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A nonlinear Schrödinger equation for gravity waves slowly
modulated by linear shear flow∗
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Ocean College, Zhejiang University, Zhoushan 316000, China

(Received 9 September 2019; revised manuscript received 18 October 2019; published online 29 November 2019)

Assume that a fluid is inviscid, incompressible, and irrotational. A nonlinear Schrödinger equation (NLSE) describing
the evolution of gravity waves in finite water depth is derived using the multiple-scale analysis method. The gravity waves
are influenced by a linear shear flow, which is composed of a uniform flow and a shear flow with constant vorticity. The
modulational instability (MI) of the NLSE is analyzed, and the region of the MI for gravity waves (the necessary condition
for existence of freak waves) is identified. In this work, the uniform background flows along or against wave propagation are
referred to as down-flow and up-flow, respectively. Uniform up-flow enhances the MI, whereas uniform down-flow reduces
it. Positive vorticity enhances the MI, while negative vorticity reduces it. Hence, the influence of positive (negative)
vorticity on MI can be balanced out by that of uniform down (up) flow. Furthermore, the Peregrine breather solution of
the NLSE is applied to freak waves. Uniform up-flow increases the steepness of the free surface elevation, while uniform
down-flow decreases it. Positive vorticity increases the steepness of the free surface elevation, whereas negative vorticity
decreases it.

Keywords: nonlinear Schrödinger equation, gravity waves, linear shear flow, modulational instability

PACS: 92.10.Hm, 47.35.Bb, 47.35.De DOI: 10.1088/1674-1056/ab53cf

1. Introduction
Wave phenomena including freak waves, internal waves,

tsunamis, tides, and storm surges are abundant in oceans. Gen-
eration and evolution of these waves with different scales are
usually related to combination of gravity, rotation of the earth,
buoyancy, and gravitation of the moon and the sun. In this
study, we focus on the surface gravity waves, of which the
restoring force is gravity. Here the uniform flows along or
against wave propagation are referred to as down-flow and up-
flow, respectively. Using the multiple-scale analysis method,
Davey and Stewartson[1] for the first time derived the nonlin-
ear Schrödinger equation (NLSE) which describes the evolu-
tion of three-dimensional wave trains in a finite water depth.
They also analyzed the instability of surface gravity waves
due to small disturbances. Turpin et al.[2] further found that
the amplitude of surface gravity waves meets the cubic NLSE.
They evaluated the hypothesis of Djordjevic and Redelopp,[3]

and showed that the evolution of surface gravity waves is di-
rectly connected to the instability parameter, which depends
on depth and current variation. The evolution of surface grav-
ity waves with current has been explored in many previous
studies, such as Peregrine,[4] Longuet-Higgins and Stewart,[5]

and Kantardgi.[6] Moreover, Maciver et al.[7] evaluated the
kinematics and dynamics of the interaction of waves and cur-
rents through laboratory experiments. They found that down-
flow increases wavelength and reduces wave height, whereas
up-flow has the opposite influence. Based on a numerical

method, Choi[8] also found that the maximal wave ampli-
tude with down-flow is much smaller than that with no flow,
whereas up-flow produces the opposite result. Ma et al.[9]

indicated that up-flow can block the wave energy and de-
stroy the conservation of wave action in a flume, which boosts
the asymmetric modulation. Ma et al.[1] further showed that
up-flow can speed up the growth of modulational instability
(MI), qualitatively verifying their previous theory.[9] In addi-
tion, Sedletsky[11] studied the MI of wave trains and displayed
the limit kh = 1.363. Toffoli et al.[12] assessed the effect of
up-flow on changing the statistical properties of wave fields
through experiments. Especially, Thomas et al.[13] analyzed
the effects of the vorticity on the instability properties of non-
linear wave trains. They pointed out that the vorticity effec-
tively modifies the MI of gravity waves. As a special kind
of surface waves, freak waves can also be described by the
NSLE. Smith[14] showed that freak waves can be created by
strong up-flow. Henderson et al.[15] further proposed some
breather solutions of the NLSE for freak waves. Dysthe and
Trulsen[16] strengthened the solution proposed by Henderson
et al.[15] by comparing it with the simulation data. Among
the breather solutions,[15,16] the Ma breather solution[17] and
Peregrine breather (PB) solution[18] are very useful for freak
waves. Tao et al.[19] constructed rogue wave solutions using
the Darboux transformation of the NLSE, and revealed that
the desired shape of freak waves can be generated by suitably
adjusting the physical parameters. Kharif and Pelinovsky[20]
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showed the main physical mechanisms of freak waves by com-
bining numerical simulations performed in the framework of
the Korteweg–de Vries (KdV) equation and the NLSE, to-
gether with the analysis of data from marine observations and
laboratory experiments. Recently, Liao et al.[21] studied the
MI of the NLSE and freak waves with linear shear flow, and
found that the effect of vorticity can balance the influence of
uniform flow on instability and freak waves.

In coastal zones, the propagation of gravity waves is prin-
cipally affected by the flow and bathymetry variation. Touboul
et al.[22] demonstrated the influence of horizontal vorticity as-
sociated with the background current profile on the propaga-
tion of waves in coastal areas. In a realistic ocean, neglecting
the vertical structure of currents may lead to significant errors
in wave amplitude, and an account of the vertical shear may be
better coupled to modern circulation models.[23] However, the
realistic case is somewhat complicated. To better understand
the mechanism by which the background current and vorticity
has an influence on gravity waves, it is necessary to theoreti-
cally explore a simplified case.

This study is an extension of Thomas et al.[13] Based
on the multiple-scale analysis method, the NLSE for gravity
waves with linear shear flow is derived in Section 2. The MI
of gravity waves is analyzed in Section 3. Based on the PB
solution, the effect of linear shear flow on freak waves is ex-
plored in Section 4. Finally, the conclusions of this study are
presented in Section 5.

2. Mathematical methods
Assume that a fluid is inviscid, incompressible, and irro-

tational, and consider a case in which two-dimensional gravity
waves propagate in a finite water depth, with the existence of
a linear shear flow. A fully Eulerian frame (oxyz) with unit
vectors (𝑖, 𝑗, 𝑘) is used, as shown in Fig. 1. In the figure,
the x axis points to the direction of propagation of the wave
trains, the y axis points upward, and the z axis points straight
out of the page. Therefore, the gravitational acceleration is
𝑔=−g𝑗 with g> 0. Here the uniform background flows along
or against the direction of wave propagation are referred to as
down-flow and up-flow, respectively.

Thereafter, the total fluid velocity can be written as

𝑉 = (U +Ωy)𝑖+∇φ(x,y, t), (1)

where a constant U represents the uniform flow in the water
column, a constant Ω is the vorticity and denotes the magni-
tude of the linear shear, ∇φ(x,y, t) is the wave induced veloc-
ity, ∇ = (∂/∂x,∂/∂y) is the two-dimensional gradient opera-
tor, φ is the velocity potential function, and t is time. Without
loss of generality, it is assumed that the waves propagate along
the positive x axis. The governing equations[21,24,25] for the
waves are displayed as follows:

∆φ = 0, −h < y < ζ (x, t);

φy = 0, y =−h;

ζt +(φx +U +Ωζ )ζx−φy = 0, y = ζ ;

φtx +φtyζx +(φx +U +Ωζ )(φxx +φxyζx)

+φy(φxy +φyyζx)+Ωφy +gζx = 0, y = ζ , (2)

where h is a constant and denotes the flat bottom (y =−h) and
ζ (x, t) is the free surface elevation. The subscript stands for
derivatives of the corresponding variable.

(a) (b)
y

c c

y/↩h y/↩h

U⇁ΩyU⇁Ωy

xo xo

ζ↼x↪t↽ ζ↼x↪t↽

Fig. 1. Schematic of the Eulerian framework for two-dimensional prop-
agating gravity waves with a linear shear flow. Here ζ (x, t) is the free
surface elevation and c is the wave velocity. (a) Waves propagating up-
stream with uniform up-flow (U < 0) and negative vorticity (Ω < 0).
(b) Waves propagating downstream with uniform down-flow (U > 0)
and positive vorticity (Ω > 0).

2.1. The multiple scale stretching transforms

The higher harmonic term is produced by the nonlinear
term, which impacts on the original harmonic and makes the
amplitude of waves change slowly with space and time. Fol-
lowing Davey and Stewartson,[1] the multiple scale method is
adopted to derive the evolution equation

η = ε(x− cgt), τ = ε
2t, (3)

where ε = kA is a small parameter characterizing the steep-
ness of the wave trains, η and τ are the slower variables in
space and time, k, A, and cg are the wave number, amplitude,
and group velocity of the carrier wave in the presence of linear
shear flow, respectively. Therefore, the governing equations
become

ε
2
φηη +φyy = 0, −h < y < ζ (η ,τ); φy = 0, y =−h;

ε
2
ζτ − εcgζη + ε ζη(ε φη +U +Ωζ )−φy = 0, y = ζ ;

ε
3
φητ − ε

2cgφηη + ε
3
φyτ ζη − ε

2cgφηyζη

+ε φy(φηy +φyyζη)+(ε3
φη + ε

2U + ε
2
Ωζ )

×(φηη +φηyζη)+Ωφy + εgζη = 0, y = ζ . (4)

Note that equation (4) matches the result of Thomas et al.[13]

when U = 0.

2.2. Derivation of the NLSE with linear shear flow

The velocity potential φ is expanded in a Taylor series
of ζ about the horizontal line (y = 0) and substituted into the
upper boundary conditions of Eq. (4). Then an asymptotic so-
lution to equation (4) is assumed in the form:

φ =
+∞

∑
n=−∞

φn exp [in(kx−ωt)] ,
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ζ =
+∞

∑
n=−∞

ζn exp [in(kx−ωt)] . (5)

Here ω is the angular frequency and n is the order of harmon-
ics. We set φ−n = φ ∗n and ζ−n = ζ ∗n , where the asterisk denotes
the complex conjugate. The φn and ζn are expanded in a per-
turbation series of ε:

φn =
+∞

∑
m=n

ε
m

φnm(η ,y,τ), ζn =
+∞

∑
m=n

ε
m

ζnm(η ,τ), (6)

where m is the order and φ00 = ζ00 = 0 is assumed. Substi-
tuting Eqs. (5) and (6) into Eq. (4), and separating the differ-
ent orders and harmonics, a set of ordinary linear differential

equations for φnm and ζnm is obtained. The detailed expres-
sions are given in Appendix. After somewhat tedious deriva-
tion, the NLSE of linear shear flow for envelope A is obtained
as follows:

i
∂A
∂τ

+α
∂ 2A
∂η2 = β |A|2 A, (7)

α =
ω

k2σ (2+X−2ū)

{
µ
(
1−σ

2) [(1−µσ)(1− ū)2

+
(
1− c̄g

)
X ]−σ

(
c̄g− ū

)2}
, (8)

β =
k3ω (MG+H)

2gσ3 (2+X−2ū)
, (9)

M =
(
σ c̄g−σ ū+µX

)
[(1+X− ū)2−σ

2 (1− ū)2]+σ (1− ū)(1+X− ū)(2+X−2ū) , (10)

G = 2σ
2 (1+X− ū)(2+X−2ū)+

(
1−σ2

)(
c̄g− ū

)
(1− ū)

(1− ū) [(c̄g− ū)(σ c̄g−σ ū+µX)−µ(1+X− ū)(1− ū)]
, (11)

H = (−2σ
6 +13σ

4−12σ
2 +9)(1− ū)2 +

(
15σ

4−18σ
2 +27

)
(1− ū)X +

(
4σ

4−3σ
2 +33

)
X2

+
(
5σ

2 +21
)
(1− ū)−1 X3 +

(
2σ

2 +7
)
(1− ū)−2 X4 +(1− ū)−3 X5, (12)

where c̄g = cg/c is the dimensionless group velocity, and α

and β are the dissipation and nonlinear coefficients, which de-
pend on (ū, X , µ). If ū = 0, then equations (7)–(12) are the
same as those derived by Thomas et al.[13] Equation (11) dis-
plays the coupling between the mean flow and the linear shear
flow. We also obtain the equation of free surface for the enve-
lope B

ζ =
1
2
(εBei(kx−ωt)+ εB∗e−i(kx−ωt))+O(ε2), (13)

i
∂B
∂τ

+α
∂ 2B
∂η2 = γ |B|2 B, γ =

ω2 (1− ū)2

4k2σ2 β . (14)

We also need to study the case of an infinite depth. When
µ → ∞, the NLSE with linear shear flow and infinite water
depth becomes

i
∂B
∂τ
− ω

k2

(
1+ Ω̄ − ū

)2
(1− ū)2(

2+Ω −2ū
)3

∂ 2B
∂η2

=
k2ω

8
(
1+ Ω̄ − ū

)
(1− ū)

[4(1− ū)3 +10(1− ū)2
Ω̄

+8(1− ū)Ω̄
2 +3Ω̄

3] |B|2 B. (15)

In the system, the wave trains can travel both downstream and
upstream if |U | < c. When |U | < c, |U | = c, and |U | > c,
the flow is subcritical, critical, and supercritical, respectively.
In this study, we only consider the subcritical flow with −1 <

ū< 1. Hence, according to the dispersion relation (Appendix),
it is easy to find X > ū− 1. In an infinite depth, σ = 1,
Ω̄ = X > ū−1. According to Eq. (15), Ω̄ has two zeros ū−1
and 2

3 ū− 2
3 and two singularities 2ū−2 and ū−1, respectively.

Given that ū−1, 2ū−2 must not be larger than ū−1. There-
fore, Ω̄ cannot be equal to ū− 1 or 2ū− 2. If Ω̄ is equal to
2
3 ū− 2

3 , the nonlinear coefficient becomes zero and the NLSE
is reduced to the Schrödinger equation

i
∂B
∂τ
− 3

64
ω

k2 (1− ū)
∂ 2B
∂η2 = 0,

or

i
∂B
∂τ

+
9

128
ω

k2 Ω̄
∂ 2B
∂η2 = 0. (16)

3. MI analysis
It has been widely known that MI analysis can present

us an approximate characterization on the stability of
perturbations.[26,27] Note that in the case of αγ < 0 corre-
sponding to the focusing nonlinear equation, it admits MI and
modulational stability (MS) regime on the MI gain spectrum
distribution. However, in the case of αγ > 0 correspond-
ing to the defocusing nonlinear equation, it admits no MI
regime.[28,29] The dispersion relation for perturbation can be
given as follows:[13]

Γ
2 = αL2 (

αL2 +2γB2
0
)
, (17)

where B0 is initial amplitude, L and Γ are the perturbations in
wave number and angular frequency, respectively. The growth
rate of MI is given by

Γi = L
√
−2αγ B2

0−α2L2. (18)

The dimensionless growth rate of MI is

Γ̄i = L̄
√
−2ᾱ γ̄− ᾱ2L̄2, (19)

124701-3
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where

ᾱ =
k2

ω
α, γ̄ =

γ

ωk2 , L̄ =
L

B0k2 , Γ̄i =
Γi

ωB2
0k2 (20)

are the dimensionless variables, which only depend on
(ū,X ,µ). According to Eq. (19), when

L̄ =

√
− γ̄

ᾱ
, (21)

the dimensionless growth rate reaches a maximum

Γ̄i max =

√
− γ̄

ᾱ

√
−ᾱ γ̄ = |γ̄| . (22)

Thereafter, the dimensionless bandwidth of instability is ob-
tained

Λ L̄ =
√

2L̄ =

√
−2

γ̄

ᾱ
. (23)

Figure 2 displays the stable and unstable regions of gravity
wave trains in the (X ,µ) space for ū varying from −0.9 to
0.9, with an interval of 0.3. For each ū, the curve αγ = 0 di-
vides the (X ,µ) space into stable and unstable regions. When
ū = 0, the curve αγ = 0 has the asymptote X = −2/3, which
is consistent with the result of Thomas et al.[13] The MS oc-
curs in the interval ū− 1 < X ≤ 2

3 ū− 2
3 , which is equiva-

lent to −∞ < Ω ≤ −2(gk/3σ)1/2. When 2/3ū− 2/3 < X <

+∞ [−2(gk/3σ)1/2 < Ω < +∞], the wave train is unstable
above the curve αγ = 0, whereas it is stable below the curve.
Furthermore, the curve αγ = 0 for each ū has a node at the crit-
ical value µ = 1.363, which is consistent with Sedletsky.[11]

Without the shear, the wave train is stable if µ is smaller than

the critical value of 1.363. Otherwise, the wave train is un-
stable. In addition, it is found that with the increase of ū, the
asymptote of the curve αγ = 0 moves to the right and the un-
stable region becomes smaller.

S

Un

↩    

X

.

.

.

.

.

.

µ

u/↩.

u/↩.
u/↩.

u/

u/.

u/.
u/.

-

-

-

-

-

-

-

Fig. 2. The (X ,µ)-stability diagram for gravity waves. S and Un denote
the stable and unstable regions for each value of ū. The black dotted
line denotes X =−2/3.

In the case of infinite depth, according to Eq. (15) we have

αγ = −ω2

8
(1− ū)

(
1+ Ω̄ − ū

) [
3Ω̄ +2(1− ū)

]
× [Ω̄ 2 +2(1− ū)Ω̄ +2(1− ū)2]

×
(
2+ Ω̄ −2ū

)−3
. (24)

The gravity waves are stable when −∞ < Ω ≤ −2(gk/3)1/2,
while they are unstable when −2(gk/3)1/2 < Ω <+∞.

The growth rate of MI Γi on B0 and L is demonstrated in
Fig. 3. It shows that the white asymptote divides the (B0, L)
space into MI and MS regions. We can qualitatively see that
in MI regions the small perturbations are unstable and can be
amplified exponentially. In MS regions the ones are stable and
do not grow up. Without the consideration of linear shear flow,
figure 3(b) is same as the one of Zhao et al.[26]
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Fig. 3. The MI gain spectrum Γi distributed on the initial amplitude and perturbation wave number space for ω = 3.4 Hz: (a) µ = 2, Ω̄ = 0,
ū =−0.2; (b) µ = 2, Ω̄ = 0, ū = 0; (c) µ = 2, Ω̄ = 0, ū = 0.2; (d) µ = 5, ū = 0, Ω̄ =−0.2; (e) µ = 5, ū = 0, Ω̄ = 0; (f) µ = 5, ū = 0, Ω̄ = 0.2.
MI and MS denote modulational instability and modulational stability, respectively.
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From Figs. 3(a)–3(c), it is seen that uniform up-flow in-
creases the MI region whereas uniform down-flow decreases
it. From Figs. 3(d)–3(f), it is seen that negative vorticity de-
creases the MI region whereas positive vorticity increases it.
The MI region becomes larger with the increase of water depth
as shown in Figs. 3(b) and 3(e).

3.1. The maximum dimensionless growth rate of instabil-
ity

Figure 4 presents the ratio of Γ i max over Γ i max0 for the
maximum dimensionless growth rate of MI influenced by the
dimensionless water depth µ , uniform flow ū, and vorticity
Ω̄ . The ratio increases at first and then decreases with the in-
crease of Ω̄ in a finite depth, whereas it always increases with
the increase of Ω̄ in an infinite depth. In addition, a larger µ

would cause a larger range of Ω̄ , i.e., the corresponding grav-
ity waves have a larger unstable region. The unstable region
would become broader with the decrease of ū.

0 2 4 6 8
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Ω
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a
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a
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-
-

Fig. 4. The ratio of Γ i max over Γ i max0 as a function of Ω̄ for ū =−0.2
(dot-dashed line), ū = 0 (solid line), ū = 0.2 (dashed line): (a) µ = 1.5
(blue), µ = 2 (red), and µ = 2.5 (black); (b) µ = 4 (cyan), µ = 6 (green)
and µ =+∞ (magenta). Γ i max0 is the maximum dimensionless growth
rate for Ω̄ = 0.
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Fig. 5. Γ i max as a function of µ for ū = −0.2 (dot-dashed line), ū = 0
(solid line), ū = 0.2 (dashed line): (a) Ω̄ =−0.4 (blue), Ω̄ = 0 (black),
Ω̄ = 0.4 (red), Ω̄ = 1 (magenta); (b) part of (a) for 1.35 < µ ≤ 1.55.

Figure 5 shows the maximum dimensionless growth rate
Γ i max as a function of dimensionless water depth µ for dif-
ferent ū and Ω̄ . It can be clearly seen that Γ i max displays
an increasing trend with µ . Compared with the case without
vorticity, a positive vorticity enhances Γ i max, while a nega-
tive vorticity reduces it. Moreover, uniform down-flow de-
creases Γ i max, whereas uniform up-flow increases it. For the
case without vorticity, the minimum value of µ is 1.363 re-
gardless of what the uniform flow may be. However, when

vorticity exists in the flow, the minimum value of µ would be-
come larger, regardless of whether the vorticity is positive or
negative. In addition, with the existence of vorticity, uniform
down-flow would increase the minimum value of µ , whereas
uniform up-flow would decrease the minimum value of µ .

3.2. The dimensionless growth rate of instability

The dimensionless growth rate Γ i as a function of dimen-
sionless perturbation wave number L̄ for different µ , ū, and
Ω̄ is presented in Fig. 6. Overall, the pattern of the dimen-
sionless growth rate Γ i is almost a parabola in both finite and
infinite depths. It is clearly shown that a positive vorticity in-
creases Γ i and Λ L̄, whereas a negative vorticity has a reverse
effect. Uniform up-flow enhances the MI, whereas uniform
down-flow reduces it. For the case without vorticity, the band-
width Λ L̄ is the same for different values of ū. However, when
the vorticity is negative, uniform up-flow increases Λ L̄ and
uniform down-flow decreases it. In contrast, when the vor-
ticity is positive, uniform up-flow decreases Λ L̄ and uniform
down-flow increases it. In addition, the unstable region will
become larger with the increase of µ .

Γ
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- Γ
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-
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Fig. 6. Dimensionless growth rate as a function of L̄ for ū =−0.2 (dot-
dashed line), ū = 0 (solid line), ū = 0.2 (dashed line), Ω̄ =−0.4 (blue),
Ω̄ = 0 (black), Ω̄ = 0.4 (red): (a) µ = 2; (b) µ =+∞.

4. The application
In the following, we apply the NLSE to freak waves,

which usually have extraordinarily large wave heights and
cause multiple maritime accidents. From rough sea surface,
the NLSE models have also been extensively applied to sim-
ulate electromagnetic scattering.[30,31] Here the PB,[18] which
is one theoretical solution to the NLSE, has become the main-
stream method for studying the mechanisms of freak waves.
The dimensionless NLSE and its PB solution can be written as

i
∂ B̄
∂ τ̄

+
∂ 2B̄
∂ η̄2 +2 |B̄|2 B̄ = 0, (25)

B̄(η̄ , τ̄) = exp(i2τ̄)

[
4(1+ i4τ̄)

1+4η̄2 +16τ̄2 −1
]
, (26)

where the bar denotes the normalized coordinate. The formal
transformations are taken into consideration:

B̄ =
B
B0

, τ̄ =−γ

2
B2

0τ, η̄ =

√
− γ

2α
B0η , (27)
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with B0 being the initial amplitude. Substituting the above
transform (27) into Eqs. (25) and (26), the dimensionless equa-
tion (25) becomes the NLSE (14), and the dimensionless solu-
tion (26) leads to the following dimensional solution:

B = B0 exp
(
−iγB2

0τ
) [ 4α(1− i2γB2

0τ)

α−2γB2
0η2 +α(2γB2

0τ)2 −1
]
. (28)

Figure 7(a) shows the envelope amplitude of carrier
waves based on the PB solution. The maximum peak of am-
plitude is three times larger than the initial value. At the same
time, there are two minimum values of zero near the origin.
The amplitude of the PB solution is not decreased continu-
ously with the distance from the freak waves. Instead, it tends
to be a constant, which reflects the local energy transfer in the
evolution of freak waves.

In practical applications, the free surface elevation of
freak waves is of great importance. In the first order ap-
proximation, the surface elevation of freak waves by adopting
Eq. (13) is expressed as follows:

ζ (x, t)

= εB0

{
cos(kx−wt)

[
cosθ

(
4α

δ
−1
)
− sinθ

8αθ

δ

]
+ sin(kx−wt)

[
sinθ

(
4α

δ
−1
)
+ cosθ

8αθ

δ

]}
, (29)

θ = γB2
0ε

2t,

δ = α−2γB2
0ε

2(x− cgt)2 +α(2γB2
0ε

2t)2. (30)

Figure 7(b) shows an example in which the freak waves are
assumed to come from negative time. As the figure shows, the
free surface elevation is modulated slowly, and the envelope
curve has five large crests and four large troughs.
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B0η
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Fig. 7. For ω = 5 Hz, µ = 5. (a) Absolute value of the complex ampli-
tude based on the Peregrine breather (PB) solution. (b) The free surface
elevation as a function of time, with B0 = 0.1 m.

Figure 8 shows the free surface elevation as a function of
time for different uniform flows, vorticities, and water depths.
Given that the waveform (Eq. (29)) is symmetric with respect
to time, only the free surface elevation at a positive time is
shown. As shown in Figs. 8(a)–8(c), uniform up-flow in-
creases the steepness of free surface elevation, while uniform
down-flow decreases it. This is consistent with the aforemen-
tioned analysis, which reveals that uniform up-flow enhances
the MI but uniform down-flow reduces it. In other words,

uniform up-flow decreases the spatiotemporal span of freak
waves. This result also indicates that freak waves influenced
by uniform up-flow have more concentrated energy and hence
more destructive power. Furthermore, the steepness of free
surface elevation is decreased by negative vorticity but in-
creased by positive vorticity. The effect of vorticity on the
steepness of free surface elevation is opposite to that of uni-
form flow. In other words, the influence of negative vorticity
on the steepness of free surface elevation can be offset by the
uniform up-flow, and vice versa. For example, as shown in
Fig. 8(d), the blue solid curve (ū = 0, Ω̄ = −0.2) is almost
coincident with the red dashed curve (ū = 0.2, Ω̄ = 0.2), and
the red solid curve (ū = 0, Ω̄ = 0.2) is almost coincident with
the blue dot-dashed curve (ū =−0.2, Ω̄ =−0.2). In addition,
as shown in Fig. 9, the water depth has a considerable contri-
bution to the free surface elevation of freak waves. The free
surface elevation in the shallow water is larger than that in the
deep water, suggesting that freak waves are more dangerous in
shallow water. This is consistent with Didenkulova et al.[32]

However, when µ > 5, the influence of water depth can be
neglected.[13]
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Fig. 8. The free surface elevation as a function of time with ω = 5 Hz,
B0 = 0.1 m, µ = 2, Ω̄ =−0.2 (blue), Ω̄ = 0 (black), and Ω̄ = 0.2 (red): (a)
ū =−0.2 (dot-dashed line); (b) ū = 0 (solid line); (c) ū = 0.2 (dashed line);
(d) the coincidence of the free surface elevation from (a), (b), and (c).
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Fig. 9. The free surface elevation as a function of time with ω = 5 Hz,
B0 = 0.1 m: (a) ū =−0.2, Ω̄ = 0.2; (b) ū = 0, Ω̄ = 0.
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5. Conclusion

The two-dimensional NLSE describing the evolution of
gravity waves in a finite depth with linear shear flow can be
derived using the multiple-scale analysis method. By analyz-
ing the MI, it is found that the instability of gravity waves
depends on the sign of the product of the dissipation coeffi-
cient α and the nonlinear coefficient γ of the NLSE. The sta-
ble (αγ > 0) and unstable (αγ < 0) regions in the (X ,µ) space
for difference cases are displayed. With an increase in uni-
form flow, the unstable region moves to the right and becomes
smaller. The threshold for stable gravity waves in a finite depth
is Ω =−2(gk/3σ)1/2 and it becomes Ω =−2(gk/3)1/2 in an
infinite depth. In addition, the dimensionless growth rate of
instability shows an increasing trend with water depth. Uni-
form up-flow enhances the MI, whereas uniform down-flow
reduces it. Positive vorticity enhances the MI, whereas nega-
tive vorticity reduces it. In other words, the influence of posi-
tive (negative) vorticity on the MI can be balanced out by that
of uniform down-flow (up-flow). Moreover, uniform up-flow
increases the bandwidth of instability, while uniform down-
flow decreases it when vorticity is positive. The influence of
uniform flow is opposite to that of negative vorticity.

The PB solution, one theoretical solution of the NLSE, is
used to investigate the mechanisms controlling freak waves in
this study. It is found that uniform up-flow increases the steep-
ness of the free surface elevation, whereas uniform down-flow
decreases it. This result also indicates that freak waves influ-
enced by uniform up-flow have more concentrated energy and
hence more destructive power. The steepness is also decreased
by negative vorticity, whereas it is increased by positive vortic-
ity. This result suggests that the influence of negative vorticity
on the steepness of free surface elevation is opposite to that
of uniform up-flow and vice versa. In addition, the effect of
water depth on the steepness can be neglected when µ > 5.

Appendix A

The solutions for the first order can be obtained as fol-
lows:

φ01y = 0, ζ01 = 0,

φ11 = A
cosh [k (y+h)]

cosh(kh)
, ζ11 =

iω (1+X− ū)
g

A,

where A(η ,τ) is the slowly varying amplitude, which is used
to represent all other terms. We set

c =
ω

k
, ū =

U
c
, µ = kh,

σ = tanh µ, Ω̄ =
Ω

ω
, X = σΩ̄ ,

where c is the wave velocity, ū is the dimensionless uniform
flow, µ is the dimensionless water depth, and Ω̄ is the dimen-
sionless vorticity. The linear dispersion relation can be derived
as

ω
2 (1+X− ū)(1− ū) = gkσ .

The solutions for the second order can be obtained as follows:

φ02y = 0,

φ12 = D
cosh [k (y+h)]

cosh(kh)

− iAη

(y+h)sinh [k (y+h)]−hσ cosh [k (y+h)]
cosh(kh)

,

ζ12 =
1
g

[
cg− cū+h

(
1−σ

2)
Ω
]

Aη +
iω (1+X− ū)

g
D,

cg = ∂ω/∂k

=
c
σ

µ
(
1−σ2

)
(1− ū)2 +σ (1+X− ū)(1− ū)

2+X−2ū
+ cū,

D is the slowly varying function to be determined.

φ22 =
iω
(
1+σ2

)
4σ2c2(1− ū)3 [3

(
1−σ

2)(1− ū)2

+3X (1− ū)+X2]A2 cosh [2k (y+h)]
cosh(2kh)

,

ζ22 = − k

2σc2 (1− ū)4 [
(
3−σ

2)(1− ū)2

+X
(
3+σ

2)(1− ū)+X2]A2.

The long wave equation of mean flow (φ01), which is important
in the development of the modulational instability, is obtained
for the third order[(

cg− cū
)(

cg− cū+Ωh
)
−gh

]
φ01η

= [kω (2+X−2ū)(1+X− ū)(1− ū)−1

+k2 (1−σ
2)(cg− cū

)
] |A|2 ,

gζ02 =
(
cg− cū+Ωh

)
φ01η − k2 (1−σ

2) |A|2 .
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