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According to the Herglotz variational principle and differential variational principle of Herglotz type, we study the
adiabatic invariants for a non-conservative nonholonomic system. Firstly, the differential equations of motion of the non-
conservative nonholonomic system based upon the generalized variational principle of Herglotz type are given, and the
exact invariant for the non-conservative nonholonomic system is introduced. Secondly, a new type of adiabatic invariant
for the system under the action of a small perturbation is obtained. Thirdly, the inverse theorem of the adiabatic invariant is

given. Finally, an example is given.
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1. Introduction

We encounter many difficulties in describing many im-
portant physical progress with classical variational principles.
For instance, the famous Hamilton principle for holonomic
conservative systems, it encounters great difficulties in gen-
eralizing to non-conservative systems. In general, the Hamil-
ton principle for holonomic non-conservative systems can be
expressed as jtf) (8T + Q46g;)dt = 0, and the formula can not
be expressed in the form that the variation of an action func-
tional is equal to zero, so it is no longer a stable action prin-
ciple. For this purpose, Herglotz!!! proposed a generalized
variational principle and its action functional is defined by
a differential equation. Different from classical variational
principles, it can study non-conservative dynamical systems
in a very good way. At the same time, it can handle the
problems of conservative and non-conservative systems in a
unified way. After that, Georgieva and Gueuther obtained
the Noether theorem based on the Herglotz generalized varia-
tional principle.'>3! Torres et al. studied the higher-order Her-
glotz variational problem!* and Herglotz variational problem
with time delay and its Noether theorem. ! Further, accord-
ing to the Herglotz variational principle, Zhang studied the
Noether’s theorem and conserved quantities in phase space, 6]
for non-conservative nonholonomic system,!’! for Birkhoffian

[8-10 11,12

system, 8101 and with time delay.[!"-!?! Recently, many results

have been obtained about the fractional Herglotz variational
principle.[!3-17]
The study of symmetry and invariants of dynamic sys-

tems is of great significance. Symmetry is a method to study
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the conservation of dynamical systems. There are mainly three
different concepts of symmetry: Noether symmetry, Lie sym-
metry, and Mei symmetry. In addition, we can also study
conserved quantities by using the differential variational prin-
ciple. In 1986, Vujanovic studied the conservation laws of
dynamical systems based on Jourdain’s principle and Gauss’s
principle.['8] After that, Liu studied the conservation laws
of nonholonomic non-conservative dynamical systems based
on Jourdain’s principle.['”] Mei studied the conservation law
of Birkhoffian systems by using Pfaff-Birkhoff-D’ Alembert

e.291 Up to now, few papers on differential variational

principl
principle of Herglotz type have been published.

As we all know, an exact invariant can be found by study-
ing conserved quantities. When a dynamic system is subjected
to a small perturbation, the original conserved quantity will
change. A physical quantity that almost does not change when
a certain parameter of the system changes slowly with respect
to the change of the parameter is called an adiabatic invariant.
In 1917, Burgers!?!l first proposed the concept of adiabatic
invariants through a special Hamiltonian system. After that,
Beulanov,??! Kruskal,>?! and Djuki¢/>*! obtained many im-
portant results. The research on the adiabatic invariants has
aroused the interest of scholars and achieved some important
results.[257361 To the author’s knowledge, the method of the
differential variational principle of Herglotz type has not been
applied to study the adiabatic invariant.

The layout of the article is as follows. We give the dif-
ferential variational principle and exact invariant of Herglotz
type in Section 2. In Section 3, we give a new type of adia-
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batic invariant for the non-conservative nonholonomic system.
Besides, the existence conditions and form of the adiabatic in-
variant are presented. In Section 4, we give the inverse theo-
rem of adiabatic invariant. In Section 5, we give an example
to support our results. In Section 6, we give some conclusions
to end the paper.

2. Differential variational principle and exact
invariant of Herglotz type

The differential variational principle of Herglotz type for
the non-conservative nonholonomic system is!”!

exp (—/[ aLde) [8[: — ga—z
0 02 dgs dt dgs
+87Z,% oL 3(,0/3 3 JL
dgs 9z a%+ﬁ d4o a‘kﬂi
dqs dt dGs  9dqGeiy IGgs
(c=1,2,...¢). €))

Here, 2(t) = L(t,q5(t).q4s(t),z(t)),L(t,qs,4s,2) is the La-
grangian of Herglotz type, and g (s = 1,2,...,n) are the gen-
eralized coordinates of the system. The constraint equation
is Geip = 0 (t,95:90) With s = 1,2,....n; B =1,2,...,8;
E=n—g;o0=1,2,...,¢

Because of the independence of d¢g, the differential
equations of motion for this system are derived as follows:

exp (—/taLdG) [(N:_dai
i 02 dgs  dt dgo
JoLaL, 9l g L
d4s 9z aq$+ﬁ 4o a%+ﬁ
dpp  dIdpp  Igp dgy
8 <8QG 7$35}G * a(Is—&-yaC}G)] =0
(c=1,2,...¢). 2)

If F? is the infinitesimal generator of space and f? is the in-
finitesimal generator of time, then the isochronic variations

arel”]

6qS ([) =& [F\O (t,CIk,qk,Z) 7q.Sf0 (taqkaqkaz)] ) (3)

where € is an infinitesimal parameter.
If the infinitesimal generating functions FSO and f9 satisfy
the following conditions:

oL +87LF +(L—g % 0
79, * 3do 1345)
dL (deg ddeg  Iop a‘PJ/) 0 0

- - ="+ L) (F2—¢
9Gep (a‘]c dt dgs ~ IGe+y 4o ( o~ dof )
oL , OJL 0

+E aZG +G’ = “)

8(pﬁ

90, (Fo = aaf) + 951"~ Flp =0, 5)

then there exists a conserved quantity for the non-conservative
nonholonomic system of Herglotz type

'L oL oL
I_exp< / dG)( Fy +(L%.>fO+GO>
fo Jz a516 aq(r
= const., (6)
where G° = G (¢, dx, ) is a gauge function. If the system

is not disturbed, the conserved quantity (6) is an invariant. We
can call it an exact invariant.

3. Adiabatic invariants of Herglotz type for dis-
turbed non-conservative nonholonomic sys-
tem

Assume that the non-conservative nonholonomic system
(2) is subjected to a small perturbation €Qy, that is,

exp ([ Leao) [ 220 L
P\7 /), oz g0 d1 94o
oL oL JL deg  IL
o+ o
94s 0z 9qerp 4o Iderp
aqoﬁ d 8([)[; 3([)[3 a(py)}
—E_ Py )| =e0s. (7
(aCIG dt d4s  9qety d4o Qo 2

Under the influence of €0, the primary symmetries and con-
served quantities of the system will change accordingly. If the
infinitesimal generating functions f (¢, gx, ) and Fs (¢, gk, gx)
of the system which are perturbed can be expressed as

f=1"+ef +e22 4+,
Fo=F)+eFl+&*F2+---, (8)

and they satisfy

f oL
exp< A azde) [

oL ;
Fc + ( a.‘?c) b
4o

JL <a d 8<pﬁ 8(p,; 8([)7,)
t a%ﬂi dgs dt 4o a‘]e—&-y 4o
X (Fs — 4o f) — G+G} =£06(Fs — 4o f), ©

where G is a gauge function and satisfies
G=G"+eG +€*G*+- -, (10)

then we have the following theorem.

Theorem 1 For the non-conservative nonholonomic sys-
tem (2) which is subjected to a small perturbation €Qg, if the
infinitesimal generators f7 (¢,qx,qx) and Fl (t,qk,qr) satisfy
the following conditions:

— o)+ @pf —Fl 4 =0, an
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1oL oL oL . oL oL .
7= _ 7= J J
exP( /ro 3Zd9) [961 4o o (L ddo %)f ot
oL 8(,0[3 d 8(,0[3 (9(Pl; a(py j JdL j j S
—aqurﬁ (aqa - a% 3qg+y 8q6> ( 4o f ) —7G +G } O6(Fs  —qof’ ), (12)
where G/ is a gauge function, then
Uiy ' JL oL . oL\ ..
Iy = / /—de F’+<L' ) /+Gf} 13
Jg(’)8 eXP( 1o 02 ) [3 4o anQG / (13)
is the m-th order adiabatic invariant of the non-conservative nonholonomic system.
Proof According to condition (12) and Eq. (7), we have
ds, Ui tIL oL\ [ oL oL d JL ;
Gm - _ j _ J J_ 2= 7 J Fl—a51’
m j=0£ {exp( /to 8zd9) [( 9z )(8qGFG+Lf e gof JrG)JrLerdta ( o qu>
oL JL oL oL oL oL .
J j_ J
+(8t+a Clc+aq qu+ﬁ+a Clc+a )f +G aq‘vFS
oL ; . oL (deg ddeg Jdog do
2 () s 2 (220 O 00 (o
4o ( Gof" ~dof ) a‘]e+ﬁ dgs dt d4s aCIer)/ 94 ( Gf>
—a—.LFé—a—Lff— -2 g, ff+a—LGf /| + 00 (Fi = ahr™)
94 & do
UL d JL . oL ; a(Pﬁ oL dL ; .
- J 2 (Fi g fi J J Fl_ g fi
J.;,g e"p< /,082 ){dr& (7 q“f)+aq£+,3 [Fs+ﬁ aq(,( "f)} 940 92 (78— dor’)
JL a(pﬁ da(pﬁ a(Pﬁ &(PY j oL j JL 2 j j—1 i1
iy (e e mac ) (FAmor) = S dor b+ Seion (f—dar”™)
L ' dL d JL ‘ : oL oL /_; oL Jdog
- J it Ry (5 -V RS A el Fi J J
j;)s exP( ,0 8zd9> [dt 940 (78— dor’) 940 97 (F8=dor") - 9derp aqc( ~dof’)
JdL a(pﬁ d a(pﬁ a(Pﬁ Bq)y y JL L i j—1 i1
Jderp (8616_(1t8q6 Idery aqG) ( cf) ( —qof’ )} +]§68 Os (FG —qof )
= Y e/ [~e00 (Fi—dof') + 0o (F& ' —dof™)] = —€"1 00 (F&' — o f™). (14)
j=0
| JdL dL
Therefore, Iy 1§ .the m-th.orde.r a.dlab?ltlc 1n;/1ar1ant. Accorq- [ F; Jy ( L-Z 6]s> g Gj:| ) (16)
ing to the definition of adiabatic invariants,?!1 we can obtain dgs ° 9qs

a new type of adiabatic invariant in the form of formula (13).

If the system is not subjected to nonholonomic con-
straints,the above theorem gives the corresponding results for
holonomic non-conservative systems.

Theorem 2 For the non-conservative holonomic system
which is subjected to a small perturbation €Qy, if the infinites-
imal generators f (t,qx,qx) and F/ (t,qk, qr) satisfy the fol-
lowing condition:

JdL oL

i dL dL .
— [ =do | |=—f" " F"
exP( /naz )[ TR FRE PR
aL . cm aL m ~m

= QO (Fs”hl _Cisf”%l) )

where G/ is a gauge function, then the system has the m-th
order adiabatic invariant as follow:
“Lao)

o ' 9L
— J
Ly jgbe exp( / 9z

15)

4. Inverse problem

If the non-conservative nonholonomic system (2) is sub-
jected to a small perturbation £Qg, then it has the following
adiabatic invariant:

IIZFO(tanQGaZ)'i'SFl (I»QSaQGaZ)~ (17)

Because its orbit should satisfy formula (7), we have
o [ Pao) [ 4L L
P v 92 dqs drdgs dgs 0z

oL agoﬁ oL

B (a(pﬁ d 8(pﬁ
aqgﬂi 94 aqe+ﬁ

99c S dr 94
g 8(py)] }
— || —e
a%ﬂ/ d4c Qu ( Clcf)

(13)

Considering that
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o+ +

di %_FaFO aFO +% % @—F@ + aFl aFl ] aFl (19)
TR TIPS R PR L o 9001 940 BT 00,00 0 E)

according to formula (14), and considering formulae (18) and (19), we can obtain

ory OJF . oK dF oF . (aFl oF oF oF| . 0F > { ( "y
+ < exp 7/ de
1

0 000 90y P 2017 0 T E o T 0409 T 900 B 90500 O ) 92

oL d oL  JLJL IJL deg IJL <8q)ﬁ ddeg  Jdgg 8<py>} }
— st 5t 55— - — + — || —€
dqs dtdgs  dgs dz angg d4s 36]5+ﬁ dqs dt dgs 8q8+y d4s Qo ¢ (Fo —4of)

= _SZQG (F(; _QGfl) ) (20)

where f = fO+ef! +e2f>+--- and Fs = F + €F) +€?F2 +---. We can rewrite formula (20) as
oFy JF oF oF oF . { ( /’ JL >
-+ lo+5——@+5—Go+ 52+ de
I 9001 9gers P 9301 3z P\, 2z

d a<pﬁ aL d aL L 9L JL OJL deg  IL (8% JPp 8<py> } } 0
—a e st 5t 5+ - + Fg—4

+8{8Fl+aFl' +78F1 +@" +@.+GX ( /tad6>
I 901 9gers P 3G 10T oz TP\ T, 9z

[‘ﬁdaz OLJL JL J¢p oL <‘9‘Pﬁda"’ﬁ 995 9‘*’7)]
dgs  dt dgo 846 dz  9dqe1p d4o  9Gerp \9dqo  dt d4s  Iqery dgo

(3~ daf") 0o (F~4os?) | =0. on
So, if we have
ok ( " JL ) ’L  d’¢p  IL 0_ . 0
2 _ — [ —=—db — Fy— =0, (I=12,...,n), 22
o P\ 9z 04194 94194 e+ p (Fo ~do!") ( n) (22)
assuming further
ot ~
Fy =CXP( aLde) [ oL Fo+ (L jot )f°+G0] 23)
J1o dz aqG dgs

by Eqs. (22) and (23), we can find the generators of time f° and space Fg corresponding to the undisturbed part. Furthermore,
we can also obtain

oF ( /r oL > L d*¢g IL Il
dq — | 5,90 - Fg— =0, (I=1,2,...,n), 24
2d exp v 02 0¢;194s  9¢94s 961%;3 ( o CIGf) ( n) 24)

B 1oL JL oL i
Fi = exp </t0 &de) L}%F + (L oo )f +G] (25)

Hence, we have the following theorem. The particle is constrained so that the slope of the trajectory

Theorem 3 For the non-conservative nonholonomic sys-  is proportional to time ¢ and the proportional coefficient is an
tem (2) which is subjected to a small perturbation £€Qg, if the  unit. By means of the method expounded in this paper,!’! we
system has a first order adiabatic invariant as Eq. (17), then  try to study the adiabatic invariants of the system.
there are corresponding infinitesimal transformations, the gen- The Lagrangian of the system of Herglotz type is

erating functions without perturbation can be determined by 1.,

. . . L==(41+4¢) -z (26)
formulae (22), (23) and the generating functions with pertur- 2
bation can be determined by formulae (24), (25). and the nonholonomic constraint is

42 —1q1 =0. (27
5. Example , _
There exists a conserved quantity
Under the action of non-conservative force Fy = —x, F, = 1

—y, a unit mass particle moves along the horizontal plan xoy. Iy =Ing +1+ 5 In(1+1 2) = const. (28)
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When the system is not disturbed, formula (28) is also an exact
invariant.
Assume that the system is subjected to small perturba-

tions
€01 = e e (t+1) 47, €0, =0. (29)

Equation (12) gives
e”0{ (1+2) g — [; (1+1%) cﬁ—i—z] !
+t@3t + o (§ —git') +G' + G'l}
= e 20 (t4+17) g7 (§) — 1 77). (30)
Equation (30) has the following solutions:

th=0, & =1, G'=e"t, (31)

By Theorem 1, we have

1
Ivi =1nq1+z+§1n(1+z2) +ele 0 (14+1%) g1 +1]. 32)

Formula (32) is the first order adiabatic invariant for the sys-
tem. Similarly, we can obtain much higher order adiabatic
invariants.

Lastly, we consider the inverse problem. If the system is
disturbed by the small disturbance (29), then by formulae (22)
and (23), we have

e (142 (& ) =0, @)

e [(1 +17) 1€ — (; (1 +r2)q%+z> r°+GO]

1
= Ing, +t+§1n(l+t2). (34)
If we take
1
G = e "t [mql +t+§1n(l +1%) — 1] , (35)
then we can obtain
—t+1 —t+t
0 0 e 0 te
T :O’ :77 :7_. 36
d (1+2)q, 2 (NI

Similarly, we have
e (14£%) —e' 0 (14+4%) (& —qit') =0, (37)
e ag - (304 @) e 6]
= e 0 (1+2) g +1. (38)
If we take
G'=e"th, (39)
then we can also obtain
th=0, &l =1, & =1 (40)

Therefore, the generators (36) and (40) give the infinitesimal
transformations corresponding to the first order adiabatic in-
variant (32).

6. Conclusion

It is a new way to study adiabatic invariants by using the
differential variational problem of Herglotz type. The main
work of the article is summarized as follows. (i) The exact in-
variant (6) of the non-conservative nonholonomic system and
its existence conditions (4) and (5) are established. (ii) A new
type of adiabatic invariant (13) for the non-conservative non-
holonomic system is given and proved. (iii) The inverse prob-
lem of adiabatic invariants is discussed. The main results are
two theorems and one corollary. The methods and conclusions
can be further popularized and applied. For example, we can
study the adiabatic invariant for a nonholonomic system on
time scales based on Herglotz variational problem.
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