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A theoretical study for femtosecond laser-induced ultrafast electro-absorption of bulk solids is presented. Our nu-
merical results show that, in the case of low intensity of the pump laser where the interaction between the pump laser
and solids is in the multi-photon regime, the energy band of solids can be approximately taken as a parabolic band and
electro-absorption spectrums from the parabolic band and real band are nearly the same. While, in the case of high inten-
sity where the interaction is in the tunneling regime, spectrums from the parabolic band and real band are quite different.
The physical mechanism for the difference in the tunneling regime is found. We find that the non-parabolic parts of the real
energy band and Bragger scattering of electrons near the first Brillouin zone boundaries, which are neglected in previous
studies, strongly influence the electro-absorption spectrum in the tunneling regime. These two physical processes cause the
difference of spectrums. Our theoretical results are in accordance with the experiment result.

Keywords: ultrafast electro-absorption, red-shift of absorption edge, Bragger scattering effect, multi-photon
process
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1. Introduction

Femtosecond laser has been widely used in many fields,
such as laser micromachining,[1–5] laser-driven accelerators,[6]

ultrafast dynamics in atoms and solids,[7,8] and laser mod-
ulation spectrum in solids.[9–12] The interaction between
solids and an intense laser can cause dramatic modifica-
tion of the energy band of the solids,[13] from which many
interesting phenomena have been observed such as laser-
induced transparency,[11] harmonic generation,[14–16] side-
band generation,[9] and ultrafast electro-absorption.[12,17] Ul-
trafast electro-absorption of near band-gap radiation has been
investigated both theoretically[18,19] and experimentally,[11,17]

and the parabolic band was used to study laser ultrafast
electro-absorption of bulk solids in previous works.[17] If the
intensity of the pump laser is not high, the parabolic band is
a good approximation for describing the energy band of real
solids, since the main contribution to the band–band transi-
tion is from the electrons near the center of the Brillouin zone.
However, as the pump laser becomes extremely intense, this
approximation is no longer valid.[20]

Usually, the Keldysh adiabatic parameter γ =
√

Eg/4U∗P
is employed to define the different regimes of the pump laser
in laser-induced electro-absorption of bulk solids, where Eg is
the band gap of the solids and U∗P = e2A2

0/4mr is the pondero-
motive potential, with mr = 1/mc−1/mv being the reduced
mass of electron and hole, and A0 the amplitude of the vector

potential of the pump laser. In the case of γ � 1, the intensity
of the pump laser is in the multi-photon regime. In the case
of γ ∼ 1, the intensity is in the dynamic regime. Finally, in
the case of γ � 1, it is in the tunneling regime. Previous ex-
periments of ultrafast electro-absorption focused on the multi-
photon regime and dynamic regime with the intensity up to
the case of U∗P ∼ h̄ω0. Here, h̄ω0 is the photon energy of the
pump laser.[12] Due to the laser-induced damage of the sample,
the tunneling regime remains relatively unexplored.[12,14] Re-
cently, Ghimire et al.[12] made an exploration in this regime.
In their experiment, the wide band semiconductor ZnO and
long wavelength laser were used to avoid damage effect on the
sample. The substantial red-shift of absorption edge in ultra-
fast electro-absorption was observed.[12] They found that the
red-shift is close to the case described by the direct current
(DC) approximation from 0.1 TW/cm2 to 1 TW/cm2 (from
dynamic regime to tunneling regime), but has an obvious de-
viation from 1 TW/cm2 to 5 TW/cm2 (deeper into the tun-
neling regime). The result is quite surprising. Because the
traditional concept is that, in the optical tunneling regime, a
pump laser can be taken as a quasi-static field and the pho-
ton effect is negligible.[17] One would expect that the more
intense the laser is, the better DC approximation may apply.
Ghimire et al. assumed that the deviation may originate from
the non-parabolic band structure and Bragger scattering (BS).
Considering that intense laser can easily cause sample dam-
age, to study electro-absorption at high intensity, the sample
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should have a high damage threshold. Usually, the solids with
large band gap have a high damage threshold. So, the wide
band gap (also with direct gap) semiconductor and dielectric
are chosen as the sample, such as GaAs, ZnO, ZnS, and quartz.
In order to be consistent with Ghimire’s experiment, we also
choose ZnO as the sample of research.

In this work, a theoretical analysis for femtosecond laser-
induced ultrafast electro-absorption of solids is presented. A
general expression for electro-absorption of solids with non-
parabolic band structure and BS is given and a numerical study
of ZnO crystal by the expression is demonstrated. Our results
show that, in the case of low intensity pump laser where the
interaction between the pump laser and solids is in the multi-
photon regime, the energy band of the solids can be approxi-
mately taken as a parabolic band and electro-absorption spec-
trums from the parabolic band and non-parabolic band are
nearly the same. While, in the case of high intensity where
the interaction is in the tunneling regime, spectrums from the
parabolic band and real band are quite different. The phys-
ical mechanism for the difference in the tunneling regime is
found. We find that the non-parabolic parts of the real en-
ergy band and Bragger scattering of electrons near the first
Brillouin zone boundaries, which were neglected in previous
studies, strongly influence the electro-absorption spectrum in
the tunneling regime.

2. Results
2.1. General theory

Figure 1 is a setup of ultrafast electro-absorption
experiment.[12] In Fig. 1, the pump laser is used to modulate
the transmission or absorption spectrum of the probe laser. In
the presence of the pump laser, the optical absorption process
of the probe laser can happen even the photon energy of the
probe laser is lower than the band gap of solids. This effect
can be seen as a shift of the absorption edge to lower photon
energies (red-shift of absorption edge). For ultrafast electro-
absorption, the pump laser is intense and the probe laser is
weak. The intensity of the pump laser is very high and will
damage the detector of the probe laser if it enters the detector.
In order to avoid pumping laser into the detector of the probe
laser, a very small degree θ between the probe laser and pump
laser (the direction of the pump laser is vertical to the sample
surface) is employed in the experiment. For simplicity, it can
be approximately taken as 0◦.

The interaction Hamiltonian for laser-induced electro-
absorption is

H = He−pump +He−probe, (1)

where He−pump and He−probe are Hamiltonian of the electron–
pump laser interaction and Hamiltonian of the electron–probe
laser interaction, respectively.

sample

probe laser

pump laser

Fig. 1. Setup of laser-induced electro-absorption. The pump laser is
intense and the probe laser is weak.

For an intense laser, it is necessary to treat the interaction
between the laser and an electron non-perturbatively.[21–24]

In ultrafast electro-absorption, the electron inside each en-
ergy band is accelerated by the pump laser and the energy of
the electron on the i-th band is Ei (𝑝+ e𝐴0 cos(ω0t)) (veloc-
ity gauge), where 𝑝 is the quasi momentum of the electron;
𝐴0 cos(ω0t) the laser vector potential of the pump laser; and
Ei (𝑝) the energy of the electron without laser. Substituting
the energy Ei (𝑝+ e𝐴0 cos(ω0t)) into the Schrödinger equa-
tion, we have

ψC = φC (𝑟)exp

i𝑝 ·𝑟−
t∫

0

EC (𝑃 (τ)) dτ

 ,

ψV = φV (𝑟)exp

i𝑝 ·𝑟−
t∫

0

EV (𝑃 (τ)) dτ

 , (2)

where ψC and ψV are the wave functions of the conduction
band and valence band, respectively; 𝑃 = 𝑝+ e𝐴0 cos(ω0t);
and φC (𝑟) and φV (𝑟) are functions that have the translational
symmetry of the lattice. The energy Ei (𝑃 ) (one dimension as
an example) can be expanded as

Ei (𝑃 (t)) = Ei (0)+
(

dEi

dP

)
P=0

P+
1
2

(
d2Ei

dP2

)
P=0

P2 + · · ·.

If effective mass approximations dnEi/dPn = 0(n 6= 2) and
d2Ei/dP2 = 1/m∗i are used, we have Ei (𝑃 (t)) ≈ Ei (0) +
(𝑝+e𝐴0 cos(ω0t))2

2m∗i
, here mi is the effective mass in the i-th band.

In this approximation, equation (2) reduces to the Bloch–
Volkov wave-function.[17]

Since the Hamiltonian of the electron–probe laser inter-
action is rather weak, it can be taken as a perturbation. The
transition probability amplitude Cf from the valence band to
the conduction band caused by the probe laser now is in the
form

Cf =
1
ih̄

∫ t

0

∫
ψ
∗
CHelψV d𝑟dt ′

=
1
ih̄

t∫
0

dt ′HCV exp

 i
h̄

t ′∫
0

(
EC
(
t ′′
)
−EV

(
t ′′
))
− h̄ω dt ′′

,

(3)

where Hel =
𝐴cos(ωt)·𝑝

me
is the Hamiltonian of the electron–

probe laser interaction. Here, me is the mass of free elec-
tron; 𝐴cos(ωt) is the laser vector potential of the probe
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laser; HCV =
∫

ψ∗CHelψV |t=0 d𝑟 . Similar to the treatment in
Ref. [21], we now expand the following expression in Eq. (3):

L
(
t ′
)
= HCV exp

{
i
h̄

t ′∫
0

(
EC
(
t ′′
)
−EV

(
t ′′
))
− h̄ω dt ′′

}
(4)

in a Fourier series of t ′

L
(
t ′
)
=

∞

∑
n=−∞

exp
{

i
h̄
(Eeff− h̄ω) t ′

}
exp
(
−inω0t ′

)
Ln, (5)

where

Ln = HCV
1

2π

π∫
−π

exp
{

i
h̄

t ′∫
0

(
EC
(
t ′′
)
−EV

(
t ′′
)
−Eeff

)
dt ′′
}

× exp(inx)dx.

Here, x = ωt ′; Eeff = 1
2π

∫
π

−π
EC (x)−EV (x) dx is the

effective band difference between the effective conduc-
tion band 1

2π

∫
π

−π
EC (x) dx and the effective valence band

1
2π

∫
π

−π
EV (x) dx. Substituting Eq. (5) in Eq. (3) and then using

the same calculation procedure used in the normal perturba-
tion theory,[21] we obtain the transition rate for the absorption
of the probe laser in the form (the spin states of the electron
are considered)

W = ∑
n

2π

h̄

∫
|Ln|

2
δ (Eeff−nh̄ω0− h̄ω)

2

(2π)3 d𝑘, (6)

where h̄ω0 and h̄ω are the photon energies of the pump
laser and the probe laser, respectively. In Eq. (6), the ex-
pression 2π

h̄
∫
|Ln|2δ (Eeff−nh̄ω0− h̄ω) 2

(2π)3 d𝑘 describes the
transition process of absorbing n pump photons and one probe
photon. The absorption coefficient of the probe laser that is
caused by this band–band transition now can be written as

α =
ω

nrcωε0

2Wh̄ω

E2
pro

=
2Wh̄ω

nrcε0E2
pro

, (7)

where ε0 is the permittivity of vacuum; c the light speed in
vacuum; nr the refractivity of solids; and Epro is the amplitude
of the electrical field of the probe laser. In Ghimire’s work,
ZnO (wurtzite structure) was employed in the experiment. In
the present study, we use the same material to make analy-
sis. The energy band of ZnO is adopted from the ab initio
calculation.[25] The orientation of the reciprocal lattice of ZnO
is chosen as x‖Γ −M (polarization direction of pump laser),
y‖Γ −K, z‖Γ −A (optical axis). The conduction and valence
bands structure in the polarization direction (x direction) of the
pump laser is close to cosine band Ei (k) = h̄2

m∗i d2 [1− cos(kd)],

where mi is the band effective mass at zone center in the i-th
band; and d is the lattice constant.[14] The above cosine bands
are periodic functions of the reciprocal lattice vector. If the
wave vector of electron in the x direction kx is out of the first

Brillouin boundary, we have Ei (kx) = Ei (kx−Khx), here Khx

is the reciprocal lattice vector in the x direction. Thus, the BS
effect is naturally included in the cosine band. The parabolic
band and Kane band are not periodic functions, so the BS ef-
fect is not included in these band models. Since there are no
acceleration effects in x and y directions, we take the parabolic
approximation into these two directions.[24] In our calculation,
the wavelength of the pump laser is taken as 3250 nm, which
is the same as that used in the experiment.

Equation (6) indicates that the transition rate is depen-
dent on the effective band difference Eeff and the mixed multi-
photon process of the pump laser and the probe laser. In gen-
eral, in the case of a process with low intensity laser, the lowest
order of multi-photon process makes the most contribution to
the transition and the contributions of higher orders can be ne-
glected. However, in the high intensity case, the higher orders
become more and more important to the transition.[23,26,27]

Figure 2 is a schema for the band–band transition of ultrafast
electro-absorption at different pump laser intensities. For low
laser intensity, the main contribution to the inter-band transi-
tion is made by the electrons near the center of the Brillouin
zone (𝑘= 0). So the parabolic band can be used to replace the
real band. Whereas, at high intensity, the higher-order multi-
photon processes of the pump laser are important and all elec-
trons in the entire Brillouin zone make effective contributions
(not only the electrons near the center of the Brillouin zone).
This means that the ultrafast electro-absorption in the optical
tunneling regime should be a band structure related process.

hω0

hω

UP

conduction 
band

valence 

band

(b)(a)

valence 

band

conduction 

band

photon of 

the pump laser

photon of 

the probe laser

electron

Fig. 2. Schema for the ultrafast electro-absorption: (a) the low laser
intensity case and (b) the high laser intensity case.

2.2. Numerical results

In Fig. 2, UP is the ponderomotive energy that also can
be expressed as Eeff (0). Figure 3 shows the values of pon-
deromotive energy of ZnO at different pump laser intensities
I, with the cosine band marked as circles and parabolic band as
squares. As shown in Fig. 3, the ponderomotive energies of the
cosine band and parabolic band are the same at low intensity,
but quite different at high intensity. This indicates that, at high

017801-3



Chin. Phys. B Vol. 29, No. 1 (2020) 017801

intensity, the parabolic approximation is no longer a good ap-
proximation and the non-parabolic part of the real band needs
to be considered. The ponderomotive energy has a direct con-
nection with the phenomenon called laser-induced above band
gap transparency.[11] The experiment shows that the pondero-
motive energy is proportional to the intensity when the inten-
sity of the pump laser is below the tunneling regime. It corre-
sponds to the situation in the left of Fig. 3. It is interesting that
the non-linear ponderomotive energy is found in the tunneling
regime (the right part in Fig. 3). This non-linear ponderomo-
tive energy is due to the non-parabolic band effect which is
obvious, as we will show below, in the tunneling regime.
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Fig. 3. Ponderomotive energy at different intensities.
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2.6 2.8 3.0 3.2 3.4
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Fig. 4. Absorption coefficients of ultrafast electro-absorption at differ-
ent photon energies of the probe laser. The intensity of the pump laser is
(a) 0.1 TW/cm2, (b) 1 TW/cm2, (c) 5 TW/cm2. Here, squares are from
the parabolic band; circles are from the cosine band.

The absorption coefficients of the probe laser at differ-
ent wavelengths are presented in Fig. 4. The intensities of
the pump laser are 0.1 TW/cm2, 1 TW/cm2, and 5 TW/cm2

in Figs. 4(a)–4(c), respectively. To make a comparison, the re-
sults from the parabolic band are also presented in Fig. 4. It di-
rectly shows that, at low intensity, the parabolic band approx-
imation works well for describing ultrafast electro-absorption,
whereas the real band structure needs to be considered at high
intensity and the parabolic band is not a good approximation.

Meanwhile, we find that the curve for the cosine band
presents some fluctuation in Fig. 4(c). In fact, the fluctuation
has a physical origin. In Fig. 4(c), for the photon energy of the
probe laser between 2.7 eV and 2.8 eV, the minimum photon
number of the pump laser needed to satisfy the energy conver-
sation in Eq. (6) is 7 (cosine band model); for the photon en-
ergy between 2.9 eV and 3.2 eV, the minimum photon number
is 6; while for the photon energy between 3.3 eV and 3.4 eV,
the minimum photon number of the pump laser is 5. We know
that the smaller the minimum number of photons is, the easier
the transition process of electron and the larger absorption co-
efficients. The fluctuation reflects the change of the minimum
photon number of the pump laser.

The red-shift of the absorption edge of laser-induced ul-
trafast electro-absorption can be calculated by the same way of
Franz–Keldysh effect (it corresponds to the DC case as men-
tioned above).[26] Supposing the point h̄ω1 as the absorption
edge of the probe laser at the pump intensity I1, the absorption
edge h̄ω2 at the pump intensity I2 is determined by

α (h̄ω1, I1)

α
(
Eg, I1

) =
α (h̄ω2, I2)

α
(
Eg, I2

) . (8)

It can be rewritten as

α
(
Eg−∆Eg1, I1

)
α
(
Eg, I1

) =
α
(
Eg−∆Eg2, I2

)
α
(
Eg, I2

) . (9)

Here, ∆Eg1 = Eg− h̄ω1 and ∆Eg2 = Eg− h̄ω2 are red-shifts of
the absorption edges at the pump intensities of I1 and I2, re-
spectively. For the Franz–Keldysh effect, the transition rate of
the probe laser has a simple analytical expression

W =C exp
{
−4
√

2mr

3eh̄E
(Eg− h̄ω)3/2

}
,

(h̄ω < Eg); here E is the amplitude of the external electric
field.[12,26] The pre-factor C of the expression is a relatively
slowly varying function of E and the frequency of the probe
laser ω compared to the exponential part.[12] So we can only
consider the exponential part. Using Eq. (9), we have ∆Eg ∝

I1/3.[27] For ultrafast electro-absorption, the expression for the
transition rate of the probe laser is complicated as shown in
Eq. (6). In this case, the numerical method is needed to calcu-
late the red-shift of absorption by using Eq. (9).

Figure 5 shows the red-shift of absorption edge of ZnO
at different pump intensities. In Fig. 5, solid diamonds are
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from an experiment.[12] The solid squares, empty circles, and
empty triangles are calculated from the cosine band, parabolic
band approximation, and Kane band approximation,[21] re-
spectively. The dash line is obtained from the DC approx-
imation. For the DC approximation, the results from above
different bands are the same. All results are listed in Table 1.
For the case of DC approximation, the red-shifts of absorption
edge at different energy bands have the same law ∆Eg ∝ I1/3 ,
here I is the intensity of the pump laser. For the case of ultra-
fast electro-absorption, if there is no BS effect, the red-shifts
from the parabolic band and non-parabolic band (as the case of
Kane band) are equal and follow the same law from the DC ap-
proximation ∆Eg ∝ I1/3. If the BS effect is considered (as the
case of cosine band), obvious deviation from the DC approxi-
mation is found when the intensity of the pump laser is above
1 TW/cm2. This is in accordance with the experiment.[12]

0 1 2 3 4 5
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0.2
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0.4

0.5

0.6

R
e
d
 s

h
if
t/

e
V

Pump laser intensity/TWScm-2

cosine
Kane 
parabolic
DC
Exp. data

∝I1/3

Fig. 5. Red-shift of absorption edge at different intensities. Here, solid
diamonds are from the experiment; solid squares are calculated from
the cosine band; empty circles and empty triangles are calculated from
the parabolic band and Kane band, respectively; dash line is obtained
from the DC approximation.

In Fig. 5, when the pump laser intensity is lower than
1 TW/cm2, the cosine band model result seems not as good as
those of other models. As shown in Fig. 2(a), in the case of low
intensity (lower than 1 TW/cm2), only the electrons nearby the
center of the Brillouin zone make the most contribution to the
ultrafast electro-absorption of direct gap solids. The parabolic
and Kane band models are usually employed to describe the
E (k) ∼ k relation nearby the center of the Brillouin zone and
they are better than the description of the cosine band model
in this region. This is the reason for that the parabolic and
Kane band models have a better fitting effect than the cosine
band model (solid squares) in the case of low intensity. Al-
though the cosine band model has less precision to describe
the E (k) ∼ k relation nearby the center of the Brillouin zone
than the parabolic and Kane band models, it is much better to
describe the E (k) ∼ k relation for the other parts of the en-
ergy band which are important for the case of high intensity
(as shown in Fig. 2(b)) and the Bragger scattering effect of
electron is naturally included in this model. So, in the case
of high intensity, when the pump laser intensity is larger than
1 TW/cm2, the cosine band model can provide a far better fit-
ting effect compared with other models. Nevertheless, to some

extent, the trend of the data of the cosine band model is still
a little different from that of the experimental data. The re-
main difference may originate from the occupation effect of
transitional electrons which is not considered in our calcula-
tion. As the laser intensity increases, the number of electrons
transited from valence band to conduction band will increase.
These electrons will occupy the low energy states of the con-
duction band, then the follow-up electrons need more energy
to make the transition. This occupation effect can make a sat-
uration trend for electro-absorption at high intensity, and the
calculation result would be better if the occupation effect is
considered.

3. Discussion
From Table 1, it can be found that the deviation can only

happen when both the BS and the photon effect of the pump
laser are considered. Figure 6 shows the influence of the BS
effect in ultrafast electro-absorption. If there is no BS effect
(the cases for the parabolic band and the Kane band approx-
imations), higher order multi-photon processes in Eq. (6) are
allowed to make the transition happen. However, due to the
BS effect (the case for the cosine band), the high order multi-
photon processes which are out of Brillouin Boundaries are
forbidden. This mechanism causes the red-shift to deviate
from the DC approximation. Due to this mechanism, in the
tunneling regime, the pump laser cannot be simply taken as a
quasi-static field.

Table 1. Summary of red-shift law of absorption edge at high intensity
in Fig. 5. It can be found that only if BS and photon effect of pump
laser are both considered does the deviation happen.

Energy band Parabolic band Kane band Cosine band
Ultrafast electro-absorption ∝ I1/3 ∝ I1/3 deviates I1/3

DC approximation ∝ I1/3 ∝ I1/3 ∝ I1/3

valence

band

multi photon 
process which is
out of Brillouin 
boundary 

photon of
the probe
laser 

conduction 

band

Brillouin
boundary

photon of the
pump laser  

V

V

Fig. 6. Scheme for the influence of BS effect in ultrafast electro-
absorption. Due to BS effect, the high order multi-photon processes
which are out of Brillouin Boundaries are forbidden. This mechanism
causes the red-shift to deviate from the DC approximation.

4. Conclusion
In summary, a theoretical expression for electro-

absorption of solids with non-parabolic band structure and
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Bragger scattering is presented and a numerical study of ZnO
crystal is demonstrated. Numerical results show that, in the
case of low intensity of the pump laser where the interac-
tion between the pump laser and solids is in the multi-photon
regime, the energy band of the solids can be approximately
taken as a parabolic band and electro-absorption spectrums
from the parabolic band and real band are nearly the same.
While, in the case of high intensity where the interaction is
in the tunneling regime, spectrums from the parabolic band
and real band are quite different. The physical mechanism
for the difference in the tunneling regime is found. We find
that, in the case of tunneling regime, the non-parabolic parts
of the real energy band and Bragger scattering of electrons
near the first Brillouin zone boundaries which are neglected
in previous studies, strongly influence the electro-absorption
spectrum . These two physical processes cause the difference
in the spectrums. Our results indicate that, different from the
case of low intensity that the energy band of solids can be ap-
proximately taken as a parabolic band, the non-parabolic ef-
fect (non-parabolic parts of the band structure and Bragger
scattering of electrons near the first Brillouin zone boundaries)
should be considered for the study of electro-absorption as the
interaction between the pump laser and solids is in the tun-
neling regime. This theoretical study can be helpful to under-
stand the physical mechanism of intense laser-induced electro-
absorption.
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