. Simulation and discussion

In the simulation experiment, based on the wave opti-
cal approach, Matlab is used to verify the theoretical deriva-
tions. A plane wave beam of 25 keV, and phase grating (hav-
ing π/2 phase shift), and absorption grating having 4 µm is
used. The distance from G1 to G2 is set to be the first frac-
tional Talbot distance, 16.13 cm. A 10-mm-dimeter PMMA
cylinder is taken as sample. The refractive index of PMMA is
n = 1−4.26×10−7 + i1.53×10−10 at 25 keV. In simulation,
the projection images are acquired by ASR. To validate the
theoretical expressions, the retrieved information about inci-
dent light intensity with 103–104 photons/s/mm2 is simulated
and repeated 104 times to calculate noise.
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Fig. 2. (a) Absorption image, (b) refraction image, theoretical and simulated SNR of (c) absorption image and (d) refraction image versus
incident photon number in the case of NS-ASR.

The upper panels in Fig. 2 show simulated images. Fig-

ure 2(a) shows the absorption image while figure 2(b) displays

the refraction image in the case of NS-ASR. The simulated

and theoretical SNR of NS-ASR are shown in lower pane of

Fig. 2. Figure 2(c) shows SNRs versus incident photon num-

ber for absorption signal when scattering information is ne-

glected. The SNRs versus incident photon for refraction im-

age, while scattering is neglected, is shown in Fig. 2(d). Here,
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it should be pointed out that in the case of NS-ASR the noise
of the refraction image is higher than that of the absorption
image. Therefore, the NS-ASR case can be used for investi-
gating the samples having strong refraction properties and also
for studying their edges.

Figures 3(a) and 3(b) show simulated refraction and scat-

tering images in the case of NA-ASR, respectively. When ab-
sorption is neglected then the SNRs of refraction and scatter-
ing signals are shown in Figs. 3(c) and 3(d), respectively. It
is important to note that the SNRs of refraction and scattering
of NA-ASR have about the same SNRs. This case could have
applications in light elements.
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Fig. 3. Simulated (a) refraction image, (b) scattering image and simulated and theoretical SNR of (c) refraction and (d) scattering signal versus
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Fig. 4. Simulated (a) absorption image, (b) scattering image, and SNR of (c) absorption and (d) scattering image versus incident photon number
in the case of NR-ASR.

The simulated absorption image and scattering image are

shown in Figs. 4(a) and 4(b) while refraction is neglected. The

simulated ane theoretical SNR of absorption and scattering im-

age are shown in Figs. 4(c) and 4(d) for NR-ASR. Here, it

should be pointed out that SNR of scattering image is greater

than that of absorption image. NR-ASR can provide suitable

image quality for soft tissues.

Figure 5(a) shows simulated scattering image in the case

of NANR-ASR. The simulated and theoretical SNRs of scat-

tering image versus incident photon number is shown in

Fig. 5(b).

The simulated refraction image is shown in Fig. 6(a),
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and the simulated and theoretical SNR versus incident photon
number are shown in Fig. 6(b) while absorption and scattering
are neglected.
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Fig. 5. (a) Simulated scattering image, and (b) simulated and theoretical
SNR of scattering image versus incident photon number of NANR-ASR.
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Fig. 6. (a) Simulated refraction image, and (b) simulated and theoretical
SNR versus incident photon number in the case of NANS-ASR.

5. Conclusions
In this work, the SNRs of multi-combination images are

theoretically derived for GBPCI employing ASR. The photon
statistical noise, which is the main source of noise, is inves-
tigated in detail. Theoretical derivations are verified by per-
forming simulations using Matlab. All theoretical derivations
are in agreement with simulations, hence validate our theo-
retical derivations. The SNRs of multi-combination images
(except absorption image in NS-ASR and NR-ASR) can be
increased by optimizing the inter-grating distance and visibil-
ity of background SC and by reducing the grating period. The

case of NS-ASR can be useful for edge enhancement and for
the samples having strong refraction. While, NA-ASR could
have applications in light elements. The NR-ASR case is suit-
able for soft elements. Finally, our SNRs of multi-combination
images can provide guidelines for specific and target applica-
tions.

Appendix A: Supplementary information
In the case of negligible refraction and scattering for ASR

(NRNS-ASR), only absorption information is obtained, hence
the use of gratings can be omitted. This is just conventional x-
ray imaging, so for completeness, we provide this information
here.

When refraction and scattering are both negligible, i.e.,
θ(x,y) = υ2

s (x,y) = 0 then the absorption information can be
calculated from Eq. (4) or Eq. (6) and given as

MNRNS = ln
[

Ib
U

Is
U

]
. (A1)

The noise in NRNS-ASR is given as

σ
2
MNRNS

=

(
∂MNRNS

∂ Is
U

)2

Is
U=Is

U

σ
2
IU ,

σ
2
MNRNS

=
1

I0Se−M
,

SNRMNRNS =

√
I0Se−MM.

The SNR of NRNS -ASR is independent of system parameters.
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