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The Landau damping which reveals the characteristic of relaxation dynamics for an equilibrium state is a universal
concept in the area of complex system. In this paper, we study the Landau damping in the phase oscillator system by
considering two types of coupling heterogeneity in the Kuramoto model. We show that the critical coupling strength for
phase transition, which can be obtained analytically through the balanced integral equation, has the same formula for both
cases. The Landau damping effects are further explained in the framework of Laplace transform, where the order parameters

decay to zero in the long time limit.
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1. Introduction

Collective motion in a large population of interacting
units is a common phenomenon in nature, which is widely ob-
served in many practical situations that range from physics to
chemistry, biology, engineering, and even social systems.!-]
Understanding the intrinsic mechanism of such cooperative
behavior has become an important issue in the area of com-
plexity science and dynamical system. 3!

In 1975, Kuramoto studied the synchronization of limit
cycle oscillators by neglecting the amplitude effects and pro-
posed the famous Kuramoto model(®!

. K
Bi:wi‘f'N.

N
sin(Gj—Gi), i:1,2,...,N, (1)
j=1

where 6; and wj; are the phase and natural frequency of the i-th
oscillator, respectively, N is the size of the system, and K > 0
denotes the global coupling strength. Equation (1) describes
an ensemble of coupled phase oscillators. It is useful to define
the order parameter Z(¢) to symbol the synchronization degree
of the system

i LS e,
Z(t) = r(t)e'V = Nj;e i), )

Here Z(¢) is a complex valued vector, y/(¢) is the mean phase,
and r(r) is the collective amplitude. When the coupling
strength K is small enough, r(t) = 0, the system stays in the

incoherent state where no oscillators are synchronous and they

DOI: 10.1088/1674-1056/ab55d0

rotate almost according to their natural frequencies. However,
with the increase of K, r(¢) > 0, the system evolves to an
ordered state, where a number of oscillators become phase-
locked, forming a macroscopic cluster, in a way that the effec-
tive frequencies converge to a common value. When K — oo,
r(t) = 1, the system approaches a complete synchronous state
where all oscillators are in phase. As a well-known result,
Kuramoto pointed out that in the limit case (N — o0) and the
distribution of natural frequency g(®) is even and unimodal,
a continuous (second-order) phase transition occurs at a crit-
ical coupling strength K, = %(0). Near the critical point, the
order parameter r(t) satisfies the scaling law r(¢) o< /K — K.
The classical Kuramoto model provides significant insight for
studying synchronization relevant problems both theoretically
and practically.!”-14]

The Kuramoto model, as a typical coupled phase oscilla-
tor system, has been successfully proposed to investigate syn-
chronization problems over the past four decades. Extensive
works have carried out on the phase transition towards syn-
chronization and various collective behaviors in generalized
Kuramoto models. Apart from different routes to synchroniza-
tion, relaxation dynamics of coherent states in the Kuramoto-
like models have also become important issues, which relate
to the general properties of non-equilibrium phase transition.
An important topic associated with coupled phase oscillators
is about the stability of equilibrium state in the long time limit.
In particular, the dynamical stability about incoherent state for
the system has become a focus that attracts much attention for
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the past decades. In contrast to intuition, Strogatz pointed out
that the eigenvalues of the incoherent state are absent when
K < K. in the thermodynamic limit. However, the collec-
tive dynamics (order parameters) decay in exponential form,
which resembles the phenomenon of Landau damping.!'>16]
The Landau damping, as an important characteristic of the sys-
tem, reflects the relaxation behavior of the stationary state be-
fore phase transition. Also it is closely related to the linear
response, susceptibility, critical slowing down, and correlation
function in statistical physics.!!”!'8] Moreover, as a universal
result, the Landau damping effect exists even in the presence
of heterogeneity in the coupling strength. Importantly, Lan-
dau damping effects are related to the resonance poles.!'?! Just
like the eigenvalue of the Jacobian matrix in finite-dimensional
case, the exponential decay for the order parameter corre-
sponds to resonance poles in the left half complex plane when
the analytic continuation is permissible. Recently, the rig-
orous analyses of the Landau damping in Kuramoto model
for both the incoherent and partially synchronous states were
discussed.20-2%]

In this paper, we study the Landau damping effects in
the phase oscillator system. To this end, we investigate
the Kuramoto model by considering both the in- and out-
heterogeneity of the coupling strength. We prove that the crit-
ical point for phase transition is the same in both cases which
can be written in a united formula. The mean-field theory and
linear stability analysis are implemented for solving K.. Fur-
thermore, we illustrate that the Landau damping indeed exists
in the presence of coupling heterogeneity, where the order pa-
rameters decay in exponential form in the long time limit. In
particular, we find that the original order parameter is deter-
mined by a weighted order parameter.

The paper is organized as follows, in Section 2 we in-
troduce the dynamical model and obtain the critical coupling
strength by the mean-field theory and perform linear stability
analysis. In Section 3, the Landau damping effects are further
discussed in term of Laplace transform. Section 4 gives the
conclusion of the paper.

2. Dynamical model and critical point for phase
transition

The extended Kuramoto model with heterogeneous cou-
pling has the following form:

; K¢ .
9,»:a)i+ﬁ'];stm(6j—9i), i=1,2,...,N, 3

where K; and G; are the out- and in- coupling strengthes, re-
spectively, that depend on each oscillator. The classical Ku-
ramoto model corresponds to a simple case where K; = K

and G; = 1. There are many ways to choose K; and G;

according to specific problems. Without losing generality,
we focus on the frequency-weighted coupling where K; and
G, are proportional to the natural frequency (i.e., K; = K,
G; = K®;).12*?*1 On the one hand, the out- or in- frequency-
weighted coupling is a straight forward extension of the posi-
tive and negative model where the coupling strength K; = +K
with different choices of proportion.[>! On the other hand,
the advantage of such choice ensures an analytical treatment
that makes it convenient to study phase transition of the

26-32] In what follows, we will first conduct the mean-

system.|
field theory investigation and perform linear stability analysis
of the incoherent state to obtain the critical point where the

phase transition occurs.

2.1. The in-frequency-weighted case

In this case, we set K; = 1 and G; = Kw;. The mean-field
theory is useful to investigate the stationary solutions of the
system in the long time limit, and the basic idea is to conduct
self-consistency equations and mean-field frequency. In addi-
tion to the traditional order parameter Z(¢), a weighted order
parameter is necessary, which is defined as

: 1 ¥ 0,
D(t) = |D|e'?") = Nj:zle el0), (4)

With this definition, dynamical equation (3) can be rewritten
in the mean-field form

éi = ; +K|D‘ Sil’l((P — 61) 5)

Here K|D| can be interpreted as an effective coupling strength.
Equation (5) reflects that the interactions between all oscil-
lators are proportional to the coupling with coefficient D.
To study the steady states of the system, the self-consistent
method turns out to be effective. We assume equation (5)
approaches to a stationary state in a long time limit. At this
point, the collective amplitude |D| is time independent and the
mean-field phase ¢ rotates uniformly with a frequency 2. We

introduce the phase difference

0i=06;—9¢. (6)

The equation of motion of the phase difference oscillator can
be transformed into

¢ = @; — Q — K|D|sin ¢, @)

In the thermodynamical limit N — o, we introduce the prob-
ability density distribution function as p(¢@,®,t), which de-
notes the probability distribution of state variables (¢, ®,?)
and satisfies the normalization condition fozn p(o,0,t)dp=1
and periodic condition p(¢ + 27, ®,7) = p(¢@,®,t). Conse-
quently, equation (7) is equivalent to the following continuity
equation:

dp 0 . _
Wﬁ-%(p-(w—Q—K\Dbm(p))—O. (8)
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The stationary solutions of Eq. (8) can be divided into phase-
locked case (|@ — 22| < K|D|) and drifting case (o — Q| >
K|D|). Considering both contributions of the phase-locked and
drifting oscillators to D, and separating the real and imagi-
nary parts of the amplitude of D, we obtain the following self-
consistency equations corresponding to the real and imaginary

parts of |D|:
o o—0\°
|D| = [ do g(o)o 1( XID| >
) )

( KIDI
w-—Q

Q o

K|D| 0—Q
)

Here O (x) is the Heaviside function that makes it positive in

the radical formula. Theoretically, all steady states of the sys-
tem can be calculated through Egs. (9) and (10). In particular,
in the limit case (|]D| — 0,  — €.), the critical point K, for
phase tradition can be obtained analytically as

2
K=—F"—, (11)
‘m 8(L:):
and the critical mean-field frequency 2. satisfies the balance
equation
= wg(w)
dow=0. 12
oo O — 2 (12)

The symbol P means the principal-value integral along the real
.19

Another way to get the critical points K, is to perform
the linear stability analysis of the incoherent state. With the
p(p+Qt,0,1), the
velocity in the continuity equation should be written as

density distribution function F (0, ®,7) =

E(D(t)e’ie —D*(t)elf). (13)

=
vo =+ o

The order parameter D(¢) can be expressed as
oo 2T i
D(t):/ da)/ we'%g(0)F(6,w,1)d6.  (14)
—oo 0
Let
4 .
Zn(a),t):/ e"®F(0,0,1)d6, n=0,1,2,..., (15)
0

be the n-th Fourier coefficient of F(0,,t).
into the continuity equation, we can obtain

Substituting it

dz, . nkK ¥
dt” :nlwz,,+7(D(r)Zn,1 —D*()Zy11),  (16)

which must be solved self-consistently with the equation,
D(r) :/ 701, ) 0g(0)do. (17)

It is obvious that the incoherent state (]D| = 0) implies that
Z, =0 for all n (n # 0). Linearizing Eq. (16) around this fixed
point, we have

déz;
dt

=i08Z) +§6D(t). (18)

The linearized equation (18) can be transformed into eigen-
value equation

K~ o

It is convenient to investigate eigenvalue equation into Carte-
sian coordinate system by setting A = x + iy. The sign of
x determines the stability of the incoherent state. As a well
known result, the eigenvalue A does not exist when the cou-
pling strength K is small enough provided that wg(®) has no
singularity. Once K > K., A appears with x > 0 and the in-
coherent state loses its stability. The critical point K. can be
obtained by imposing the conditions x — 0T, y — ., which
has the same formula as Eqs. (11) and (12).

2.2. The out-frequency-weighted case

In this situation, we set K; = K®; and G; = 1 that cor-
responds to the conformist and contrarian model studied in
Ref. [34]. Conduct self-consistency equations for r and mean-
field frequency €2, which are

oo —_0\?
r = /_ dwg(o)sgn(o) 1-(“’Km )
XQ(I_’ Kro D’ @0)

0_/ dog(w) 2= / dog(o
1_((0[(’”“;2) 6(‘ Kro ‘_1> @h

where sgn(®) is the sign function. In the limit case r — 07,
Q — Q, considering the Taylor series of Egs. (20) and (21)
and preserving the first order term, one obtains the same re-
sults as Egs. (11) and (12).

Following the same procedure, the linear stability analy-

sis of the incoherent state can be performed by changing the
variable D, = @Z,. Once again, the equation of eigenvalue
A = x+ iy for 6Z; has the same result as Eq. (19). Letting
x— 0T, y — Q., we can obtain the same formula for K as
Egs. (11) and (12). Therefore, we conclude that the position
of the heterogeneity of the coupling strength (in or out) does
not influence the critical point for the system where a phase
transition takes place and the incoherent state loses its stabil-
ity in the limit N — oo,
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3. Landau damping effects

Based on the discussion above, we can see that the inco-
herent state loses its stability once K > K. regardless of the
heterogeneity introduced in the system. However, as Strogatz
pointed out that the order parameter in the regime (K < K;)
actually decays to O for the long time limit with an exponen-
tial form in the classical Kuramoto model.[!>1® This decay
mechanism is termed as Landau damping which resembles the
phenomenon in plasma. In this section, we will show that such
effects exist even in the presence of heterogeneity in the cou-
pling strength, and the order parameter Z(¢) and weighted or-
der parameter D(¢) decay in different forms.

3.1. The Landau damping of the out-frequency-weighted
case

It is clear that the linearized equation can be solved by
making Laplace transform 6Z; (t, ®) — 6Z; (s, @), we have

1087, (s, 0) + KTwSZ(s) — 5821(5,@) — 8Z1(t = 0, ®). (22)

Solving it, one obtains

RO s2(5)+82:(t = 0,0)

82, (s, 0) = —2 — : (23)

Integrating it with respective to @ for both sides, we obtain
/ 2(©)52, (s, 0)do

—52( )+ 821 (t =0, )
_ / , do. (24

s—10

Considering the definition of 8Z(¢), equation (24) becomes
K 00

62(s) = 5 62(s) / O

6Z (t=0,0

+ / 1 )

s—iw
After simplification, we have

/:” g(w)Szl(tZO,a)) do

s—iw

dw. (25)

8Z(s) = 7 (26)
1= 2 _Ng(a))s_ iw

For convenience, we assume that 6Z; (¢t = 0, ®) is a constant,
i.e., 8Z;(t = 0,0) = 1, which means that the initial phases of
all oscillators are identical, and g(®) follows the Lorentzian
distribution

Y
_ A)Z + yZ] )
where 7y denotes the width of the distribution, and A stands for
the center. We have

8(0) = o @7)

1 1
0=—"—"—(28)
—iA+7y+s

/°° Y
—o T[(@—A)+ 7] s

A+iy
—iA+7y+s

oo ¥ o -
/_m m[(®—A)?+ 2] P 29

The perturbed order parameter 8Z(¢) can be determined
through the inverse Laplace transform of 6Z(s), which reads

o-snf- -2+ o

Obviously, the critical coupling strength is

2
A )

which is consistent with the result obtained by the mean-field

K. = €2V

theory and linear stability analysis as shown in Fig. 1. Notice
that the order parameter decays in the exponential form while
the factor (AK /2 — v, A+ KY/2) corresponds to the resonance
pole in Ref. [19]. Moreover, it is consistent with the result in
Ref. [34].

We emphasize that the mean value A controls the prop-
erty of the system. When A > 0, the attractive coupling dom-
inates the system and the incoherent state becomes unstable
until K > K.. While A < 0, the repulsive term governs the
system, the incoherent state is always stable once K > 0. Par-
ticularly, A = 0 is a critical case which leads to K. — .

% numerical simulation 41 * numerical simulation,g
glES-K.=2v/A (a) |

¥ numerical simulation ]
—o—theoretical value

)KI nunllericail simlulatifl)n 1.4}
8f —&- theoretical value

1.2}
. 6 1.
ot X 1.0t
4F 4
0.8}
S 0.6f . . . 1
0.5 0.6 0.7 0.8 0.9 1.0 0 04 08 12 1.6
p £

Fig. 1. The critical point for phase transition K. vs. parameters in
heterogeneous case. The natural frequency obeys (a), (b) g(w) =
where p repre-

_ Y Y

wa—arr] © 8(@) = gy + Graep )
sents the height of peak at A, with 0 < p < 0.5; (d) g(®) = 1/2, where
®e (e—1,e+1)and e > 0is a bias of uniform distribution.

3.2. The Landau damping of the in-frequency-weighted
case
In this situation, there are two order parameters that
should be determined respectively. Considering the variable
substitution 8D (t = 0,0) = 0dZ(t = 0, ), the expression
of 6D(s) can be obtained directly from Eq. (26)

/°° o(® )SDl(t:O,a))dw

SD(s §T10 . (32)

1——/g do

s—im
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Applying Laplace transform for Eq. (18), as 6Z;(¢,0) —
0Z,(s, ), we can obtain

i0dZ, (s, w) + §5D(s) =56Zi(s,0)—0Z,(t =0,w), (33)
hence

§5D(s) +8Z,(1=0,0)

571(s, 0) = — . (34)

Using the same method, we can obtain

D(s) +8Z(1 = 0, w)

Ks
525) = [ a(@)2 , do. (35)
,wg s—10

Considering the expression of 8D(s), we can obtain the final
expression of 8Z(s). Assuming 6D (t = 0,®) = a, 6Z(t =
0, w) = b, where a and b are constants (when the initial phases
are identical, b = 1 and a is the mean value of the natural fre-
quency), and @ obeys the Lorentzian distribution as Eq. (27).
Taking Eqgs. (28) and (29) into consideration and making the
inverse Laplace transform, we obtain the weighted order pa-
rameter 8D(¢) as

5ot =] - [(1-25) i+ 5|}

and the original order parameter 0Z(¢) as

o525l [o-4) (o D))

—a-+bA +iby
—exp{—(y—1A)t}. 37
A W gt -(r-iay). @D
—'simuiatioyf 0.8 —Isimullationl ]
0.4k exponential decay| - exponential decay
z e K=16| = 04 K=16 ]
Q  off [\ /\ SR N
w w 0 L
—0.4 ) . . (E?“) E —0.4 . . . .
0 10 20 30 40 0 10 20 30 40
t t
— simu'latiO;ll 0.8 —simulation ]
----- exponential decay “©lh ----- exponential decay

sD(t)

—0.4¢t

Fig. 2. The decay of §D(r) and 6Z(¢) in the in-frequency-weighted case
with different K (K < K). The solid lines are the direct numerical solu-
tions of Eq. (3) (here K; = 1 and G; = K®;) and the dashed lines are the
fitted curves with exponent as Eqs. (36) and (37). The natural frequency
obeys g(®) = m. (a)and (b) K =1.6,A =0.5,y=0.5. (c)
and (d) K = 1.4, A = 0.5, y=0.5. In the numerical simulations, we set
the total number of oscillators to N = 100000, and the initial phases for
all oscillators are identical.

Obviously, we obtain the critical coupling strength as
Eq. (31). The above results show that the Landau damping
effect is a common phenomenon, as shown in Fig. 2. The
real parts of resonance poles control the exponential relaxation
rates of the order parameters. We clarify that the weighted or-
der parameter decays in the exponential form that is the same
as the out-weighted case while the original order parameter
is controlled by 6D(¢). It should be pointed out that, the ex-
ponential decay of the order parameter is just a special case
which is caused by the regularity of g(®) and identical initial
condition. The general decay of the order parameter is possi-
ble according to the specifical perturbations and g(®).!?-2%

4. Conclusion

To summarize, heterogeneous couplings among interact-
ing elements are ubiquitous in real systems. The Kuramoto
model, as a prototype for synchronization, becomes a focus
that can present a lot of interesting phenomena such as the
Landau damping. In this paper, we consider specific heteroge-
neous coupling schemes in two different phase oscillator sys-
tems by using the mean-field theory and linear stability anal-
ysis to extend the frequency-weighted Kuramoto model. The
results can further enhance understanding of synchronization
in complex system. The explicit expression for the critical
point of phase transition can be extended to a united formula
which is invariant under the exchange of the weighted factor.
In this sense, the Landau damping effects are further studied
by using Laplace transform, which can help us understand syn-
chronous transformation in a general network with heteroge-
neous coupling.

References

[1] Pikovsky A, Rosenblum M and Kurths J 2003 Synchronization: a Uni-
versal Concept in Nonlinear Sciences (Cambridge: Cambridge Univer-
sity Press)

[2] Boccaletti S, Pisarchik A N, Genio C I and Amann A 2018 Synchro-
nization: from Coupled Systems to Complex Networks (Cambridge:
Cambridge University Press)

[3] Strogatz S 2003 Sync: The emerging science of spontaneous order
(New York: Hachette Books)

[4] Kiss1Z,Zhai Y M and Hudson J L 2002 Science 296 1676

[5] Winfree A T 1967 J. Theor. Biol. 16 15

[6] Kuramoto Y 1975 Lecture Notes in Physics (New York: Springer) p. 39

[7] Acebrén J A, Bonilla L L, Vicente C J P, Ritort F and Spigler R 2005
Rev. Mod. Phys. 77 137

[8] Dorogovtsev S N, Goltsev A V and Mendes J F F 2008 Rev. Mod. Phys.
80 1275

[9] Boccaletti S, Almendral J A, Guan S, Leyva I, Liu Z, Sendifia-Nadal I
S, Wang Z and Zou Y 2016 Phys. Rep. 660 1

[10] Huang X, Dong J, Jia W J, Zheng Z G and Xu C 2018 Front. Phys. 13
130506

[11] Bolhasani E, Azizi Y, Valizadeh A and Perc M 2017 Phys. Rev. E 95
032207

[12] Wang Q Y, Perc M, Duan Z S and Chen G R 2009 Phys. Rev. E 80
026206

[13] Ott E and Antonsen T M 2008 Chaos 18 037113

[14] Ott E and Antonsen T M 2009 Chaos 19 023117

120503-5


https://www.amazon.com/Synchronization-Coupled-Systems-Complex-Networks/dp/1107056268
https://www.amazon.com/Synchronization-Coupled-Systems-Complex-Networks/dp/1107056268
https://www.amazon.com/Synchronization-Coupled-Systems-Complex-Networks/dp/1107056268
http://dx.doi.org/10.1126/science.1070757
http://dx.doi.org/10.1016/0022-5193(67)90051-3
http://dx.doi.org/10.1103/RevModPhys.77.137
http://dx.doi.org/10.1103/RevModPhys.77.137
http://dx.doi.org/10.1103/RevModPhys.80.1275
http://dx.doi.org/10.1103/RevModPhys.80.1275
http://dx.doi.org/10.1016/j.physrep.2016.10.004
http://dx.doi.org/10.1007/s11467-018-0783-1
http://dx.doi.org/10.1007/s11467-018-0783-1
http://dx.doi.org/10.1103/PhysRevE.95.032207
http://dx.doi.org/10.1103/PhysRevE.95.032207
http://dx.doi.org/10.1103/PhysRevE.80.026206
http://dx.doi.org/10.1103/PhysRevE.80.026206
http://dx.doi.org/10.1063/1.2930766
http://dx.doi.org/10.1063/1.3136851

Chin. Phys. B Vol. 28, No. 12 (2019) 120503

[15]
[16]
[17]

[18]
[19]

[20]
[21]
[22]
[23]

[24]

Strogatz S H and Mirollo R E 1991 J. Stat. Phys. 63 613

Strogatz S H, Mirollo R E and Paul C M 1992 Phys. Rev. Lett. 68 2730
Yoon S, Sindaci M S, Goltsev A V and Mendes J F F 2015 Phys. Rev.
E 91032814

Daido H 2015 Phys. Rev. E 91 012925

Xu C, Gao J, Xiang HR, Jia W J, Guan S G and Zheng Z G 2016 Phys.
Rev. E 94 062204

Fernandez B, Gérard-Varet D and Giacomin G 2015 Ann. Henri
Poincaré 17 1793

Dietert H and Fernandez B 2018 Proce. Roy. Soc. A: Math. Phys. Eng.
Sci. 474 20180467

Dietert H, Fernandez B and Gérard-Varet D 2018 Journal: Communi-
cations on Pure and Applied Mathematics 71 953

Xu C, Boccaletti S, Guan S G and Zheng Z G 2018 Phys. Rew. E 98
050202

Sonnenschein B, Peron T K DM, Rodrigues F A, Kurths J and
Schimansky-Geier L 2015 Phys. Rev. E 91 062910

[25]
[26]
[27]
[28]

[29]
[30]

[31]

[32]

[33]
[34]

120503-6

Hong H and Strogatz S H 2011 Phys. Rev. Lett. 106 054102
Wang H Q and Li X 2011 Phys. Rev. E 83 066214
Yuan D, Zhang M and Yang J Z 2014 Phys. Rev. E 89 012910

Bi HJ, Hu X, Boccaletti S, Wang X G, Zou Y, Liu Z H and Guan S G
2016 Phys. Rev. Lett. 117 204101

Zhang X 'Y, Hu X, Kurths J and Liu Z H 2013 Phys. Rev. E 88 010802

Hu X, Boccaletti S, Huang W W, Zhang X Y, Liu Z H, Guan S G and
Lai C H 2014 Sci. Rep. 4 7262

XuC, SunY T, Gao J, Qiu T, Zheng Z G and Guan S G 2016 Sci. Rep.
621926

Xiao Y, Jia W J, Xu C, Lii H P and Zheng Z G 2017 Europhys. Lett.
118 60005

BiHJ, LiY, Zhou L and Guan S G 2017 Front. Phys. 12 126801

Qiu T, Zhang Y, Liu J, Bi H J, Boccaletti S, Liu Z H and Guan S G
2015 Sci. Rep. 5 18235


http://dx.doi.org/10.1007/BF01029202
http://dx.doi.org/10.1103/PhysRevLett.68.2730
http://dx.doi.org/10.1103/PhysRevE.91.032814
http://dx.doi.org/10.1103/PhysRevE.91.032814
http://dx.doi.org/10.1103/PhysRevE.91.012925
http://dx.doi.org/10.1103/PhysRevE.94.062204
http://dx.doi.org/10.1103/PhysRevE.94.062204
http://dx.doi.org/10.1007/s00023-015-0450-9
http://dx.doi.org/10.1007/s00023-015-0450-9
http://dx.doi.org/10.1098/rspa.2018.0467
http://dx.doi.org/10.1098/rspa.2018.0467
https://doi.org/10.1002/cpa.21741
https://doi.org/10.1002/cpa.21741
http://dx.doi.org/10.1103/PhysRevE.98.050202
http://dx.doi.org/10.1103/PhysRevE.98.050202
http://dx.doi.org/10.1103/PhysRevE.91.062910
http://dx.doi.org/10.1103/PhysRevLett.106.054102
http://dx.doi.org/10.1103/PhysRevE.83.066214
http://dx.doi.org/10.1103/PhysRevE.89.012910
http://dx.doi.org/10.1103/PhysRevLett.117.204101
http://dx.doi.org/10.1103/PhysRevE.88.010802
http://dx.doi.org/10.1038/srep07262
http://dx.doi.org/10.1038/srep21926
http://dx.doi.org/10.1038/srep21926
http://dx.doi.org/10.1209/0295-5075/118/60005
http://dx.doi.org/10.1209/0295-5075/118/60005
http://dx.doi.org/10.1007/s11467-017-0672-z
http://dx.doi.org/10.1038/srep18235

	1. Introduction
	2. Dynamical model and critical point for phase transition
	2.1. The in-frequency-weighted case
	2.2. The out-frequency-weighted case

	3. Landau damping effects
	3.1. The Landau damping of the out-frequency-weighted case
	3.2. The Landau damping of the in-frequency-weighted case

	4. Conclusion
	References

