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TOPICAL REVIEW — Strong-field atomic and molecular physics

Quantitative rescattering theory for nonsequential double ionization*

Zhangjin Chen(陈长进)†, Fang Liu(刘芳), and Hua Wen(文华)
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We review the recently improved quantitative rescattering theory for nonsequential double ionization, in which the
lowering of threshold due to the presence of electric field at the time of recollision has been taken into account. First,
we present the basic theoretical tools which are used in the numerical simulations, especially the quantum theories for
elastic scattering of electron as well as the processes of electron impact excitation and electron impact ionization. Then,
after a brief discussion about the properties of the returning electron wave packet, we provide the numerical procedures for
the simulations of the total double ionization yield, the double-to-single ionization ratio, and the correlated two-electron
momentum distribution.
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1. Introduction
Nonsequential double ionization (NSDI) of atoms in

strong laser fields has attracted considerable interest both ex-
perimentally and theoretically for more than three decades,
and still remains one of the most interesting and challenging
topics in strong-field physics. The interest on NSDI was first
stimulated by the early measurements of the number of dou-
bly charged ions of rare gas atoms exposed to intense laser
pulses versus the peak laser intensity.[1–5] The characteris-
tic “knee” structure observed in experiment provides the dis-
tinct evidence for NSDI since double-ionization yields could
be several orders of magnitude greater than the prediction by
the standard theory based on the assumption that electrons are
emitted one by one, with the second ionization independent
of the previous one. However, with the only available ex-
perimental data for the total yield of doubly charged ion, the
mechanisms responsible for the two-electron transition were
still a matter of controversy. For example, it was suggested
that the second electron could be shaken-off by a nonadia-
batic change of the potential caused by the emission of the
first electron.[3] Alternatively, it was argued[6] that the first
electron, released by tunneling through the potential barrier
of the combined atomic and field potential, is driven back to
its parent ion by the laser field and ionizes the second elec-
tron, in a process analogous to an (e,2e) collision. The debate
on the mechanisms responsible for NSDI was further settled
by the differential ionization measurements, which were first
carried out at the turn of this century, for momentum distri-
butions of the doubly charged ion along the laser polarization
direction[7] and the momentum correlations between the two

outgoing electrons.[8] Those differential ionization measure-
ments provide more detailed insight into the dynamics of the
NSDI process and provide a much improved testing ground
for the different theoretical models in the dispute. Nowadays,
it has already been widely accepted that the main mechanisms
leading to NSDI are the laser-induced recollisional (e,2e) and
the recollisional excitation with subsequent ionization of the
second electron from the excited state of the parent ion.[9]

Over the past three decades, there have been no short-
age of theoretical efforts devoted to NSDI (for a review, see
Refs. [10] and [11]). It has been well recognized that five in-
teractions are involved in NSDI: the interactions of the laser
field with the two electrons, the Coulomb interactions between
the doubly charged ion and the two outgoing electrons, and
the electron–electron interaction. All the five interactions are
strong and roughly equal in importance, so ideally they must
be treated on an equal basis. However, in actual numerical
calculations, one has to resort to simplifying approximations
to make the calculations tractable. In general, the numerical
methods developed for NSDI fall into two categories. The
first approach takes the set of fundamental interactions of the
electrons and solves the time dependent Schrödinger equation
(TDSE) or the time dependent Newton equations (TDNE) for
the motion of the two electrons. Indeed, a complete descrip-
tion of NSDI could be obtained by an exact solution of the
TDSE. However, it is still a formidable computational chal-
lenge because of computer speed and memory requirements,
and the results alone would not offer much insight into the ba-
sic mechanisms for the double ionization processes. So far,
only a very few TDSE calculations, with more or less ap-
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proximations, have been carried out for NSDI.[12–15] On the
contrary, it is easier to solve the TDNE for NSDI,[16] and a
number of predictions with at least semiquantitative agreement
with a relatively wide variety of experimental data have been
achieved.[17,18] The second approach is based on the rescat-
tering model from which conceptual clarity derives more eas-
ily, even though this might come at the expense of possible
loss of physical reality. Within this framework, the S-matrix
theory was first developed by extending the strong field ap-
proximation (SFA) for high order above threshold ionization
(HATI)[19,20] to double ionization.[21] While the TDSE results
contain all possible outcomes, which are mixed together, from
a given initial state, the S-matrix theory allows one to select
any particular item, and hence is more powerful in identi-
fying the specific mechanisms of the NSDI process. Sim-
ilarly, a recently developed full quantum theory for NSDI,
called quantitative rescattering (QRS) model, is also based on
the rescattering model. While laser-induced rescattering pro-
cesses can be qualitatively interpreted by the classical rescat-
tering model,[6,22] the QRS model provides the quantitative
description. In addition, the semiclassical theory including the
tunneling effect, indeed, has also been widely recognized as a
useful approach to simulate the NSDI.[23–27]

The QRS model was first proposed for HATI,[28,29] in
which the momentum distribution of the HATI photoelectron
is factorized as a product of the returning electron wave packet
(RWP) and the differential cross sections (DCS) for elastic
scattering of the returning electron with the parent ion. The
only difference between HATI and NSDI is that the return-
ing electron experiences different types of collisions, one is
elastic scattering and the other is inelastic scattering includ-
ing electron impact ionization and electron impact excitation.
Based on this philosophy, the QRS model was extended to
NSDI.[30–32] The past decade has witnessed great success of
the QRS model in dealing with various laser-induced rescat-
tering processes.[33,34] Recently, the QRS model for NSDI has
been further improved[35–39] by taking into account the low-
ering of threshold due to the presence of electric field at the
instant of recollision.[40]

In this review, we will limit ourselves to the presentation
of the improved QRS model for NSDI and its applications to
some of the major experimental observations. This article is
organized as follows. In Section 2, we will review the basic
theoretical tools used in the numerical simulations. In Section
3, we will present the numerical procedures for the simulations
of the total yield of doubly charged ion, the double-to-single
ionization ratio, and the correlated two-electron momentum
distribution. Finally, a summary and outlook will be given in
Section 4.

Unless indicated otherwise, atomic units (a.u.) are used
throughout this paper.

2. Basic theoretical tools
2.1. Theoretical model for single ionization rate

Ionization of atoms is the first step of the laser-induced
rescattering processes such as HATI,[41] high-order harmonic
generation (HHG),[42] and NSDI.[5,8]

In general, two mechanisms have been classified for ion-
ization of atoms exposed to an intense laser field by using the
Keldysh parameter[43] γ =

√
Ip/(2Up), where Ip is the ion-

ization potential and Up is the ponderomotive energy. In the
multiphoton ionization regime when γ > 1, an atom absorbs
more photons than the minimum number required for the ejec-
tion of an electron, leading to the the characteristic above-
threshold ionization (ATI) peaks in the photoelectron energy
spectra which are separated by the photon energy, while their
positions are shifted by the ponderomotive potential. On the
other hand, at higher laser intensities, when γ < 1, the libera-
tion of an electron is understood to proceed through tunneling
ionization.

The most commonly used theory for ionization of atoms
by a linearly polarized laser field is the Ammosov–Delone–
Kainov (ADK) approach,[44] which is generally valid for tun-
neling ionization when the adiabaticity parameter γ is lower
than 1.

Suppose an atom is exposed to a linearly polarized laser
pulse (along the z axis) with carrier frequency ω and the car-
rier envelope phase (CEP) ϕ , the field can be expressed as

𝐹 (t) = 𝑧̂F0 cos2
(

πt
τ

)
cos(ωt +ϕ) (1)

for the time interval (−τ/2, τ/2) and zero elsewhere. Accord-
ing the ADK model, the ionization rate of the atom at time t is
given by

WADK[|F(t)|] = |Cn*l* |2 f (l,m)Ip

[
2κ

|F(t)|

]2n*−|m|−1

× exp
[

−2κ

3|F(t)|

]
, (2)

where

|Cn*l* |2 =
22n*

n*Γ(n*+ l*+1)Γ(n*− l*)
, (3)

f (l,m) =
(2l +1)(l + |m|)!
2|m||m|!(l −|m|)!

. (4)

In the above equations, κ = (2Ip)
3/2, n* = Zc(2Ip)

−1/2 is the
effective quantum number with Zc being the charge of the
residual ion, l* = n*−1 is the effective orbital quantum num-
ber, and l and m are the orbital and magnetic quantum numbers
of the valence electron of the atom, respectively.

The ADK model has also been generalized to molec-
ular systems.[45] However, Tong and Lin[46] found that the
ADK rates significantly overestimate the numerically calcu-
lated static ionization rates for atoms in the barrier-suppression
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regime, hence they modified the original ADK model to ex-
tend the ADK rates from the tunneling ionization region to
the near- and over-the-barrier regimes by introducing an em-
pirical correction factor. The modified ADK rate w[|F(t)|] is
given by[46]

WMADK[|F(t)|] =WADK[|F(t)|]e−µ(Z2
c /Ip)(|F(t)|/κ). (5)

The fitted parameter µ in Eq. (5) for a few atoms and ions has
been given in Ref. [46], which is in the range of 6 < µ < 10.

The ADK model represents the limit when γ → 0 of
the theory proposed by Perelomov, Popov, and Terent’ev
(PPT),[47] which is valid for arbitrary γ values. In the PPT
model, the ionization rate reads

WPPT[|F(t)|,ω]

= |Cn*l* |2 f (l,m)Ip

[
2κ

|F(t)|

]2n*−|m|−1

(1+ γ
2)|m|/2+3/4

×Am(ω,γ)exp
[

−2κ

3|F(t)|
g(γ)

]
, (6)

where

g(γ) =
3
2γ

[(
1+

1
2γ2

)
sinh−1

γ −
√

1+ γ2

2γ

]
. (7)

The details about the coefficients Am(ω,γ) in Eq. (6) can be
found in Refs. [48] and [49].

With the calculated ionization rate, one can obtain the to-
tal ionization probability by a laser pulse as

Pm = 1− e−
∫+∞
−∞ Wm[|F(t)|]dt , (8)

where m stands for ADK, MADK, or PPT.

2.2. The strong field approximation

The strong field approximation is a very effective tool
to deal with the interaction of atoms with strong laser field.
While the SFA can also be used to obtained the total ioniza-
tion probability of an atom by a laser pulse, it further provides
a fairly good quantitative description of the photoenergy spec-
tra as well as the momentum distributions. In general, the SFA
model is valid when Ip ≤ 2Up. This condition implies that
when the electron appears in the continuum it is only under
the influence of a very strong laser field. In addition, when
the electron comes back to the parent ion it has a large kinetic
energy, so that the Coulomb force of the atomic potential can
be neglected.

In the length gauge and the dipole approximation, the
laser–electron interaction can be expressed by

Hi(t) = 𝑟 ·𝐹 (t). (9)

Within this approximation, the exact expression for the proba-
bility amplitude of detecting an ATI electron with momentum

𝑝 and kinetic energy E = p2/2 can be written formally as[50]

f (𝑝) =−i lim
t→∞

∫ t

−t
dt ′
〈
Ψ𝑝(t)

∣∣U(t, t ′)Hi(t ′)
∣∣Ψ0(t ′)

〉
, (10)

where Ψ0(t) and Ψ𝑝(t) are the ground state and a scattering
state with asymptotic 𝑝, respectively, of the atomic Hamilto-
nian

Ha =−1
2

∇
2 +V (𝑟), (11)

and U(t, t ′) is the time-evolution operator of the complete
Hamiltonian

H(t) = Ha +Hi(t). (12)

The time-evolution operator satisfies the Dyson equation

U(t, t ′) =UF(t, t ′)− i
∫ t

t ′
dt ′′UF(t, t ′′)VU(t ′′, t ′), (13)

where UF(t, t ′) is the time-evolution operator corresponding to
the Hamiltonian of a free electron in the laser field, which is

HF =−1
2

∇
2 +Hi(t). (14)

The eigenstates of the time-dependent Schrödinger equation
with the Hamiltonian HF(t) are the Volkov states

|χ𝑝(t)⟩= |𝑝+𝐴(t)⟩exp[−iS𝑝(t)], (15)

where 𝐴(t) is the vector potential of the laser field 𝐹 (t), |𝑘⟩
denotes a plane wave state

⟨𝑟|𝑘⟩= 1
(2π)3/2 exp(i𝑘 ·𝑟) , (16)

and the action S𝑝(t) reads

S𝑝(t) =
1
2

∫ t

−∞

dt ′
[
𝑝+𝐴′(t)

]2
. (17)

The Volkov time-evolution operator is then given by

UF(t, t ′) =
∫

d𝑘 |χ𝑘(t)⟩
〈
χ𝑘(t ′)

∣∣ . (18)

Introducing the strong field approximation, i.e., replacing
⟨Ψ𝑝(t)|U(t, t ′) with ⟨χ𝑘(t)|U(t, t ′) in Eq. (10), and truncating
the full time-evolution operator U(t, t ′) after the second term,
one obtains the SFA ionization amplitude as

fSFA(𝑝) = f (1)SFA(𝑝)+ f (2)SFA(𝑝), (19)

where the first term

f (1)SFA(𝑝) =−i
∫

∞

−∞

dt ⟨χ𝑝(t) |Hi(t)|Ψ0(t)⟩ (20)

corresponds to the standard SFA, and the second term

f (2)SFA(𝑝) = −
∫

∞

−∞

dt
∫

∞

t
dt ′
∫

d𝑘
〈
χ𝑝(t ′) |V |χ𝑘(t ′)

〉
× ⟨χ𝑘(t) |Hi(t)|Ψ0(t)⟩ (21)
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is the first order correction to the standard SFA which consists
of ionization, propagation in the continuum, and the interac-
tion of the returning electron with the parent ion.

The form of fSFA(𝑝) in Eq. (19) allows one to identify the
contribution from each individual term. If f (2)SFA(𝑝) is dropped
in Eq. (19), the standard SFA result can be obtained. For con-
venience, the standard SFA is referred to as SFA1, while the
result from keeping f (2)SFA(𝑝) only in Eq. (19) is referred to as
SFA2.[20] The details of numerical procedures for evaluation
of the probability amplitude have been presented in Refs. [19],
[20], and [51].

It should be noted that, in the numerical calculations, one
needs to use a short-range potential

Ṽ (𝑟) =V (𝑟)e−αr, (22)

where α is a parameter introduced to avoid the singularity in
f (2)SFA(𝑝).

The angular and momentum distribution of an electron
emitted in the direction of 𝑝̂ is given by

d3PSFA

dpxdpydpz
= | fSFA(𝑝)|2. (23)

For a linearly polarized laser field, the system has cylin-
drical symmetry. As a result, the two-dimensional momentum
distribution is defined as

d2PSFA

dp⊥dpz
= | fSFA(𝑝)|22π psinθ , (24)

where p⊥ =
√

p2
x + p2

y and θ is the angle between the polar-
ization axis of the laser field and the direction of the ejected
photoelectron. Obviously, the integration over the azimuthal
angle ϕ has been carried out in Eq. (24). Furthermore, by in-
tegrating over θ , we obtain the energy spectra

dPSFA

dE
= 2π

√
2E
∫ +1

−1
| fSFA(𝑝)|2d(cosθ). (25)

It should be noted that the numerical results depend on the
screening factor α . It has been found that the photoelectron
energy spectra of SFA2 at low energies increase very rapidly
as α decreases. Nevertheless, in the high energy regime, when
E > 4Up, the dependence becomes relatively weak, and the
shape of the energy spectra almost remains the same. Usually,
in the numerical calculations, the value of α is chosen in such
a way that direct ionization (SFA1) dominates the photoelec-
tron spectra for the energies bellow 2Up.[52,53]

2.3. The time-dependent Schrödinger equation

While the SFA allows for intuitive physical interpretation
of the intense laser–atom interaction, the numerical solutions
of the time-dependent Schrödinger equation, in principle, pro-
vide a full quantum description of various phenomena, includ-
ing the ATI spectra, for an atom in a strong laser field. Within

the single-active-electron approximation, the TDSE for single
ionization of an atom in the presence of a linearly polarized
laser field can be written, in the length gauge, as

i
∂

∂ t
Ψ(𝑟, t) = [Ha +Hi(t)]Ψ(𝑟, t), (26)

where Hi and Ha are the laser–electron interaction and the
atomic Hamiltonian given by Eqs. (9) and (11), respectively.
The above time-dependent equation is solved by using a
second-order split operator method[54,55]

Ψ(𝑟, t +∆t) = e−iHa∆t/2 e−iHi(t+∆t/2)∆t e−iHa∆t/2
Ψ(𝑟, t), (27)

and the wave function is expanded by the direct products
of discrete variable representation basis sets[56–58] associated
with the Legendre polynomials.

The probability amplitude is obtained by projecting the
total final wave function at the end of the laser pulse onto
eigenstates of a continuum electron with momentum 𝑝

fTDSE(𝑝) = ⟨Φ−
𝑝 |Ψ(t = ∞)⟩, (28)

where the continuum state Φ−
𝑝 is the outgoing asymptotic

Coulomb wave function satisfying the following equation:[
−1

2
∇

2 +V (r)
]

Φ
−
𝑝 =

p2

2
Φ

−
𝑝 . (29)

Indeed, by solving the TDSE one can obtain the most
accurate numerical results provided that the calculations are
practical. Unfortunately, the TDSE calculations require a large
amount of computing time and are impractical for long pulses
at high intensities, so that results can only be obtained for a
restricted regime of laser parameters. In addition, the insight
into physics is hidden even though the numerical solutions of
TDSE can be obtained.

2.4. Standard potential scattering theory

The QRS model was first proposed for HATI[28] in which
laser-induced elastic scattering of electron with the parent ion
plays a decisive role.[29,59,60] In this section, we briefly sum-
marize the standard potential scattering theory which has been
well documented in the text books; see Refs. [61] and [62], for
example.

The scattered wavefunction of an electron by a potential
V (𝑟) satisfies the time-independent Schrödinger equation

[∇2 + k2 −U(𝑟)]ψ(𝑟) = 0, (30)

where U(𝑟) = 2V (𝑟) is the reduced potential and k is the mo-
mentum, related to the electron energy by k =

√
2E.

For a short-range potential which falls faster than r−2

as r → ∞, the wavefunction of the scattered electron in the
asymptotic region is given by

ψ
+(𝑟)r→∞ =

1
(2π)3/2

[
exp(i𝑘 ·𝑟)+ f (θ ,φ)

exp(ikr)
r

]
, (31)
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where f (θ ,φ) is the scattering amplitude.
To get the scattering amplitude, we solve Eq. (30) by ex-

panding the scattered wavefunction in partial waves

ψ
+(𝑟) =

√
2
π

1
kr ∑

lm
ilul(k,r)Ylm(𝑟̂)Y *

lm(𝑘̂), (32)

where Ylm is a spherical harmonic. We take the convention that
all continuum waves are normalized to δ (𝑘−𝑘′). The radial
equation that ul(k,r) satisfies can be obtained from Eq. (30) as[

d2

dr2 + k2 − l(l +1)
r2 −U(r)

]
ul(k,r) = 0. (33)

Here, we assume that the potential is radially symmetric, i.e.,
V (𝑟) =V (r).

For a plane wave when V (r) = 0, the radial component
ul(k,r)/kr in Eq. (32) is a standard spherical Bessel function
jl(kr).

When r → ∞, the boundary condition satisfied by ul(k,r)
for V (r) = 0 is

ul(k,r) = sin
(

kr− 1
2

lπ
)
, (34)

while for a short-range potential V (r),

ul(k,r) = eiδl sin
(

kr− 1
2

lπ +δl

)
. (35)

From Eqs. (34) and (35) we see that it is the quantity δl , called
the phase shift, that displays the influence of the interaction.

By matching the coefficients of the outgoing spherical
waves in Eqs. (32) and (31), and using Eqs. (34) and (35),
one finds that the scattering amplitude is independent of φ and
given by

f (θ) =
∞

∑
l=0

2l +1
k

exp(iδl)sinδlPl(cosθ), (36)

where Pl(cosθ) are the Legendre polynomials.
For the scattering by a pure Coulomb potential

Vc(r) =
Z1Z2

r
, (37)

where Z1 and Z2 are the charges of the projectile and the target,
respectively, the method of partial waves is of little interest,
since the Coulomb interaction drops off so slowly for large r.
Fortunately, it can be treated in parabolic coordinates and the
scattering amplitude can be obtained analytically

fc(θ) =−η exp(2iσ0)
exp{−iη ln[sin2(θ/2)]}

2k sin2(θ/2)
, (38)

where

σ0 = arg[Γ(1+ iη)], η = Z1Z2/k. (39)

However, for a real situation frequently encountered in
electron scattering in which a short-range potential V (r) is
added to a pure Coulomb potential Vc(r) due to decreasing
screening of the nucleus of the target ion by its electrons, one
still needs to resort to the partial wave decomposition. Simi-
larly, we expand the wavefunction as

ψ
+
c (𝑟) =

√
2
π

1
kr ∑

lm
il eiσl uc

l (k,r)Ylm(𝑟̂)Y *
lm(𝑘̂), (40)

and find that the radial wave equation for uc
l (k,r) reads[

d2

dr2 + k2 − l(l +1)
r2 −U(r)− 2ηk

r

]
uc

l (k,r) = 0, (41)

where the quantity

σl = arg[Γ(l +1+ iη)] (42)

is called the Coulomb phase shift. The asymptotic boundary
condition satisfied by the scattered wavefunction ψ+

c (𝑟) is

ψ
+
c (𝑟)r→∞

=
1

(2π)3/2

{
φc(𝑟)+ f̂ (θ ,φ)

exp[i(kr−η ln2kr)]
r

}
. (43)

Here, φc(𝑟) is the Coulomb wavefunction given by

φc(𝑟) = exp
(
− 1

2
πη

)
Γ(1+ iη)exp(i𝑘 ·𝑟)

×1F1[−iη ;1; i(kr−𝑘 ·𝑟)]. (44)

The boundary condition satisfied by uc
l (k,r) when r → ∞

is

uc
l (k,r) = eiδl sin

(
kr− 1

2
lπ +η ln2kr+σl +δl

)
. (45)

Again, the phase shift δl is due to the short-range interaction
V (r). Similarly, the scattering amplitude f̂ (θ ,φ) in Eq. (43)
can be obtained by matching the coefficients of the outgoing
spherical waves in Eqs. (40) and (43) with the help of Eq. (45)

f̂ (θ) =
∞

∑
l=0

2l +1
k

exp(2iσl)exp(iδl)sinδlPl(cosθ). (46)

Therefor, the scattering amplitude for the general case is given
by

f (θ) = fc(θ)+ f̂ (θ), (47)

and the elastic scattering DCS for a given incident energy
reads

dσel

dΩ
= | f (θ)|2. (48)
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2.5. Theoretical model for electron impact excitation

Laser-induced electron impact excitation is one of the
main mechanisms in NSDI. To simulate the correlated two-
electron momentum distributions based on the QRS model,
one needs to calculate the DCSs for electron impact excitation
of parent ions.

The distorted-wave Born approximation (DWBA) is one
of most efficient methods dealing with inelastic collision pro-
cesses. In this section, we briefly review the DWBA method
for electron impact excitation of singly charged ion.

Suppose we have an electron with momentum 𝑘i which
collides with an atomic ion A+, after the collision, the scat-
tered electron has momentum 𝑘 f , and one bound electron
in the ground state is promoted to an excited state (nl). In
the frozen core approximation, the exact Hamiltonian for the
whole system is given by

H =−1
2

∇
2
1 +VA2+(r2)−

1
2

∇
2
2 +VA2+(r1)+

1
|𝑟1 −𝑟2|

, (49)

where 𝑟1 and 𝑟2 are the position vectors for the projectile and
the bound state electron with respect to the nucleus, respec-
tively, and VA2+ is the effective potential based on the single
active electron approximation.

Both the exact initial state wavefunction Ψi(𝑟1,𝑟2) and
the final state wavefunction Ψf (𝑟1,𝑟2) of the system satisfy
the Schrödinger equation

HΨj(𝑟1,𝑟2) = EΨj(𝑟1,𝑟2), ( j = i, f ), (50)

where E is the total energy of the system. Since equation (50)
cannot be solved analytically, we form approximate Hamilto-
nians, which can be expressed as

H j =−1
2

∇
2
1 +U j(r1)−

1
2

∇
2
2 +VA2+(r2), ( j = i, f ), (51)

where Ui (U f ) is the distorting potential used to calculate the
wavefunction χ𝑘i (χ𝑘 f ) for the projectile in the incident (exit)
channel with momentum 𝑘i (𝑘 f ). With this approximation, the
initial (final) state wavefunction can be expressed as a product
of the initial (final) state wavefunction for the projectile and
the wavefunction for the bound electron in the ground (ex-
cited) state.

The wavefunctions for the electron in both initial ground
state Φi(𝑟2) and final excited state Φ f (𝑟2) satisfy the differen-
tial equation[

−1
2

∇
2
2 +VA2+(r2)

]
Φ j(𝑟2) = ε jΦ j(𝑟2), ( j = i, f ), (52)

where ε j ( j = i, f ) are the corresponding eigenenergies of the
initial and final states. The wavefunctions for the projectile
in the initial and final states can be obtained by solving the
following equation:[

−1
2

∇
2
1 +U j(r1)

]
χ𝑘 j(𝑟1) =

1
2

k2
j χ𝑘 j(𝑟1), ( j = i, f ). (53)

Due to the energy conservation, we have

1
2

k2
i + εi =

1
2

k2
f + ε f = E. (54)

The distorting potentials Ui and U f used in Eq. (53) play
an important role in the numerical calculations, since the cal-
culated DCSs are sensitive to the distorted wavefunctions de-
scribing the projectile. Unfortunately, neither Ui nor U f is de-
termined directly by the formalism. Here, we use the static
potentials which are obtained by averaging over the motion of
the active electron

U j(r1) =VA2+(r1)+
∫

d𝑟2
|Φ j(𝑟2)|2

|𝑟1 −𝑟2|
, ( j = i, f ). (55)

Obviously, the distorting potentials given by Eq. (55) for elec-
tron impact excitation of singly charged ion are Coulomb po-
tential asymptotically.

In DWBA, the direct transition amplitude for excitation
from an initial state Φi to a final state Φ f is given by

fexc = ⟨χ−
𝑘 f
(𝑟1)Φ f (𝑟2)|Vi|Φi(𝑟2)χ

+
𝑘i
(𝑟1)⟩, (56)

where Vi is the perturbation interaction

Vi = H −Hi =
1

r12
+VA2+(r1)−Ui(r1). (57)

And the exchange scattering amplitude is given by

gexc = ⟨Φ f (𝑟1)χ
−
𝑘 f
(𝑟2)|Vi|Φi(𝑟2)χ

+
𝑘i
(𝑟1)⟩. (58)

To evaluate the scattering amplitude, we perform the stan-
dard partial wave expansions. The details of numerical cal-
culations for the scattering amplitude have been presented in
Ref. [63]. Finally, the spin-averaged differential cross section
for electron impact excitation from (Ni,Li) to (N f ,L f ) is given
by

dσexc

dΩ
= N(2π)4 k f

ki

1
2Li +1

×
+Li

∑
Mi=−Li

+L f

∑
M f =−L f

(
3
4
| fexc −gexc|2 +

1
4
| fexc +gexc|2

)
, (59)

where the prefactor N denotes the number of electrons in the
subshell from which one electron is excited.

The DWBA is a relatively simple model with re-
spect to other sophisticated theoretical models, such as
R-matrix method[64] and convergent close-coupling (CCC)
approach.[65] For the calculations of correlated two-electron
momentum distributions of NSDI at high laser intensities, the
DWBA model is a good candidate since it can be calculated
very quickly. Furthermore, the main important physics has
been considered in DWBA such that the shape of the DCS is
typically in fairly good agreement with the experimental mea-
surements. However, it is well known that, at low energies,
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the total cross sections (TCS) predicted by the DWBA signif-
icantly exceed the experimental values, especially at energies
near the threshold, which implies that the DCSs of DWBA
are also larger than the absolute experimental data. This sug-
gests that the DCSs of DWBA at low energies require a spe-
cial treatment before they are used to simulate the parallel mo-
mentum distributions for the returning electron after recolli-
sional excitation of the parent ion. This special treatment has
been accomplished by introducing a calibration procedure for
DWBA.[66]

2.6. Theoretical model for electron impact ionization

Now we consider electron impact ionization which is an-
other dominant mechanism in NSDI. Different from the pro-
cess of electron impact excitation, in (e, 2e) process, there are
two outgoing electrons. Suppose we have an electron with
momentum 𝑘i which collides with a singly charged ion in its
ground state; after the collision two outgoing electrons with
momentum 𝑘1 and 𝑘2 are detected in coincidence. For this
process, the triple differential cross section (TDCS) is given
by

d3σe2e

dΩ1dΩ2dE2
= (2π)4 k1k2

ki

[3
4
| fe2e(𝑘1,𝑘2)− fe2e(𝑘2,𝑘1)|2

+
1
4
| fe2e(𝑘1,𝑘2)+ fe2e(𝑘2,𝑘1)|2

]
, (60)

where Ω1(θ1,φ1) and Ω2(θ2,φ2) are the solid angles of detec-
tors for the two electrons leaving the collision along 𝑘̂1 and
𝑘̂2, and fe2e(𝑘1,𝑘2) and fe2e(𝑘2,𝑘1) are the transition ampli-
tudes for the direct and exchange processes, respectively. In
the prior form, the direct transition amplitude of the (e, 2e)
process is expressed by

fe2e(𝑘1,𝑘2) = ⟨Ψ−
𝑘1,𝑘2

(𝑟1,𝑟2)|Vi|Ψ+
𝑘i
(𝑟1,𝑟2)⟩, (61)

where Vi is the perturbation interaction given in Eq. (57), and
𝑟1 and 𝑟2 are the position vectors of the projectile and the
bound state electron, respectively, with respect to the target
nucleus.

2.6.1. The DWBA model

Similar to electron impact excitation, the transition am-
plitude for the (e, 2e) process can also be evaluated by using
the DWBA model. The initial state wavefunction is exactly
the same as that for electron impact excitation, i.e.,

Ψ
+
𝑘i
(𝑟1,𝑟2) = Φi(𝑟2)χ

+
𝑘i
(𝑟1). (62)

In DWBA, the asymptotic final state wavefunction for the two
outgoing electrons is expressed as

Ψ
−
𝑘1,𝑘2

(𝑟1,𝑟2) = χ
−
𝑘1
(𝑟1)χ

−
𝑘2
(𝑟2). (63)

The wavefunctions for the two outgoing electrons satisfy the
following equations:[

−1
2

∇
2
1 +U f (r1)

]
χ𝑘1(𝑟1) =

1
2

k2
1χ𝑘1(𝑟1), (64)[

−1
2

∇
2
2 +VA2+(r2)

]
χ𝑘2(𝑟2) =

1
2

k2
2χ𝑘2(𝑟2). (65)

Due to the energy conservation, we have

1
2

k2
i =

1
2

k2
1 +

1
2

k2
f + Ip. (66)

The standard partial wave expansions are also made to
evaluate the scattering amplitude for (e, 2e). For details, see
Ref. [67].

Again, the DWBA model for (e, 2e) is also only valid
at high impact energies since the final-state electron–electron
interaction, which is important in the collision process at in-
termediate and low energies, has not been taken into account.
The group of Madison has improved the DWBA model by
including the final-state Coulomb interaction directly in the
final-state wavefunction.[68,69] It has been found that, for in-
termediate energies, the post-collision interaction between the
two outgoing electrons has an important effect and leads to
an overall improvement in the agreement between experiment
and theory.

2.6.2. The BBK model

For electron impact ionization of He+ ion, the final-state
electron–electron interaction has been taken into account in
the Brauner, Briggs, and Klar (BBK) model[70] in which an
approximate three-body scattering wavefunction for the fi-
nal state that satisfies the asymptotic three-body Schrödinger
equation (50) exactly was derived analytically. The BBK
wavefunction consists of a product of three Coulomb (3C)
wavefunctions which is expressed as

Ψ
−
𝑘1,𝑘2

(𝑟1,𝑟2)

= (2π)−3 exp(i𝑘1 ·𝑟1)exp(i𝑘2 ·𝑟2)C(α1,𝑘1,𝑟1)

×C(α2,𝑘2,𝑟2)C(α12,𝑘12,𝑟12), (67)

where the Coulomb part of the wavefunction is defined as

C(α,𝑘,𝑟) = e−πα/2
Γ(1− iα)1F1[iα;1;−i(kr+𝑘 ·𝑟)], (68)

with

𝑘12 =
1
2
(𝑘1 −𝑘2), 𝑟12 = 𝑟1 −𝑟2,

α1 =−ZN

k1
, α2 =−ZN

k2
, α12 =

1
2k12

. (69)

In Eq. (68), Γ is the gamma function and 1F1 is the con-
fluent hypergeometric function. If 1/|𝑟1 − 𝑟2| is dropped in
Eq. (49), the interaction between the two outgoing electrons
is turned off. Consequently, the final-state wavefunction be-
comes a product of two Coulomb (2C) wavefunctions by set-
ting α12 = 0 in Eq. (67). It should be noted that the 2C
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wavefunction, which is equivalent to the asymptotic final state
wavefunction in DWBA if the distortion of the short range
potential is neglected, does not satisfy the proper asymptotic
three-body boundary condition.

In the BBK model which was originally proposed for the
process of electron impact ionization of hydrogen, a plane
wave is used to describe the incoming electron since the tar-
get is neutral. However, for electron impact ionization of He+

ion, a Coulomb wave should be employed to account for the
Coulomb attraction between the incident electron and the tar-
get ion. The Coulomb wavefunction for the incident electron
takes the form

χ
+
𝑘i
(𝑟1) =

1
(2π)3/2 exp(−παi/2)Γ(1+ iαi)

× exp(i𝑘i ·𝑟1)1F1[−iαi;1; i(kir1 −𝑘i ·𝑟1)], (70)

where αi = −1/ki. In this case, the transition amplitude in-
volves four Coulomb (4C) wavefunctions. With the precolli-
sion interaction between the incident electron and the target
ion taken into account, Jia et al.[71] first carried out the nu-
merical calculations of TDCS for electron impact ionization
of He+ ion at intermediate impact energies.

It should be mentioned that some deficiencies still exist
in the BBK wavefunction although it satisfies the asymptotic
three-body Schrödinger equation exactly. The major limita-
tion of the 3C wave function lies in the fact that the influence
on the strength of the interaction of any two particles by the
presence of a third one has not been taken into account. This
deficiency was first corrected for the case in which the two
outgoing electrons have equal energies by introducing effec-
tive Sommerfeld parameters,[72] and was later generalized for
any energy sharing in all geometries.[73] Such a modification
reflects the dynamic screening of the three-body Coulomb in-
teractions.

2.7. Focal volume averaging

Numerical simulations for spectra are usually performed
for a single laser intensity. However, when atoms are exposed
to a laser field, they experience different intensities across the
beam profile. For a Gaussian beam, the intensity distribution
is given by

I(ρ,z) = I0
w2

0
w2(z)

exp
[
− 2ρ2

w2(z)

]
, (71)

where

w(z) = w0[1+(z/z0)
2]1/2, (72)

and w0 =
√

λ z0/π denotes the Rayleigh range of the focus.
Since experiment collects electrons originating from

atoms located anywhere in the interaction volume, direct com-
parison of the experimental data with the theoretical spectra is

acceptable only when the focal volume effect has been taken
into account. Therefore, integration over the focus volume
should be performed by finding the volume of each isointen-
sity shell. For example, the focal volume averaged total yield
of single ionization at a peak intensity I0 can be obtained by

Ȳ+ =
∫

Y+(I(ρ,z))dV =
∫ I0

0
Y+(I)

∂V
∂ I

dI, (73)

where the volume of an isointensity shell between I and I+dI
is given by[74]

∂V
∂ I

dI = πz0w2
0

{
4(c1 − c2)

3
+

2(c3
1 − c3

2)

9

− 4
3
[
tan−1(c1)− tan−1(c2)

]}
, (74)

with c1 = [(I0− I)/I]1/2 and c2 = {[I0−(I+dI)]/(I+dI)}1/2.

3. The quantitative rescattering model
Laser-induced rescattering processes have been well

understood based on the three-step classical rescattering
model.[6,22] In the first step, the electron tunnels out from an
atom. In the second step, the electron moves in the laser field
and returns to the parent core. Finally, in the third step, the
electron collides with the parent ion. During the collision, both
elastic and inelastic scatterings could take place. The elastic
scattering of the returning electron with the parent ion leads to
HTAI,[75] and the recombination of the returning electron with
the parent ion produces HHG.[76] On the other hand, NSDI[77]

is due to inelastic scattering of the returning electron by the
parent ion, in which two mechanisms could be involved, one
is the direct ionization of the parent and the other one is recol-
lision excitation with subsequent ionization. In the simulation
of all the laser-induced rescattering processes, the RWP which
describes the momentum distribution of the returning electron
plays a significantly important role.

3.1. Returning electron wave packet

According to the QRS model, the momentum distribution
of the HATI photoelectron with momentum 𝑝 is expressed as
a product of the RWP and the DCS for elastic scattering of the
returning electron with the parent ion.[28,29] By defining

DHATI
SFA (𝑝)≡ d3PSFA

dpxdpydpz
= | f (2)SFA(𝑝)|

2, (75)

the QRS model for HATI reads

DHATI
SFA (𝑝) =WSFA(kr)

dσ el
PWBA(kr,θr)

dΩr
, (76)

where W (kr) is the RWP describing the momentum distribu-
tion of the returning electrons, and dσ el

PWBA(kr,θr)/dΩr is the
DCS, calculated within the plane wave first-order Born ap-
proximation (PWBA), for an electron with a momentum of
magnitude kr to be scattered at an angle θr with respect to the
direction of the returning electron.
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The detected photoelectron momentum 𝑝 and the mo-
mentum 𝑘r of the scattered electron are related by[28]

𝑝= 𝑘r −𝐴r, (77)

with
kr = 1.26|Ar|, (78)

where 𝐴r ≡𝐴(tr) is the instantaneous vector potential at the
returning time tr when the recollision takes place. It should be
noted that the relation between kr and |Ar| is determined ap-
proximately by solving the Newton’s equation of motion for
an electron in a monochromatic laser field.[28] Equation (78)
is an inherent approximation used in the QRS theory but the
error is insignificant. This issue has been discussed in detail
in Ref. [28] in which the validity of the QRS model for HATI
has also been extensively verified.

The RWP is then obtained by

WSFA(kr) = DHATI
SFA (𝑝)/

dσ el
PWBA(kr,θr)

dΩr
. (79)

It has been established[28] that, equation (76) also holds
for the HATI photoelectron spectra from the TDSE if the DCS
for elastic scattering of electron with the parent ion is calcu-
lated based on the standard potential scattering theory. This
indicates that the RWP can also be obtained from solving the
TDSE, i.e.,

WTDSE(kr) = DHATI
TDSE(𝑝)

/dσ el(kr,θr)

dΩr
, (80)

where

DHATI
TDSE(𝑝) = | fTDSE(𝑝)|2. (81)

Figure 1 shows the RWPs extracted from the HATI pho-
toelectron momentum distributions, calculated by solving the

TDSE and using the SFA2, for Ar in 5 fs laser pulses with the
wavelength of 800 nm at the intensities of 1.0× 1014 W/cm2

and 2.0×1014 W/cm2, respectively. One can see that the RWP
from SFA2 bears a striking resemblance to that from TDSE.
Figure 1 also demonstrates that, the RWPs from both SFA2
and TDSE exhibit no dependence on the rescattering angle θr.
This property indicates that one only needs to calculate the
RWP at an arbitrary rescattering angle. In the real calculations,
usually a large scattering angle, say θr = 170∘, is chosen.

Another important property of the RWP is that it is almost
independent of the target. Figure 2 displays the RWPs from
SFA2 for single ionization of H and Ar in 5-cycle pulses at the
intensity of 1.0×1014 W/cm2 with the wavelength of 800 nm
and the intensity of 0.8 × 1014 W/cm2 with the wavelength
of 2000 nm, respectively. Due to the reason stated above,
in Fig. 2 the RWPs are extracted from the HATI photoelec-
tron momentum distributions along a fixed outgoing angle θ ,
which has a one-to-one relation with the rescattering angle θr,
and plotted as a function of only the momentum of the return-
ing electron. It can be seen that the RWPs shown in Fig. 2(a)
are quite different from those in Fig. 2(b). However, the RWP
for H is almost the same as that for Ar for a given laser pulse.
This indicates that the RWP depends only on the laser parame-
ters but not on the target. It is well known that the information
of both the laser parameters and the atomic structure is im-
printed in the HATI photoelectron momentum spectra. Nev-
ertheless, since the RWP only depends on the laser field and
the DCS is totally determined by the target, the QRS model,
as it is expressed by Eq. (75), can be used to extract the in-
formation of the target structure from the HATI photoelectron
momentum spectra measured in experiment.[78–80]
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Fig. 1. Right-side wave packets (pz > 0) extracted from the TDSE and SFA2 electron momentum distributions for single ionization of Ar in a
5 fs laser pulse with the wavelength of 800 nm. (a), (c) TDSE and SFA2 results at the intensity of 1.0×1014 W/cm2; (b), (d) TDSE and SFA2
results at the intensity of 2.0×1014 W/cm2. Adapted from Ref. [28].
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Fig. 2. Right-side wave packets extracted from SFA2 for single ionization of
H and Ar in a 5-cycle laser pulse at (a) the intensity of 1.0×1014 W/cm2 with
the wavelength of 800 nm, and (b) the intensity of 0.8×1014 W/cm2 with the
wavelength of 2000 nm. Adapted from Ref. [28].

3.2. Total yield of doubly charged ion

The QRS model for NSDI was first applied to the calcu-
lations of the total yield of doubly charged ion.[30] The total
yield of doubly ionization due to NSDI in a linearly polarized
laser pulse at a single peak intensity I can be expressed by

𝒴2+(I) =
∫

dEr[WL(Er)+WR(Er)]

× [σexc(Er)+σe2e(Er)], (82)

where Er = k2
r/2 is the energy of the returning electron,

σexc(Er) and σe2e(Er) are the TCSs for electron impact ex-
citation and ionization from the ground state of the target ion,
and WL(Er) and WR(Er) are the returning electron wave pack-
ets extracted from the “left” (pz < 0) and the “right” (pz > 0)
sides of the 2D momentum distributions for the HATI pho-
toelectrons, respectively. For long pulses considered here,
WL(Er) =WR(Er).

As mentioned in Subsection 2.7, to compare with exper-
iment, the focal volume effect has to be taken into account.
However, since the total cross sections σexc(Er) and σe2e(Er)

in Eq. (82) do not depend on the laser parameters, the focal
volume integral has only to be performed for the returning
electron wave packets. Therefore, the total yield for the doubly
charged ion at the peak intensity I0 can be obtained by

𝒴̄2+(I0) =
∫

dEr[W̄L(Er)+W̄R(Er)]

× [σexc(Er)+σe2e(Er)], (83)

where W̄j(Er) ( j = L,R) are the focal volume averaged wave
packets.

In Fig. 3, the simulated results by using Eq. (83) for the
yields of doubly charged ions for NSDI of He in a linearly
polarized laser pulse at 780 nm with the pulse duration of
120 fs[35] are compared with the experimental measurements
of Walker et al.[5] In the numerical calculations, the returning

electron wave packets and the total cross sections are evalu-
ated by using the SFA2 and the R-matrix theory,[81] respec-
tively. It can be seen from Fig. 3 that, while the model results
are in good agreement with experiment in the regime of inter-
mediate intensities, the QRS model fails to reproduce the total
yield of doubly charged ion at both low and high intensities.
This clearly indicates that the QRS model should be improved
when it is applied to NSDI.
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Fig. 3. Comparison of the simulated results for the yields of doubly charged
ions with the experimental data for He in linearly polarized laser pulses at
780 nm. The solid circles represent the measurements of Walker et al,[5] while
the dotted and solid curves are the QRS simulations with and without taking
into account the shift of the continuum threshold energy due to the presence
of an electric field at the collision time, respectively. The screening factor was
set to α = 1.0. The simulated results are relative and normalized to the ex-
perimental data individually at the intensity of 4.5×1014 W/cm2. The curves
on the right are the calculated sequential He2+ yields using ADK and PPT.
Adapted from Ref. [35].

According to the classical rescattering model, the max-
imum kinetic energy that a returning electron can gain from
the field is 3.17Up, which is proportional to the laser inten-
sity. This indicates that a minimum intensity, referred to as
the threshold intensity, is required for the returning electron to
have enough energy to ionize an electron of the residual ion or
to promote this electron to an excited state. Nevertheless, this
threshold intensity has never been observed in experiment.[82]

van der Hart and Burnett[40] argued that the incorrect thresh-
old intensity appears from the assumption in the recollision
model that scattering can be treated as if it takes place in a
free atom. As a matter of fact, this assumption is not true.
In a free atom or ion, an incoming electron can promote the
ground-state electron to an excited state and remain a contin-
uum electron only when its kinetic energy is larger than the en-
ergy difference between the ground state and the excited state,
since the total energy of a continuum electron must be posi-
tive. In contrast, in the case when the collision takes place in
an electric field, the combined atomic and electric potentials
form a barrier below zero. As a result, the projectile electron
can escape from the atom or ion even with negative energy
as long as its energy is higher than the potential barrier.[40]
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Therefore, in the laser-induced recollision process, electron
impact excitation of the parent ion can still take place even
when the returning electron has an energy less than the energy
difference between the ground state and the excited state. This
phenomenon is usually referred to as “lowering of threshold”.
This does not mean, however, that the energy level of an ex-
cited state is lowered.

The maximum barrier height in the combined Coulomb
and electric field potentials is given by[40]

Vb =−2
√

Zeff|Fr|, (84)

where Zeff is the effective charge of the Coulomb potential
seen by the projectile electron asymptotically, and Fr is the
electric field at the instant of collision. For electron impact ex-
citation and ionization of a singly-charged ion, Zeff = 1 and 2,
respectively. Thus, for electron impact excitation and electron
impact ionization taking place in an electric field, the threshold
is lowered by |Vb|.

Unfortunately, it is still a formidable task to perform ac-
tual numerical calculations with the lowering of threshold in-
cluded. Alternatively, van der Hart and Burnett[40] suggested
that, to account for the lowering of threshold, one should ad-
just the collision energy so that the returning electron energy
Er (= Ei) corresponds to the incoming energy Er + |Vb| for
electron impact excitation and ionization in the field-free case.
Based on these considerations, the QRS model could be im-
proved, and thus equation (83) should be modified as

𝒴̄2+(I0) =
∫

dEr[W̄L(Er)+W̄R(Er)]

× [σexc(Er +2
√

|Fr|)
+σe2e(Er +2

√
2|Fr|)]. (85)

Furthermore, since the barrier height of the combined atomic
and electric field varies with the time when the laser-induced
electron returns to the origin, an “average” returning time
is chosen to make the calculations tractable. The method
used to determine the average returning time was described in
Ref. [37]. For example, by choosing an average returning time
of ωtr = 290∘, one obtains the maximum shifts for the thresh-
old energies of 21 eV and 15 eV, for ionization and excitation,
respectively, at a laser peak intensity of 15×1014 W/cm2.

As demonstrated in Fig. 3, by using Eq. (85) with the
lowering of threshold taken into account, the improved QRS
model successfully reproduced the the total yield of the doubly
charged ion measured in experiment at low intensities. How-
ever, as also seen from Fig. 3, the threshold shift does not im-
prove the model results at high intensities. In contrast, the
agreement between the simulations and measurements at in-
tensities above 9.0× 1014 W/cm2 becomes even worse. This
deviation has been traced back to the returning electron wave
packet in the region of low energy.[35]

As indicated in Subsection 2.2, a screening parameter α

was introduced in Eq. (22) to avoid the singularity in the prob-
ability amplitude of SFA2. In Fig. 3, the parameter α = 1.0
was used. It has already been recognized[20] that the HATI
photoelectron energy spectra generated by SFA2 are sensitive
to the screening factor at low energies (below 2Up), but remain
almost the same at high energies (above 4Up). This is also true
for the returning electron wave packets obtained from SFA2.
Figure 4(a) shows how the RWP changes with the returning
energy for α = 1.0 at three peak laser intensities. One can see
that each RWP starts with a fast drop at low energies before
becoming flat in the plateau region, somewhat mimicking the
HATI spectra. The disagreement between theory and experi-
ment in the high-intensity region, shown in Fig. 3, originates
from the large magnitude of the low-energy distribution in the
RWP. When the excitation threshold is shifted down by the
laser field, the low-energy part of the RWP contributes more
to double ionization. That is why the simulated results deviate
more from experiment when the lowering of threshold energy
is included. The dependence of the RWP on the screening pa-
rameter is displayed in Fig. 4(b). As it is expected, the screen-
ing factor does not affect the RWP in the plateau region. On
the contrary, in the low energy region, the RWP decreases sub-
stantially with the increase of the screening factor until α = 3
when it is stabilized.
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Fig. 4. Returning electron wave packets for He in linearly polarized laser
pulses at 780 nm. (a) The screening factor is chosen as α = 1.0, and the
peak intensities are 5×1014 W/cm2, 10×1014 W/cm2, and 15×1014 W/cm2,
respectively. (b) The peak intensity is 15× 1014 W/cm2 and the screening
factors are α = 1.0, 2.0, 3.0, and 4.0, respectively. The calculations include
integration over the laser focus volume. In panel (a), the vertical solid line
marks the excitation threshold of He+ in the field-free case, while the vertical
dotted line marks the corresponding threshold for excitation in the field at a
peak intensity of 15×1014 W/cm2. Adapted from Ref. [35].

It is found that as α is increased, the model calculations
converge to the experimental data, as demonstrated in Fig. 5.
The inset of this figure depicts the ratio of ionization with re-
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spect to excitation for the production of He2+ ions as a func-
tion of the peak laser intensity.
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Fig. 5. Comparison of the simulated results, with the shift of the continuum
threshold energy taken into account, for the yields of doubly charged ions with
the experimental data for He in linearly polarized laser pulses at 780 nm. The
solid circles represent the measurements of Walker et al,[5] while the lines are
simulated results for α = 1.0, 2.0, 3.0, and 4.0, respectively. The theoretical
predictions are relative and were normalized to the experimental data at the
peak intensity of 4.5×1014 W/cm2 with a fixed factor for each screening fac-
tor. The inset shows the ratio of the contributions to double ionization from
ionization and excitation. Adapted from Ref. [35].

It should be noted that, for He, singlet cross sections for
both electron impact excitation and electron impact ionization
of the parent ion should be used in the numerical simulations
for NSDI, since the two electrons involved in the process start
in the singlet ground state, and their singlet coupling is pre-
served during recollision. This effect is virtually absent in
other noble gases with many valence electrons and hence spin-
averaged cross sections should be used.

With the improved QRS model, Chen et al.[36] have also
simulated the total yields of doubly charged ions for NSDI of
He and Ne in intense laser pulses at wavelengths of 390 nm
and 400 nm, respectively, and the obtained results are in very
good agreement with the experimental data over a broad range
of laser intensities.

3.3. Double-to-single ionization ratio

While double ionization yields versus laser intensity pro-
vide the first evidence that strong-field NSDI occurs in favor
of the classical recollision model, the measured experimen-
tal data are relative. In contrast, the absolute values of the
double-to-single ionization ratio can be determined in experi-
ments and hence offer a more stringent test of the theoretical
models. Theoretically, to simulate the double-to-single ion-
ization ratio, one needs to obtain the absolute values for both
double and single ionization yields.

In the previous section, the RWPs used in the simulations
of the double ionization yield are evaluated by using SFA2.
Nevertheless, it has been demonstrated[28] that the RWP of

SFA2 only has the correct momentum or energy dependence
but not the absolute value with respect to the RWP calculated
by solving the TDSE. This might indicate that, in order to ob-
tain the absolute total yield of doubly charged ion, one should
use the RWP from TDSE. Unfortunately, the TDSE calcula-
tions are very time-consuming and very computationally de-
manding for long pulses at high intensities. Therefore, it is
almost impossible to solve the TDSE for the simulations of
real experiments, as for the situations considered here. How-
ever, since the only difference between the RWPs from SFA2
and TDSE, for a given laser pulse at a peak intensity I with a
wavelength λ and a pulse duration Γ , is a normalization factor,
it is still possible for one to obtain the correct absolute RWPs
by renormalizing the RWP from SFA2 according to[38]

Wabs(I,λ ,Γ ) =C(I,λ ,Γ )×WSFA2(I,λ ,Γ ), (86)

where the normalization factor is given by

C(I,λ ,Γ ) =
WTDSE(I,λ ,Γ )

WSFA2(I,λ ,Γ )
. (87)

Nevertheless, the above equations are essentially useless since
they only mean that Wabs(I,λ ,Γ ) =WTDSE(I,λ ,Γ ). However,
since the RWPs from SFA2 and TDSE should have the same
pulse duration dependence, the normalization factor should
not depend on the pulse duration significantly. Consequently,
equation (87) can be approximately rewritten as

C(I,λ ,Γ )≃C(I,λ ,Γ ′) =
WTDSE(I,λ ,Γ ′)

WSFA2(I,λ ,Γ ′)
. (88)

The great advantage of the above equation is that it allows one
to choose a few-cycle short pulse in the actual calculations for
the normalization factor.

To obtain the double-to-single ionization ratio, one also
needs to evaluate the total single ionization yield. Several the-
oretical models, such as ADK, PPT, SFA, and TDSE, can be
used to calculate the single ionization yield. All of these theo-
retical models, except TDSE, are not able to reproduce the cor-
rect absolute ionization yields despite that the general trend of
the ionization yield as a function of laser intensity can be well
predicted by PPT and SFA. Again, this indicates that one also
needs to calibrate the PPT or SFA results. For single ioniza-
tion, a similar procedure could be applied by using the ioniza-
tion probability from solving the TDSE for a short pulse at low
intensity to renormalize the ionization probability from PPT or
SFA. Details of the TDSE calculations and the normalization
procedure can be found in Refs. [38] and [55], respectively.

As an example, in Fig. 6 we show the comparison of the
returning electron wave packets from TDSE and SFA2 for Ne
in a linearly polarized 800 nm laser field as well as the ratio of
the single ionization yield from TDSE over that of PPT. From
Figs. 6(a)–6(c), one can see that, with appropriate rescaling
factors, the RWPs of SFA are in very good agreement with
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those of TDSE in the plateau region. In addition, it is demon-
strated that the normalization factors for different pulse dura-
tions and different laser intensities are quite close, which con-
firms the assumption made in Eq. (88). It should be noted that
in the low energy regime, the RWPs of TDSE are much higher
than those of SFA2. This is due to the fact that the contri-
butions from direct ionization and laser-induced rescattering

cannot be separated in the TDSE photoelectron spectra be-
low 2Up. Similarly, one can see from Fig. 6(d) that, the ratios
of Y+

TDSE/Y+
PPT at different intensities are almost constant and

very close to 1. This indicates that the PPT theory is a good
candidate to evaluate the total single ionization yield, and the
ratio of Y+

TDSE/Y+
PPT does not depend on the pulse duration and

the laser intensity either.
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according to the corresponding TDSE results. Adapted from Ref. [38].
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Fig. 7. Ratio between double and single ionization as a function of intensity
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pared with the experimental data of Sheehy et al,[82] the TDSE calculations
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on the rescattering model. All experimental data points were shifted to higher
intensity by 50%, as suggested by Parker et al.[12] In (b), the present results
are compared with the experimental data of Ekanayake et al.[83] Adapted from
Ref. [36].

With the carefully prepared absolute double and single

ionization yields, it is straightforward to obtain the double-to-
single ionization ratio.

Using the improved QRS model, Chen et al.[35,36,38] have
recently calculated the double-to-single ionization ratios for
He and Ne in intense fields with various different laser param-
eters, and the numerical results were found to be in good ac-
cordance with the experimentally measured data.[5,82–85] Fig-
ure 7 shows the double-to-single ionization ratios simulated
by the QRS model for He in a 120 fs pulse with a wavelength
of 390 nm and for Ne in a 40 fs pulse with a wavelength of
400 nm, respectively. In both cases, the results of the QRS
model are in remarkably good agreement with the experimen-
tal measurements[82,83] over the whole range of laser intensity.
It should be noted that, in Fig. 7(a) the measured intensities are
multiplied by 1.5, as suggested by Parker et al.[12] who per-
formed the corresponding TDSE calculations, and in Fig. 7(b)
the experimental data of the double-to-single ionization ratio
for Ne were deduced from the total ionization yields of Ne2+

and Ne+ measured by Ekanayake et al.[83] One can see from
Fig. 7(a) that the QRS model also reproduces the TDSE re-
sults of Parker et al.[12] very well, except for the intensities
below 5.0× 1014 W/cm2. However, the calculations of van
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der Hart and Burnett,[40] which are also based on the rescat-
tering model, predict a lower intensity dependence especially
at low intensities.

Very recently, the QRS model has also been employed
to investigate the pulse-duration dependence of the double-to-
single ionization ratio of Ne by intense 780-nm and 800-nm
laser fields.[38]

3.4. Correlated electron momentum distribution

While the early measurements of the total ionization
yields for doubly charged ions greatly stimulated the inves-
tigation of NSDI, the experimental data could only give little
insight into the ionization mechanism compared to the corre-
lated two-electron momentum distributions (CMD). Since the
first measurement performed by Weber et al.[77] at the turn of
this century, the CMD have been shown to provide the most
detailed information of NSDI, and hence yield direct and intu-
itive insight into the dynamics of laser–atom interaction.

In 2010, just two years after it was first development for
HATI and HHG,[86] the QRS model was quickly extended
to the simulations of CMD for NSDI of He, Ne, and Ar
atoms.[31,32,87] Different from the calculations of total ioniza-
tion yields for doubly charged ions in which only the TCSs
for electron impact excitation and electron impact ionization
of the parent ion are needed, in the simulations of CMD for
NSDI, it is necessary to evaluate the DCSs for the correspond-
ing inelastic collision processes. Consequently, the numerical
procedures become much more complicated. Very recently,
the QRS model was further improved and the NSDI processes
of He were revisited.[37,39]

Within the framework of the present QRS model, the
CMD for recollisional (e,2e) process and recollisional exci-
tation with subsequent tunneling of the second electron are
simulated separately.

3.4.1. Recollisional (e,2e) process

According to the QRS model, the CMD for laser-induced
(e,2e) collision in NSDI can be factorized as a product of the
RWP and the field-free differential cross section for ionization
of the parent ion by the impact of the laser-induced return-
ing electron. In experiment, the CMD for NSDI are measured
only for the momentum components along the laser polariza-
tion axis for the two outgoing electrons. Thus, to compare
with experiment, the calculated TDCS for the laser-free (e,2e)
process needs to be projected on the polarization axis. For
a given incident energy, the two-electron momentum spectra
along the incident direction for the laser-free (e,2e) process
can be obtained by integrating the TDCS over φ2 and E2

Y e2e
Ei

(k||1 ,k
||
2) =

4π

k1k2

∫ Emax
2

0
dE2

∫
π

0
dφ2

d3σe2e

dΩ1dΩ2dE2

∣∣∣
φ1=0

, (89)

where Emax
2 = Ei − Ip, and Ip is the ionization potential of the

parent ion. In Eq. (89), we set φ1 = 0 owing to the cylindrical

symmetry of the TDCS, and the integration over φ2 is per-
formed only from 0 to π since the TDCS is symmetric about
the plane formed by 𝑘1 and 𝑘i.

For laser-induced recollisional (e,2e) process, the two
electrons are still under the influence of the laser field after
the collision, and thus at the end of the laser pulse each elec-
tron will gain an additional momentum −Ar, where Ar is the
vector potential at the time when the recollision takes place.
Therefore, by using the relation in Eq. (77) for each of the two
outgoing electrons, the CMD for recollisional (e,2e) process
in a strong field at an intensity I can be expressed by

De2e
Ei,I(p||1 , p||2) = Y e2e

Ei
(k||1 −Ar,k

||
2 −Ar), (90)

where p||1 and p||2 are the parallel momenta of the two corre-
lated electrons along the laser polarization, respectively.

Based on the classical simulation[28] for HATI in which
laser-induced elastic scattering takes place, the vector poten-
tial Ar at the collision time is approximately determined by
the relation in Eq. (78). Nevertheless, for laser-induced in-
elastic collision of the returning electron with the parent ion,
as discussed in Subsection 3.2, the threshold energy could be
lowered due to the presence of electric field. Since it is ex-
tremely formidable to perform the actual numerical calcula-
tions including the lowering of the threshold energy, an alter-
native strategy was suggested by van der Hart and Burnett[40]

in which it was assumed that the energy of the incoming elec-
tron with respect to the maximum of the barrier in the atomic
and electric potential corresponds to the incoming electron en-
ergy in the field-free case. Based on this assumption, equa-
tion (78) should be modified and rewritten as

|Ar|=
√

2(Ei −∆E)/1.26, (91)

where ∆E = |Vb| and Vb is given by Eq. (84).
To obtain the CMD for a given intensity, one has to con-

sider the contributions from all collisions at different incident
energies weighted by the RWP. This gives

De2e
I (p||1 , p||2) =

∫
∞

Ip
dEiDe2e

Ei,I(p||1 , p||2)WI(Ei −∆E), (92)

where WI(Ei −∆E) is the RWP in the laser field at a single in-
tensity I, which can be calculated by using SFA2. We empha-
size that the lowering of threshold has been taken into account
in Eq. (92).

Finally, to compare with experimental measurements, the
integration over the focus volume should be performed

D̄e2e
I0 (p||1 , p||2) =

∫ I0

0
De2e

I (p||1 , p||2)
(

∂V
∂ I

)
dI, (93)

where I0 is the peak intensity of the laser field.
We comment that the above numerical procedures for rec-

ollisional (e,2e) in NSDI are directly applicable to all rare gas
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atoms except that for He the spin conservation should be con-
sidered such that in Eq. (89) the singlet TDCS should be used.
Clearly, the simulated CMD highly depends on the theoretical
models employed to calculate the TDCS for laser-free elec-
tron impact ionization of the parent ion. For example, very
recently, Chen et al.[37] have presented numerical simulations
on the CMD for recollisional (e,2e) process in NSDI of helium
by a 800 nm laser field at an intensity around 4.5×1014 W/cm2

based on the improved QRS model. In the TDCS calculations
for (e,2e) on He+, several theoretical models, which are re-

ferred to as 2C, 3C, 4C, DS3C, and DS4C, respectively (see
Subsection 2.6 and Ref. [37] for details), have been used. The
simulated results were compared with experimental measure-
ments of Staudte et al,[14] as shown in Fig. 8. It has been found
that while the postcollision Coulomb interaction is responsible
for the observed fingerlike structure, the precollision Coulomb
interaction changes the orientation of the two fingers from V-
type to parallel, and the dynamic screening of the three-body
Coulomb interactions in the final state reduces the separation
of the two fingers.
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Fig. 8. Normalized correlated two-electron momentum distributions for laser-induced recollisional (e,2e) process on He+ in 45 fs and 800 nm
laser pulses at the peak intensity 4.0× 1014 W/cm2. The momentum components along the polarization direction are shown. The potential
change due to the presence of electric field at the recollision time is taken into account, and the focal volume integral is performed. The
calculated results are obtained by using the theoretical models (a) 2C, (b) 3C, (c) 4C, (d) DS3C, and (e) DS4C, respectively. The experimental
measurements shown in (f) were performed by Staudte et al.[14] Adapted from Ref. [37].

3.4.2. Recollisional excitation-tunneling process

Apart from recollisional (e,2e), another main mechanism
in NSDI is recollisional excitation-tunneling. At a single peak
intensity, the CMD for recollisional excitation-tunneling of
atoms in a linearly polarized laser pulse can be expressed as
a product of the parallel momentum distribution for the scat-
tered electron after recollisional excitation and the parallel mo-
mentum distribution for tunneling-ionized electron from the
excited state.

The parallel momentum distribution for the scattered
electron after excitation at a given incident energy Ei can be
obtained by projecting the DCS dσexc/dΩ for laser-free elec-
tron impact excitation of parent ion onto the polarization di-
rection

Y exc
Ei

(k||1) =
2π

k1

dσexc

dΩ
, (94)

where k1 is the momentum of the scattered electron and k||1 =

k1 cosθ with θ being the scattering angle. Again, according
to the QRS model, the corresponding parallel momentum dis-

tribution for the recollisional excitation process taking place
in a strong laser field at an intensity I can be obtained from
Eq. (94) by shifting the momentum of the projectile electron
by −Ar

Dexc
Ei,I(p||1) = Y exc

Ei
(k||1 −Ar), (95)

where Ar is the vector potential at the instant of recollision,
which is related to the returning (incident) electron energy by
Eq. (91).

For tunneling ionization of electron from excited state of
the parent ion, several theoretical models, such as ADK, PPT,
SFA, and TDSE, can be used to evaluate the parallel momen-
tum distribution. Among all of these theoretical methods, the
ADK model is the simplest one. Using the ADK model, the
ionization rate, with the depletion effect taken into account,
can be expressed as

Y tun
I (t) =W [|F(t)|] e−

∫ t
t0

W [|F(t ′)|]dt ′
, (96)

where W [|F(t)|] is the modified ADK rate given by Eq. (2) in
Ref. [46]. Assuming that the initial velocity of the tunneling
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electron is zero, the momentum spectrum for single ionization
of the parent ion is given by

Dtun
I (p||2) = Dtun

I [−A(t)] =
1

|E(t)|
Y tun

I (t). (97)

With the parallel momentum distributions Dexcit
Ei,I (p||1) for

excitation and Dtun
I (p||2) for tunneling ionization, the CMD for

laser-induced electron impact excitation at incident energy Ei

with subsequent tunneling ionization in the laser field at a peak
intensity I reads

Dexc-tun
Ei,I (p||1 , p||2) = Dexc

Ei,I(p||1)×Dtun
I (p||2). (98)

For a given intensity, in principle, excitation takes place as
long as the kinetic energy of the returning electron is larger
than the lowered threshold energy. Therefore, similar to rec-
ollisional (e,2e), an integral over Ei should be performed to
account for the contributions from collisions at all incident en-
ergies

Dexc-tun
I (p||1 , p||2) =

∫
∞

Iexc
dEiDexc-tun

Ei,I (p||1 , p||2)WI(Ei −∆E), (99)

where Iexc is the threshold energy for excitation.
Finally, to compare with experiment, an integration over

the focus volume should be performed according to

D̄exc-tun
I0 (p||1 , p||2) =

∫ I0

0
Dexc-tun

I (p||1 , p||2)
(

∂V
∂ I

)
dI, (100)

where I0 is the peak intensity of the laser field.

As indicated in Eqs. (98) and (99), the CMD for recolli-
sional excitation-tunneling consists of the parallel momentum
distribution for the returning electron after collision, the par-
allel momentum distribution for the electron ionized from the
excited state of the parent ion, and the momentum (energy)
distribution of the returning electron before collision. Each of
the three ingredients plays an important role in the simulations
of the CMD.

In a previous work, the CMD for recollisional excitation-
tunneling in NSDI of He was simulated by Chen et al.[32] who
used the DWBA model to calculate the DCSs for electron im-
pact excitation of He+ while the parallel momentum distribu-
tion for tunneling-ionization was evaluated by using the mod-
ified ADK model. However, it is well known that, the total
cross sections predicted by the DWBA often exceed the exper-
imental values significantly at low energies, even though the
angular distribution of the DCS from DWBA calculations is
typically in fairly good agreement with experiment. On the
other hand, a damping factor was introduced empirically in
the modified ADK model. Unfortunately, the damping factor
is not available for ionization from the excited states although
it has been well estimated for ionization from the ground state
of a few atoms and ions.[46]

Very recently, the recollisional excitation-tunneling pro-
cess in NSDI of helium in 800 nm laser pulse was revisited
and the CMD measured by Staudte et al.[14] was re-simulated
by Chen et al.[39] using the improved QRS model. In those
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Fig. 9. Comparison of the simulated correlated parallel momentum spectra with the experimental measurements.[14] The first row shows the
simulated results for NSDI of He in the laser field at the peak intensity of 3.5× 1014 W/cm2: (a) excitation-tunneling from all excited states
of n = 2 and 3, (b) (e,2e), (c) sum of excitation-tunneling and (e,2e). The second row displays the experimental data: (d) full experimental
measurements, (e) spectra excluding (e,2e) and excitation-tunneling, (f) spectra deduced from (d) with (e) deducted. The calculations include
the integration over the focal volume of the laser. Adapted from Ref. [39].
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CMD simulations, the DCSs for electron impact excitation of
He+ were calculated using the state-of-the-art many-electron
R-matrix theory, and the tunneling ionization rates for elec-
trons in the excited states were evaluated by solving the TDSE.
The calculated CMD is displayed in Fig. 9(a), which demon-
strates that the fourfold symmetry with regard to the parallel
momentum components is broken. This is in contradiction to
the prevalent view that the correlation pattern for excitation-
tunneling in NSDI is symmetric with respect to the coordi-
nate axes. Nevertheless, in order to compare with the entire
CMD measured in the experiment, the momentum distribution
for the recollisional (e,2e) process has to be included. Fig-
ure 9(b) shows the CMD for the recollisional (e,2e) process in
NSDI of He.[37] By summing the CMD in Figs. 9(a) and 9(b),
the predicted CMD for NSDI of He including both recolli-
sional (e,2e) and excitation-tunneling is obtained, as depicted
in Fig. 9(c). Figure 9(d) shows the original experimental data
of the CMD for NSDI of He.[14] However, by comparing the
simulated CMD in Fig. 9(c) with the experimental data shown
in Fig. 9(d), one observes that the populations along the axes in
the experimental CMD are not reproduced by the QRS model.
This is due to the fact that the kinematically allowed regime for
the correlated electron momentum components parallel to the
laser polarization axis in excitation-tunneling does not reach
this region for the case considered here, even with the poten-
tial change taken into account. It has been argued[32] that an
additional mechanism might be responsible for the distribu-
tion along the axes in the CMD which can be separated from
the entire CMD measured in the experiment, as displayed in
Fig. 9(e). By deducting the CMD in Fig. 9(e) from that in
Fig. 9(d), one obtains the “refined” experimental CMD owing
to the mechanisms of recollisional ionization and excitation-
tunneling only, as shown in Fig. 9(f). Therefore, the simulated
CMD in Fig. 9(c) should be compared directly with the corre-
sponding CMD of experiment in Fig. 9(f), and the comparison
demonstrates that the theoretical predictions are in fairly good
agreement with the experiment.

4. Conclusion and perspectives

We have reviewed the quantitative rescattering (QRS)
model for nonsequential double ionization (NSDI) of atoms in
strong laser field. With the recent improvement, i.e., by taking
into account the lowering of threshold energy due to the pres-
ence of electric field, the QRS model has been employed to
simulate the total yield of the doubly charged ion as a function
of laser intensity, and the correlated two-electron momentum
distributions (CMD) for recollisional (e,2e) and excitation-
tunneling as well. Since the obtained results highly depend
on the scattering cross sections involved in the simulations,

the QRS model provides a stringent test of the quantum colli-
sion theories for the traditional laser-free scattering processes.
It has been found that with the carefully prepared accurate
total and differential cross sections for both electron impact
ionization and electron impact excitation, the total yields of
doubly charged ion and the CMD for recollisional (e,2e) and
excitation-tunneling measured in experiments can be well pre-
dicted by the QRS model. However, to simulate the double-to-
single ionization ratio, both the returning electron wave packet
calculated by using the SFA2 and the total yield for single ion-
ization evaluated by using the simple models, such as ADK,
PPT and SFA, need to be calibrated according to the corre-
sponding results by solving the TDSE for short laser pulses.
This calibration reflects the consistency of the QRS model for
different types of recollision processes.

Despite the great success of the QRS model in making
quantitative predictions on recollision phenomena including
NSDI, there is still a lot of space left for improvement. For ex-
ample, within the framework of the QRS model, it is still hard
to predict the momentum distributions for capture-tunneling,
although the mechanism can be interpreted qualitatively.[32]

Furthermore, the deficiency of the QRS model remains that the
quantum interference effects in NSDI at low intensities[88–91]

are absent in the model results. This is mainly due to the fact
that the transition amplitudes are not available when the ADK
model is used to evaluate the parallel momentum distributions
of the tunneling electron. In a very recent work,[39] the paral-
lel momentum distributions of the tunneling electron are ob-
tained by projecting the two-dimensional momentum spectra,
evaluated by solving the TDSE, onto the polarization direc-
tion. Since the TDSE not only provides the probabilities but
also the necessary amplitudes, a way to study the interference
effect in NSDI based on the QRS model has been paved.

So far, the QRS model has only been used for treating
NSDI in linearly polarized laser field. In the recent years,
many efforts have shifted to NSDI in elliptically polarized
laser field,[92] two-color laser field,[93] and especially counter-
rotating circularly polarized two-color field[94–96] for which
the semiclassical model has been widely employed. With the
established validity of the QRS model for HATI in two-color
strong laser fields,[97,98] it is reasonable to expect that the QRS
model could also be applied to NSDI in two-color fields. This
is, of course, a part of our work in the near future.
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