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We propose a family of Hardy-type tests for an arbitrary n-partite system, which can detect different degrees of non-
locality ranging from standard to genuine multipartite non-locality. For any non-signaling m-local hidden variable model,
the corresponding tests fail, whereas a pass of this type of test indicates that this state is m non-local. We show that any
entangled generalized GHZ state exhibits Hardy’s non-locality for each rank of multipartite non-locality. Furthermore, for
the detection of m non-localities, a family of Bell-type inequalities based on our test is constructed. Numerical results show
that it is more efficient than the inequalities proposed in [Phys. Rev. A 94 022110 (2016)].

Keywords: Hardy paradox, Bell non-locality, multipartite non-locality
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1. Introduction

About fifty years ago, Bell demonstrated that there ex-
ist quantum correlations based on statistical measurement re-
sults which can not be explained by any local hidden vari-
able (LHV) model.[" After his pioneering work, various ex-
periments have been developed to reveal Bell non-locality!?!
including very recently loophole-free Bell experiments. 35!
Nowadays, non-locality becomes one of the essential re-
sources for quantum information tasks, such as quantum key
distribution, %3] decreasing the communication complexity, !
and randomness generation.[!'”) Non-locality can be revealed
via different methods, the most famous one is Bell inequali-
ties. Another way is non-locality without inequalities. Unlike
Bell’s inequalities which involve many statistical events, non-
locality without inequalities can reveal the incompatibility be-
tween quantum theory and LHV model via single-run opera-
tion. Greenberger et al. firstly proposed this type of methods
in 1990,1'!1 famously known as the GHZ paradox. Hardy’s
paradox that was raised in 199312 is also an elegant method
without inequalities.

Bipartite correlations can be classified as either local
or nonlocal. However, when the number of particles is
greater than 2, the structure of non-local correlation becomes
more complicated. The general classification schemes are k-
subsystem non-local that at most k particles of the system ex-
hibit non-local correlation,!'3! and m non-local that the sys-
tem can not be separated into more than m parts (includ-
ing m). Our paper deals with the latter case, which is the
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hierarchy of multipartite non-locality (or m separability).!!3]
The two extreme cases are genuine and standard multipartite
non-locality, which correspond to the strongest and the weak-
est cases, respectively. There are many Bell-type inequali-
ties for different degrees of multipartite non-locality. To de-
tect the standard multipartite non-locality, Mermin—Ardehali—
Belinskii—Klyshko (MABK) inequalities!'*!”) and Werner—
Wolf-Zukowski-Brukner (WWZB) inequalities!'$!"! were
proposed. For the cases of genuine multipartite non-locality,
Svetlichny firstly introduced the notion of genuine multipartite
non-locality and proposed Bell-type inequalities for genuine
tripartite non-locality.!?°! Later, Svetlichny inequality was
generalized to arbitrary n-partite two-dimensional systems!?!!
and higher-dimensional systems.!??! Between these two ex-
treme cases, a set of Bell-type inequalities have been derived
to detect the hierarchy of multipartite non-locality by Wang et
al.1?’

As an elegant method, Hardy’s paradox has been ex-
tended to reveal multipartite non-locality. For the standard
case, the orginal Hardy’s paradox for two-qubit!'?! was ex-
tended to n-particle systems by Cereceda,”* and a general-

[25

ized Hardy’s paradox was proposed very recently,”>! the ex-

I [26

perimental verification followed soon after.!?®! For the gen-

uine multipartite non-locality case, a Hardy-type test was con-

1.7 based on the marginal probability

structed by Chen et a
distribution, and the experimental application has been accom-
plished in Ref. [28]. Another Hardy-type test for the gen-

uine case was proposed independently in Ref. [29]. While
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the Hardy-type test for hierarchy of multipartite non-locality
has not been given. It is interesting to note that the Hardy’s
theorem is a sufficient condition for the violation of Bell
inequalities, ! which allows us to find Bell inequality though
Hardy-type tests. So far, the advantages of Hardy’s para-
dox in some quantum information processing tasks have re-
vealed, which attract many interests recently, such as device-

independent dimension witness,*!! temporal non-locality, 3!

and device-independent randomness generation. 33

In this paper, we propose a family of generalized Hardy-
type tests for the hierarchy of multipartite non-locality without
inequalities for the first time. For standard and genuine multi-
partite non-locality cases, they reduce to the test in Refs. [24]
and [27], respectively. Between these two extreme cases, we
obtain several sets of Hardy-type conditions for each rank of
multipartite non-locality, and each set of conditions is incom-
patible with this rank of m-LHV model. We show that any en-
tangled generalized GHZ state exhibits Hardy’s non-locality
for each rank of multipartite non-locality. Specifically, for a
special choice of measurement basis, a concise formula of the
corresponding maximal success probability is derived for the
GHZ state (the maximally entangled one) of Hardy-type tests
when m > 3. We also derive a family of Bell-type inequalities
for hierarchy of multipartite non-locality based on our Hardy-
type tests, which includes the inequalities derived in Ref. [23].
More interestingly, our numerical results for the new derived
inequalities give lower bound of visibility threshold for the
generalized Werner state compare to the inequalities proposed
in Ref. [23].

2. Definition of m non-locality

Let us consider a system composed of n space-like sepa-
rated particles labeled with the index set I = (1,2,...,n). De-
note the measurement setting and outcome of the k-th particle
(k € I) as My and ry, respectively. In a standard LHV model,
the joint probability distribution P(r;|M;) with measurement

settings M; = (M, ...,M,) and outcomes r; = (ry,...,r,) as-
sumes
n
PoiM) = [P [T PR, ()
k=1

where Py(ry|My, ) is the probability of observer k (k € I)
measuring observable M) with outcome r; for a given local
hidden variable A distributed according to p(A) that satisfies
Jp(A)dA = 1. In such a case, there is no correlations be-
tween the observers in such measurement setting. However,
if there involve three or more observers, some of the observ-
ables from different observers may correlated to each other
even though the observers are space-like separated. Among
the hybrid local-nonlocal models, the most general one is

PiilM) = Y [ PPy IMy ) By(rylMy. 202, (@)
Y#0,yCl

where ¥ =1\ 7 is also nonempty. The correlations shared
among the observers in set ¥ (or ¥) might be nonlocal. If the
joint probability distribution for a given system cannot be de-
composed in a way given in Eqs. (1) and (2), then we can
say such system exhibits standard and genuine multipartite
non-locality, respectively. Between these two extreme cases,
there are hierarchal kinds of multipartite non-locality, which
are called m-partite (2 < m < n) non-locality. The sufficient
condition for such non-locality behavior is that the joint prob-
ability distribution P(r;|M;) will not admit any non-signaling
m-local hidden variable (m-LHV) model, which reads

PoiiM) =Y [ p)TT Bt 20k, )
{rt i=1

where sum over {y} means all possibilities by splitting 7 into
m subsets are covered, that ¥, # 0, U, v =1, ;N y; = 0 for
alli,j=1,2,...,mand i # j. Just as Eq. (2), nonlocal corre-
lations may be shared among the observers in ¥ when |y;| > 2,
which may exclude the standard LHV model and admit a hy-
brid local-nonlocal model.

Definition 1 If the joint probability distribution P(r;|Mj)
of a system excludes the m-LHV model for any given {7},
then such system exhibits m non-locality.

It is also important to mention that the superluminal inter-
action is forbidden, which means the probability distribution
Py, (ry;|My,, 1) has to be non-signaling (|| > 2)

Py (ryp el My, &) =Y Py (ryp e My My, 1)
Tk

= Y Py (rpund My M A), (4
Tk

i.e., for any k € 7;, the marginal probability distribution of sub-
system ¥ \ k is independent of the inputs on the k-th part.

3. Hardy-type test of the hierarchy of multipar-
tite non-locality

To detect m non-locality (2 < m < n), we construct the
following joint probabilities conditions of a qubit system:

P(0slar) = g >0, o)
P(01|bka,;) =0, Vkel, (6)
P(lyaOpglbuaaps) =0, Ylal=m—1,  (7)

where k' € I is fixed, and we denote a; = ay,4, kK'oo = {K'Uat},
by = byjeq for simplicity. The two distinct outcomes of the
qubit system are denoted as {0,1}. The above proposal is
called Hardy-type test 1, and g > 0 is the success probability.

Theorem 1 Any non-signaling m-LHV model (2 <m <
n) cannot satisfy Hardy-type test 1.

Proof Because of linearity of Eq. (3), one only needs to
prove that the correlation 2, Py, (r;|My,,A) can not satisfy
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Hardy-type test 1 for any given {y} and A. Thus, through the
left-hand side of Eq. (7), one can find that there always ex-
ists at least one condition in which for each y;,i € {1,...,m},
Py (ry|My,A) can only be written as Py, (1,0, b;,ay\;,4)
or Py,(0y,lay;,A), where I; € . By combining this kind of
condition with Eq. (5), one obtains at least one 7; that makes
Py (1,046,051, 4) = 0. Meanwhile, through Eqs. (5) and
(6), one gets Py(0,0y,;|bay;,A) = 0 for each % and .
From the non-signaling condition, one obtains

Py (Oylay,A) < Py (O lay;,A)
= Py(L0p\|byayi, A)
Py (04,05, by 1 A)

which contradicts with Eq. (5). Thus, any m-LHV model can
not satisfy Hardy-type test 1.

While, the quantum state will pass the above tests. Let us
find the measurement basis for the generalized GHZ state that
satisfies Hardy-type test 1. The generalized n-qubit GHZ state
is defined as

|WGHZ)n = €08 0|00---0) +sinO[11---1), (8)

where 0 < 6 < /2, and the standard GHZ state corresponds
to 0 = m/4.

Quantum mechanically, the measurement settings a; and
by are related to non-commute obsevables {Ay,B;}, while
a; and by with outcome “0” correspond to the eigenvectors
{lax),|bx)}, and those with outcome “1” correspond to the
eigenvectors {|d), |by)}, that satisfy {a;|@;) =0 and (b |by) =
0. Then, Hardy-type test 1 becomes

{arlplar) = q >0, ©)
(braz|plbrag) =0, Vkel, (10)
(Z_ak/aam|p|l_7k/aam> =0, V |(X‘ =m-—1. (11
Denote |byg) = |by) @vieq |bx). If the above conditions are
fulfilled for any measurement basis, then the state p will ex-

clude any m-LHV model, and exhibits m non-locality.
We choose a special measurement basis that

lar) # |az),

lax) = |az),

b1) # |b2),

|bk) =1b2),  Vk>2. 12)

Then we find a concise formula of maximal success probabil-
ities for the GHZ state (the maximally entangled one) when
m>3,

1
P =g 1res ()]

And any generalized entangled GHZ state exhibits all rank of
multipartite non-locality. The details are given in Appendix A.

Since the m-LHV model in Eq. (3) is defined for all pos-
sible {y}. By splitting {I\ '} into two parts § and I\ {K'B},
while 0 < |B| <n—mand a C I\ {K'}, we get a generalized
Hardy-type test 2

P(0flar) = ¢q >0, (14)
P(Of|bgap) =0, Vkel, (15)
P(1poOpglbraapg) =0, V]a|=m—1,  (16)
P(1310g|bwiazr) =0, V1€P. a7

Theorem 2 In any nonsignaling m-LHV model (2 <m <
n), the joint probabilities can not satisfy Hardy-type test 2.

Proof One can use the same procedure for Theorem 1.
The key point is that there at least exists one condition in which
foreach y;,i € {1,...,m}, Py (ry,|My, A) can only be written as
Py (1,044, br,ay0 1, A) or Py, (Oy,]ay;, A) in the last two condi-
tions of Hardy-type test 2. If {k'B} is a subset of certain ;,
such condition can be found in Eq. (16), otherwise, it can be
found in Eq. (17).

The state given in Eq. (8) also satisfies Hardy-type test 2
under the same measurement basis in Eq. (A1) for some cases.
One can see the informal discussions in Appendix B.

For the sake of convenience, denote Hardy-type test 2 as

[n,m;|B|] scenario. It is obvious that [n,m;0] scenario cor-

responds to Hardy-type test 1, and [n,7n;0] scenario backs to

x.[>*l For genuine multi-

the original standard Hardy’s parado
partite cases, [n,2;|B|] scenario reduces to the test proposed
in Ref. [27]. Between these two extreme cases, [n,m;|f3]]
scenario gives different set of conditions to detect m non-
locality of different |f]. Note that the total number of condi-
tions decreases as || increases, and for the two extreme cases
|B| = 0 and |B| = n — m, our scenario contains 1 +n+C""!
and 2n + 2 — m conditions, respectively.

In Ref. [27], it has been proven that all genuine multi-
partite entangled symmetric pure states can be detected by the
Hardy-type test which corresponds to [n,2;|f]|] scenario, and
through numerical results one can conjecture that all genuine
multipartite entangled pure states can be detected by this test.
As a matter of fact, our Hardy-type tests for hierarchy of
multipartite non-locality exclude all m-LHV model descrip-
tion in principle. Here comes an interesting question, could all
(m — 1)-separable entangled states be detected by our Hardy-
type tests? However the answer is negative and an illustrating
example for a 4-qubit system is given in the following.

Example We consider the case of n =4 and m = 3. Set
k' =1 for simplicity, the [4,3;0] scenario is

P(0,0,0,0|a1,a2,a3,as4) = q >0,

(

(

P(0,0,0,0|a;,b;,a3,a4

P(0,0,0,0|a;,az,b3,a4
(
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P(111a170‘b17b27b3;a4)
P(1517Oa1‘b17b2aa3;b4)
P(I,O,l,l‘b[7(12,b3,b4)

)

0
0,
0

9

which belongs to Hardy-type test 1. For [4,3;1] scenario, the
last three conditions are replaced by the following two:

)

P(17 1a070|b17b27a3aa4) =0
P(1,0, 1,1|b1,a2,b3,b4) =0.

Any non-signaling 3-LHV model can not pass these two sce-
narios, and a 2-separable entangled state may pass them. So
the question is that whether all 2-separable entangled states
can be detected by these two scenarios or not. Now we intro-
duce the following state:

lv) = [0)12®1x)34,

where |¢) = (|00) +|11)) /+/2, |x) is an arbitrary entangled
state. For both scenarios, we obtain the same conditions
(0|a1a2) >0, (¢|b1dz) =0, (9|a1ba) =0, (¢|b1b,) = 0. Since
the maximally entangled two-qubit state can not pass the orig-
inal Hardy’s paradox,[!'?] the above four conditions can not
fulfill simultaneously. As a result, the state |y) can not be
detected by these two scenarios.

4. Hierarchy of Bell-type inequalities

From the [n,m;

B|] scenario, the corresponding Bell-type
inequality can be obtained as

P(0rlar) = Y. P(O]brag) — Y. P(1ux O |buagy)
kel kep
- Z P(]k’a%lbk’aam> <0.
|o|=m—1.aCI\(kB)

(18)

Any n-partite state that violates Eq. (18) exhibits m non-
locality.

Remark 1 For the proof of Eq. (18), one only needs to
prove that the correlation [T, Py, (ry,|My,A) can not violate
Eq. (18) for any given {%} and A. If {Bk'} is a subset of ¥,
one can use the similar method in Ref. [23], otherwise, use the
similar method in the supplementary materials of Ref. [27].

One can find that equation (18) reduces to inequality (7)
of Ref. [23] when |B| = 0. For the case of || > 0, we ob-
tain a new type of inequalities for the m-nonlocal cases. For
example, for [4,3; 1] scenario, we get a new Bell inequality

19)

Consider an n-qubit GHZ state in the presence of white
noise, which is the generalized Werner state

I
pw = p|GHZ)(GHZ| + (1 - p) ..

(20)
For any given n, combining Egs. (18) and (20), we can nu-
merically find out the minimal value of visibility threshold
Pm;p| that for p > p,,. g|, state py violates the corresponding
[n,m;|B|]-th Bell-type inequality. The lower the p,,. g is, the
more noise the corresponding Bell-type inequality can resist.
For simplicity, we choose all the measurement settings in the
X-Z plane of the Bloch sphere, and set d; = d and by = b
for all 2 < k < n. The numerical results are listed in Table
1 for 4 <n < 6. It recovers the results of Wang et al. (23]
for |3 = 0. Interestingly, p3,g|-o are always lower than p3,
for any 4 < n < 6, which means that Bell-type inequalities
corresponding to [n,3;|B| > 0] are always more efficient than
[7,3;|B] = 0] to detect m non-locality. For m > 3, we also find

Pa:1 = pa2 < pao in the case of n = 6.

Table 1. Numerical results of p,,, | of all [n,m] cases of different |B|, where 4 < n < 6. The underlined number is the lowest value of

Pm;|p| for every [n,m] case.

n P20 P30 P31 P32 P33 P40 P41 P42 P50 Ps:1 P60
4 0.948 0.914 0.890 0.822

5 0.963 0.952 0.949 0.949 0.923 0.926 0.848

6 0.971 0.969 0.966 0.964 0.961 0.960 0.955 0.955 0.932 0.935 0.867

5. Discussion and conclusion

In conclusion, we have generalized Hardy-type tests to
detect hierarchy of multipartite non-locality, both of our pro-
posals can can identify different degrees of multipartite non-
localities ranging from standard to genuine cases. We show
that any generalized entangled GHZ state exhibits Hardy’s
non-locality for each rank of multipartite non-locality. Es-
pecially, a brief formula of P;'%%(a;,) for the GHZ state is
derived, which decreases expongntially with n, and increases
with m.

Furthermore, a family of the Bell-type inequalities to de-
tect m non-locality is derived in Eq. (18), which includes the
Bell-type inequality proposed by Wang et al.?*! (correspond-
ing to the case of |f| = 0). The numerical results in Ta-
ble 1 reveal that for some given n and m the lower bound
of visibility threshold of the generalized Werner state may
be obtained in the case of |3| > 0, i.e., the corresponding

[n,m;

B| > 0]-th Bell-type inequality is more efficient than the

[n,m;

B| = 0]-th one. In particular, the Bell-type inequali-

ties correspond to [r,3;|B| > O] can resist more noise than
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[7,3;]B| =0] for4 <n <6.

Appendix A: Solution of Hardy-type test 1

For simplicity, drop the normalization factor, and take
the normalization back when considering the maximal success
probability, assume

lay) ~ |0) +x;e'®|1),

lag) ~[0) +x2e'®2 1), Vk>2,

[b1) ~ [0) +yre'®1]1),

|bi) ~ 10) +y26921), Vi >2, (A1)

and define that x; > 0,y; > 0 without loose of generality. Set
k' = 1, the last two conditions of Hardy-type test 1 give the
following equations for the generalized GHZ state given in

Eq. (8):

y! e @ +(1=10%) gin g 4 cos 6 =0,
X 2y el O H0n+ =280 ) i g 4 cos 6 = 0,
(8y, +(m—1)8y, —m)

ylyg’_le_‘ cos @

M einmmOs ing = 0. (A2)

While both the imaginary and the real parts should be zero
simultaneously. Since 0 < 0 < /2 and x; > 0, y; > 0, the
imaginary parts give

0y, +(n—1)6y, = (2k; + 1),
O, +0,, +(n—2)0x, = (2kr + 1),

(n—m)By, + 6, +(m—1)6,, = 2ks+1+m)m, (A3)

where k1, ks, k3 are integers. Combining the above equations,
we find that
2N+ 1)m

O +(n = m—1

l)exz = +2ky 7,

with N = k| — k3.
For the real part, one can find that
ylngl sin@ = cos 6,

xlngzyz sin@ = cos 6,

m—1

xy "sin@ = y1yy cosO,
which give the solution

2n—m—1 1

va=y "ot 6,
2

_ w1
X2=Y1r Yo
X =xyiy; (A4)

Then, the success probability becomes

_y ieNemo
Pu(ar,,0) [cos@ +x1x5 e mT sin@)|
a,,0)=
A (1) (1423)!

Thus, one can always find an appropriate measurement basis
that makes P, (ay,,0) > 0, which means any generalized en-
tangled GHZ state exhibits m non-locality.

And because N and m are integers, we find that

cos <(2]’:]1t i)n) < cos (nil)

for any N, while equal is taken if and only if N/(m — 1) is in-
teger or (N +1)/(m — 1) is integer. Then, for the GHZ state
(the maximally entangled one), the maximal value of success
probability reduces to

142yfcos (£5) +yi*

Pm(aln) = )
214219 (1 4y e
B 2(m—n)
= o) (AS)

It is obvious that the GHZ state always passes [n,2;0] sce-
nario except the cases y; = 1,0,00. When m > 3, it is easy to
prove that

&y1PmZ3(aln)|y1:1 =0, ayzlmeS(aln”yl:l <0,

which means P,,>3(az,) reaches maximum when y; = 1. Then,
the maximal success probability for m > 3 is

1 T
i) =5 | 1heos(C50)] o
When m = n, equation (A6) becomes
1 T
w3 (an,) = o [Hcos (nlﬂ (A7)

which recovers the result in Ref. [24] for the standard case.
The maximal value of P,(aj,) decreases with n, while in-
creases with m.

(a)
0.08}
"2 0.06}
=
& 0.04} —m=2
m=3
0.02¢ m=4
/8 w/4 3m/8 /2
n
0.05 PO (b)
0.04
§ 003
g —m =2
No0.02f s
. m=4
0.01p L T "

/8 7/4  31/8  n/2
n

Fig. A1. The success probability P, (aj, ) for GHZ state versus 17, where
1 = arctany;, and y; is the parameter of the measurement basis |b;). (a)
n=4,m=2.34;(b)yn=>5 m=2,3,4,5 P,(a,) increases with the
increase of m for any given measurement bases. The P,,>3(ay, ) reaches
maximum when 1 = /4, ie.,y; = 1.

120306-5



Chin. Phys. B  Vol. 28, No.

12 (2019) 120306

For the convenience of interpretation, equation (AS5) for
the cases n =4 and n =5 is represented in Fig. Al by substi-
tuting y; as tan1.

Appendix B: Solution of Hardy-type test 2

Choose the same measurement basis in Eq. (A1), and set
k' = 1. For the generalized GHZ state, Hardy-type test 2 gives
a new condition compared to Eq. (1)
Yiy2 e 1O 0, H(1=2)8) g 9 +xg_2 sin@ =0, (B1)
with the imaginary part
by, + 6y, +(n—2)0,, = (2ks + 1),

where k4 is an integer.
Eq.(A3), one can find that

Comparing to the conditions of

Oy — Oy1 = 2(ky — ka)T,
2(k3 —k4)—|—m

9y279)Q:2(k27k1)717: m_2

b
which makes m become even numbers, and also gives
o oon=2_:
Yy1y2¢080 =x; “sin6.

Combined with the solution given in Eq. (A4), the solution for
the state given in Eq. (8) is

m—1
y1 = tanm-2

0.

Since 0 < 8 < 7/2 for the generalized entangled GHZ state
of Eq. (8), following the discussions in Appendix A, one con-
cludes that any generalized entangled GHZ state exhibits m
non-locality of Hardy-type test 2 when m is even.
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