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Effects of refractory period on the dynamical range in excitable networks are studied by computer simulations and
theoretical analysis. The first effect is that the maximum or peak of the dynamical range appears when the largest eigenvalue
of adjacent matrix is larger than one. We present a modification of the theory of the critical point by considering the
correlation between excited nodes and their neighbors, which is brought by the refractory period. Our analysis provides
the interpretation for the shift of the peak of the dynamical range. The effect is negligible when the average degree of the
network is large. The second effect is that the dynamical range increases as the length of refractory period increases, and it
is independent of the average degree. We present the mechanism of the second effect. As the refractory period increases,
the saturated response decreases. This makes the bottom boundary of the dynamical range smaller and the dynamical range
extend.
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1. Introduction
Critical avalanche is the characteristic feature of the self-

organized criticality and is observed in a variety of natural
phenomena.[1–3] The principle of neural network functions has
been widely studied using dynamic models,[4–8] and critical
avalanches have been found in neural networks.[9] The studied
systems in the critical states exhibit several advantages.[9–12]

One advantage is that the dynamical range is maximal in the
critical state.[11,13,14] The critical states have optimal informa-
tion processing by responding stimulus spanning several or-
ders of magnitude.[11] The property was proposed in mod-
eling study on networks of coupled excitable elements,[11]

which are used widely as the simplified model of neural
networks.[10,11,15–19] The property that neural network exhibits
critical avalanche and largest dynamical range has been ob-
served in experiments.[13,14] In research of excitable networks,
the theory of predicating the critical state and the dynamical
range has been proposed. It has been shown that criticality
and the maximal dynamical range occur in networks in which
the largest eigenvalue of adjacency matrix is one.[17]

The properties of networked systems depend on both the
network structure and the dynamics of network elements. The
biological realistic dynamic properties of network elements
may play an important role in the criticality of the network.
The way of enhancing the dynamical range was studied by
including biological realistic features in the model.[20,21] For
example, the inhibitory element was considered in the study

of enhancing the dynamical range in excitable networks.[20]

The refractory period of neurons is an essential dynamical
feature in excitable networks. In the refractory period, neurons
do not response to signals. The dynamical features have im-
portant role in the collective behavior of the network. It was
shown that refractory period leads to a wide range of scaling as
well as periodic behavior.[22] The refractory period was con-
sidered in the theory predicting the criticality.[18] However, the
effect of the refractory period on the dynamical range has not
been studied.

In the present work, we study how the dynamical range
changes with the refractory period. We show that the largest
eigenvalue of the network corresponding to the critical point
and the maximal dynamic range depends on the averaged de-
gree of the network. In the critical state, the maximal dynami-
cal range is enhanced by the refractory period.

2. Model
The critical branching model[10,11] is used. The network

consists of N nodes and each node has r+2 states: si = 0 is the
resting state, si = 1 is the excited state, and si = 2,3, . . . ,r+1
are refractory states. Time is discrete t = 0,1, . . . The node
state is updated at each step. After excitation, the evolution of
node state is deterministic. The state si is increased by 1 until
si = r+ 1, then the state changes to si = 0. The length of re-
fractory state is r steps. If node i is at the resting state st

i = 0,
it can be excited by its neighbor j being in excited state, with
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probability Ai j, or independently by an external stimulus with
probability ϕ , where ϕ = 1− exp(−η∆t), η is the stimulus
intensity (∆t = 1).[17]

We create networks in three steps: First, we create an ER
random network with NK/2 links. The links are assigned to
randomly chosen pairs of nodes. The average connection de-
gree of each node in the network is K. Second, we assign a
weight to each link. If node i and node j are connected, the
entries of adjacent matrix Ai j and A ji will be random numbers
drawn from a uniform distribution between 0 and 1. Third,
we calculate the largest eigenvalue λ of adjacency matrix, and
multiply the adjacency matrix 𝐴 by a constant to rescale λ to
the targeted eigenvalue.[17]

In addition, we calculate the largest eigenvalue of adja-
cency matrix by

λ =
〈din

i dout
j 〉e

〈din
i 〉e〈dout

j 〉e
〈dindout〉
〈d〉

, (1)

where din
i = ∑ j Ai j and dout

i = ∑ j A ji are the input and out-
put weights of node i, 〈d〉= 1

N ∑i j Ai j = 〈din〉= 〈dout〉, which
is equal to the average branching ratio in random networks.
Here 〈·〉 is an average over nodes, and 〈·〉e is an average over
edges whose two ends are indicated by the indices i and j.
The largest eigenvalue governs the stability of fixed point of
the network. In the following, we use λ to denote the largest
eigenvalue of the adjacency matrix.

The response F is defined as[11]

F =
1
T

T

∑
t=1

f t , (2)

where T is a large time window (T = 1000 in this paper) and
f t is the fraction of excited nodes at time t in the network. The
response has three types:[11,17,18] (1) quiescent, in which the
network activity is zero for vanishing stimulus, limη→0 F = 0;
(2) active, in which there is self-sustained activity for vanish-
ing stimulus, limη→0 F > 0; and (3) critical, in which the re-
sponse is still zero for vanishing stimulus but have a larger
variance in the distribution of extinction times of active com-
pared with the quiescent case.[17]

The dynamical range was proposed to measure the ability
of a network to robustly code the input stimuli.[11] As a func-
tion of the stimulus intensity η , networks have a minimum
response F0 and a maximum response Fmax. Discarding stim-
uli that are too weak to be distinguished from F0 or close to
saturation, the dynamical range is defined as

∆ = 10log10

(
η0.9

η0.1

)
. (3)

The range [η0.1,η0.9] is found from its corresponding response
interval [F0.1,F0.9], where Fγ = F0 + γ(Fmax−F0). The choice

of interval is arbitrary and does not affect the results.[11] Here
we use a simplified form of the dynamical range[17]

∆ = 10log10

( 1
η0.1

)
. (4)

In the formula, the upper boundary of the range is selected as
η = 1.[11,20]

3. Results
We simulate the response of the network to external stim-

ulus and compute the dynamical range of networks with or
without the refractory period. Figure 1 shows that the dynam-
ical range changes with the increase of refractory states. It
is notable that the value of the maximal dynamical range in-
creases with the number of refractory states. The refractory
period promotes the advantage of the neural network in re-
sponding to stimulus.
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Fig. 1. The dynamical range ∆ versus the largest eigenvalue λ of adja-
cency matrix. Network parameters are N = 105 and K = 10.

It has been shown that criticality exhibits the optimal dy-
namical range.[11] Here the maximal dynamical range occurs
at λ = 1.0 for networks without refractory period. It is the
same as the predicated critical point that the largest eigenvalue
of the network adjacent matrix equals one (λ = 1). However,
the maximal dynamical range occurs at λ > 1.0 for the net-
work with refractory period.

To understand the shift of the maximal dynamical range
in the relation between the dynamical range and the largest
eigenvalue, we study the the transition of the response of the
network. In the absence of external stimulus, sub-critical net-
works and critical networks do not exhibit self-sustained ac-
tivity, whereas super-critical networks do. The critical point
can be obtained from the transition of network response from
zero to nonzero with η → 0.[11] In our simulation, the stim-
ulus strength η = 10−5 is used to study the transition of re-
sponse. Figure 2 shows that the transition will occur at the
largest eigenvalue λ = 1.0 if there is no refractory state, as
the same as the results in the previous works.[17,18] As shown
in Fig. 2, the transition of excitable network shifts to λ > 1.0

128701-2
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when the length of refractory period is r = 3 or 8. The shift of
the peak of dynamical range is identical to the critical point as
the refractory states increase.

λ

0.8 1.0 1.2 1.4 1.6
0

0.1
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0.3

0.4

F
0

r=0

r=3

r=8

Fig. 2. Response F0 versus the largest eigenvalue of adjacency matrix
λ of random networks. The length of refractory states are r = 0, 3, and
8. Network parameters are N = 105 and K = 10.

We next analyze the relation between the critical point
and the refractory period. In Ref. [17] the network without

refractory period was considered, and it was assumed that
no correlation exists between nodes in the excited states and
nodes in the resting states. In networks with refractory period,
the neighborhood of the excited nodes becomes different from
the whole network. We first show this difference by numerical
simulations.

The probability that the ith node is in the resting state
(si = 0) at time t is denoted by zt

i . We use z′ti to denote the
probability that one node randomly selected from the neigh-
borhood of an excited nodes is in the resting state. Figure 3
shows the simulation results of these two kinds of probability.
One can see that the resting state nodes are less in the neigh-
borhood of excited nodes, i.e., z′ti < zt

i . We compute the ratio
α = 〈z′ti /zt

i〉t , where 〈·〉t represents the average over steps at
which there are nodes in excited states. In networks without
refractory period, as shown in Figs. 3(a) and 3(c), the value is
α ≈ 0.999. The ratios are the same for networks with the av-
erage degrees K = 10 and 200. In networks with the refractory
period r = 8, the ratio is distinctly low. The values of ratio are
α = 0.923 for K = 10 and α = 0.992 for K = 200.
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Fig. 3. Circles are the probability that nodes are in resting state in the whole networks. Triangles are the probability that nodes are in resting
state among the neighbors of excited nodes. Network parameters are N = 105, η = 10−5, and λ = 1. (a) and (b) Average degree is K = 10,
refractory periods are r = 0 and 8, respectively. (c) and (d) Average degree is K = 200, refractory periods are r = 0 and 8, respectively.

In networks without refractory period r = 0, the proba-
bility z satisfies z = 1−F0, where F0 represents the fraction
of nodes in the excited state under η → 0. When the exter-
nal stimulus is absent, in the network in critical states, the F0

can be ignored. For deriving z′, we assume that the node i is
excited. Besides the node i, the number of excited nodes is
NF0− 1. Except for the node i, nodes are in the excited state
with the probability (NF0−1)/(N−1). Assuming that all ex-

cited nodes are independent, the probability that a neighbor of
node i is in resting state is

z′ = 1− (NF0−1)
1

N−1
. (5)

When the network size is infinite, the value of z′ tends to
z′ = 1−F0, which is the same as z.

In the network with refractory period (r > 0), nodes in
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excited states are not independent of their neighbor’s states.
If node i is excited by the signals from nodes in the net-
works, the predecessor node must be in the refractory state
(s = 2). Therefore, in the neighborhood of the node i, a node
is in the state s = 2 with the probability 1/K. One can ran-
domly select a node from N − 2 nodes except the node i,
and its predecessor is in the excited state with the probabil-
ity (NF0− 1)/(N − 2) or one of r refractory states with the
probability (NF0r−1)/(N−2). In the neighborhood of node
i, a node is in the resting state with the probability

z′ = 1− 1
K
− (NF0(r+1)−2)

1
N−2

. (6)

When N is of infinity, the probability tends to

z′ = 1− 1
K
−F0(r+1). (7)

As the F0 cannot be ignored, the value of z′ depends on both
r and K. As the F0 can be ignored, the value of z′ depends on
the network’s average degree K.

r=3

r=8

r=3

r=8

0

0.05

0.10

0.6 0.8 1.0 1.2 1.4

15

20

25

30

(a)

β

(b)

F
0

∆

Fig. 4. Response F0 versus β . The network size is N = 105. The av-
erage degree is K = 10. The length of refractory period is r = 3 and 8,
respectively.

The shift of the critical point with the refractory period
can be understood through the approach proposed in Refs. [11]
and [17]. The probability that the ith node at t is in the ex-
cited state is denoted by Pt

i . It was obtained in Ref. [17] that
Pt

i = ∑
N
j Pt

jAi j, and the critical point is λ = 1, where λ is the
largest eigenvalue of the adjacent matrix {Ai j}. Here we con-
sider that the neighborhood of excited node is different from
the network, and use the following dynamical equation

Pt
i = z′

N

∑
j

Pt
jAi j, (8)

where ∑
N
j Pt

jAi j is the excitations created by the neighborhood
of node i. Assuming Pt

i = β tui produces

βui = z′
N

∑
j

u jAi j. (9)

The stability of the solution P = 0 is governed by β , with
β < 1 being stable and β > 1 being unstable. According to
Eq. (9), β is the largest eigenvalue of z′A.

Using the largest eigenvalue of the adjacency matrix 𝐴,
the critical condition is

λ = 1/z′. (10)

Therefore, the critical point can be expressed as

λ =

{
1

1−F0
, r = 0,

1
1−1/K−(r+1)F0

, r > 0.
(11)

By ignoring F0, one can see that the critical point shifts from
λ = 1 to λ = 1

1−1/K . The analytic result presents the interpre-
tation for the shift of the critical point.

To show that the analytic result is reasonable, we plot the
simulation result of the relation between F0 and β in Fig. 4(a).
In computation of β , the F0 is ignored, that is, β = λ (1−1/K).
One can see that the transition occurs at the same point β = 1
for networks with r = 3 and 8. The simulation result is identi-
cal with the analysis. As the same as the transition of response,
the dynamical range reaches the maximal value at β = 1 for
r = 3 and 8, as shown in Fig. 4(b).

Furthermore, the analysis shows that when the average
degree of the network is large, the shift of critical point can
be ignored. We show the simulation results of the relation be-
tween F0 and λ for the network with K = 200 in Fig. 5. The
simulation results agree with the critical condition λ = 1 for
r = 0, 3, and 8.

0.6 0.8 1.0 1.2 1.4
0

0.1

0.2

0.3

r=0

r=3

r=8

λ

F
0

Fig. 5. Response F0 versus the largest eigenvalue of the adjacency ma-
trix. The network size is N = 105. The average degree is K = 200. The
length of refractory period is r = 0, 3, and 8, respectively.

The effect of the refractory period on the dynamical range
is independent of the average degree. We show the relation be-
tween the dynamical range and λ for networks with K = 200
in Fig. 6. In the network, the maximal dynamical range in-
creases with the refractory period.
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Fig. 6. The dynamical range ∆ versus the largest eigenvalue λ of ad-
jacency matrix. Network parameters are N = 105 and K = 200. The
length of refractory period is r = 0, 3, and 8, respectively.

We show the response F versus the input signal intensity
η in Fig. 7. As the refractory period increases, the maximal
response Fmax decreases. The value of maximal response is
Fmax = 1/(r+ 2). As the decreases of Fmax, the value of F0.1

decreases. We illustrate the value of F0.1 by the horizontal
dashed lines in Fig. 3. Therefore the stimulus strength η0.1,
corresponding to the vertical lines in Fig. 7, decreases with the
refractory period r. According to Eq. (4), the change of the
value of η0.1 induces the increases of the dynamical range.
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Fig. 7. Response F versus η in networks with λ = 1. The network size
is N = 105. The average degree is K = 200. The length of refractory is
r = 0, 3, and 8, respectively.

4. Conclusion
We have studied the dynamical range of networks con-

sisting of excitable elements with the refractory period, and
obtained that in networks with small average degree, the max-
imal dynamical range appears when the value of the largest
eigenvalue of adjacent matrix is larger than 1, and the dynam-
ical range is enhanced by the refractory period.

We present the mechanism of the effect of refractory pe-
riod. The refractory period brings the correlation between the

excited nodes and its neighbors. As a result, the fraction of
resting state node in the neighborhood of excited nodes is less
than that in the whole network. Considering the correlation,
we obtain that the critical point of the network with refractory
period appears when the largest eigenvalue of adjacency ma-
trix is larger than one. The critical point is also the condition
that the dynamical range reaches the maximal value. In net-
works with refractory period, the critical value of the largest
eigenvalue decreases monotonically with the average degree.
As the average degree is large, the critical condition becomes
such that the largest eigenvalue of adjacency matrix is one,
which was proposed in Ref. [17].

The effect that refractory period enhances the dynamical
range is independent of the average degree. We present the
mechanism of the effect. The saturated response decreases
as the refractory period becomes longer. As a result, the low
boundary of stimulus intensity becomes smaller. The decrease
of low boundary induces the increase of the dynamical range.

We obtain the effects of the refractory period on enhanc-
ing the dynamical range and the shift of the critical point. The
results provide a new way of enhancing dynamical range. The
mechanism of these effects is helpful for understanding the
critical behaviors of neural networks.

References
[1] Bak P, Tang C and Wiesenfeld K 1987 Phys. Rev. Lett. 59 381
[2] Li B Q and Wang S J 2018 Commun. Theor. Phys. 69 280
[3] Sun B A and Wang L F 2017 Acta Phys. Sin. 66 178103 (in Chinese)
[4] Zheng Q, Wang Z and Shen J 2017 Chin. Phys. B 26 020501
[5] Qu L H, Du L and Deng Z C 2018 Chin. Phys. B 27 118707
[6] Gu C G, Wang P and Yang H J 2019 Chin. Phys. B 28 018701
[7] Li G F and Sun X J 2017 Acta Phys. Sin. 66 240501 (in Chinese)
[8] Xue X D, Wang M L 2019 Acta Phys. Sin. 68 078701 (in Chinese)
[9] Beggs J M, Plenz D 2003 J. Neurosci. 23 11167

[10] Haldeman C and Beggs J M 2005 Phys. Rev. Lett. 94 058101
[11] Kinouchi O and Copelli M 2006 Nat. Phys. 2 348
[12] Wang S J, Ouyang G, Guang J, Zhang M, Wong K M and Zhou C 2016

Phys. Rev. Lett. 116 018101
[13] Shew W L, Yang H, Petermann T, Roy R and Plenz D 2009 J. Neurosci.

29 15595
[14] Gautam S H, Hoang T T, McClanahan K, Grady S K and Shew W L

2015 PLoS Comput. Biol. 11 e1004576
[15] Wu A C, Xu X J and Wang Y H 2007 Phys. Rev. E 75 032901
[16] Wang C Y, Wu Z X and Chen M Z Q 2017 Phys. Rev. E 95 012310
[17] Larremore D B, Shew W L and Restrepo J G 2011 Phys. Rev. Lett. 106

058101
[18] Larremore D B, Shew W L, Ott E and Restrepo J G 2011 Chaos 21

025117
[19] Wang F and Wang S J 2019 Commun. Theor. Phys. 71 746
[20] Pei S, Tang S, Yan S, Jiang S, Zhang X and Zheng Z 2012 Phys. Rev. E

86 021909
[21] Gollo L L, Mirasso C and Eguı́luz V M 2012 Phys. Rev. E 85 040902
[22] Moosavi S A, Montakhab A and Valizadeh A 2017 Sci. Rep. 7 7107

128701-5

https://doi.org/10.1103/PhysRevLett.59.381
https://doi.org/10.1088/0253-6102/69/3/280
https://doi.org/10.1088/1674-1056/26/2/020501
https://doi.org/10.1088/1674-1056/27/11/118707
https://doi.org/10.1088/1674-1056/28/1/018701
https://doi.org/10.7498/aps.66.240501
https://doi.org/10.7498/aps.68.078701
https://doi.org/10.1523/JNEUROSCI.23-35-11167.2003
https://doi.org/10.1103/PhysRevLett.94.058101
https://doi.org/10.1038/nphys289
https://doi.org/10.1103/PhysRevLett.116.018101
https://doi.org/10.1103/PhysRevLett.116.018101
https://doi.org/10.1523/JNEUROSCI.3864-09.2009
https://doi.org/10.1523/JNEUROSCI.3864-09.2009
https://doi.org/10.1371/journal.pcbi.1004576
https://doi.org/10.1103/PhysRevE.75.032901
https://doi.org/10.1103/PhysRevE.95.012310
https://doi.org/10.1103/PhysRevLett.106.058101
https://doi.org/10.1103/PhysRevLett.106.058101
https://doi.org/10.1063/1.3600760
https://doi.org/10.1063/1.3600760
https://doi.org/10.1088/0253-6102/71/6/746
https://doi.org/10.1103/PhysRevE.86.021909
https://doi.org/10.1103/PhysRevE.86.021909
https://doi.org/10.1103/PhysRevE.85.040902
https://doi.org/10.1038/s41598-017-07135-6

	1. Introduction
	2. Model
	3. Results
	4. Conclusion
	References

