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A two-dimensional binary driven disk system embedded by impermeable tilted plates is investigated through nonequi-
librium computer simulations. It is well known that a binary disk system in which two particle species are driven in opposite
directions exhibits jammed, phase separated, disordered, and laning states. The presence of tilted plates can not only ad-
vance the formation of laning phase, but also effectively stabilize laning phase by suppressing massively drifting behavior
perpendicular to the driving force. The lane width distribution can be controlled easily by the interplate distance. The
collective behavior of driven particles in laning phase is guided by the funnel-shaped confinements constituted by the
neighboring tilted plates. Our results provide the important clues for investigating the mechanism of laning formation in
driven system.
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1. Introduction
Far from thermodynamic equilibrium, nonequilibrium

system often exhibits a series of fascinating phase transi-
tions along with unusual pattern formation and novel transport
properties,[1,2] especially in driven diffusive systems.[3,4] For
example, the oppositely charged colloidal mixtures driven by
an electric field will undergo a nonequilibrium phase transi-
tion from a disordered state into a dynamically ordered state,
such as sliding crystal or sliding smectic.[5,6] One of the most
striking dynamical behaviors is a transition to lane forma-
tion, where particles of the same kind move collectively in
the direction parallel to the field direction, and high mobil-
ity is achieved through organization of the particles into non-
colliding chains.[7–10] Such a nonequilibrium transition to-
wards lane formation is a general phenomenon occurring in
dusty plasmas,[11,12] granular matter,[13] as well as in active
matter composed of autonomously moving agents such as
pedestrians,[14,15] social insects,[16] bacteria and cells,[17,18]

and artificial colloidal microswimmers.[19]

Recently, a lot of experimental,[6] theoretical,[20,21] and
simulation[7,22–24] studies have been devoted to investigating
the lane formation in mixtures of oppositely driven particles.
Dzubiella et al. investigated this issue by experimental means
and Brownian dynamics simulations. They put forward a
dynamical criterion for judging the lane formation: there is
an enhanced lateral mobility of particles induced by colli-
sions with particles driven in the opposite direction, which
sharply decreases once lanes are formed. Therefore, particles

in a lane can be regarded as being in a dynamically ‘locked-
in’ state.[7,8,23] Chakrabarti et al. used the dynamic density-
functional theory to argue that the Langevin dynamics of op-
positely driven particles implies laning via a dynamic instabil-
ity of the homogenous phase.[20,21] Samuel et al. studied the
mixtures of self-propelled particles in a two-dimensional (2D)
particle system by using Brownian dynamics simulations. The
simulations demonstrated that the two species spontaneously
segregate to generate a rich array of dynamical domain struc-
tures whose properties depend on the propulsion velocity, den-
sity, and composition.[22] Reichhardt et al. numerically exam-
ined a 2D particle system in which two particle species are
driven in opposite directions. For particle density Φ < 0.55
and increasing the drive force, they identified four dynamical
phases, i.e., a crystalline jammed phase, a fully phase sepa-
rated state, a strongly fluctuating liquid phase, and a laning
phase or smectic state. The transitions between these different
phases are associated with jumps or dips in the velocity–force
curves and the differential mobility along with global changes
in the structural order of the system.[23–25] In their other work,
they simulated a laning system containing active disks that
obey run-and-tumble dynamics, and identified a novel drive-
induced clustered laning state that remains stable even at den-
sity below the activity-induced clustering transition of the un-
driven system.[26]

The formation of lanes with high moving velocity can
accelerate particle transport along the field direction but sup-
press massively transport perpendicular to the field. There-
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fore, laning transition is expected to be widely used in type-II
superconductors,[27,28] electron crystals, such as electronic ink
and electrophoresis in microfluidics, and even as a concept of
panic theory applied to pedestrian zones.[29] Nevertheless, the
nature of laning transition is still being debated and key vari-
ables have not been characterized yet. Meanwhile, in most
cases, the dynamical lane is unstable and non-uniform with
drifting defects. In order to obtain the stable laning phase,
where the lane width can be controlled and tailored freely, in
this paper, we focus on a 2D particle system in which two par-
ticle species are driven in opposite directions. In the absence
of confinement or obstacle, such a system is known to exhibit
four dynamical phases, i.e., a jammed phase with no motion,
a fully phase-separated state with high-mobility, a disordered
fluctuating state with lower mobility, and a laning phase in a
free flow.[8,30] Then embedding tilted plates into the 2D driven
particle system can effectively stabilize laning phase by sup-
pressing massively drifting behavior perpendicular to the driv-
ing force.[31] Finally, lane width and distribution can be con-
trolled freely by the interplate distance and the orientation of
the tilted plates, respectively. These results can provide impor-
tant clues for investigating the mechanism and application of
laning formation in driven systems.

2. Model and method
We numerically simulate a 2D disk system of size L×L

with periodic boundary conditions in the x and y directions,
containing Nd disks of radius Rd. Here L = 30 and Rd = 0.5.
The particle density Φ is defined as the number of particles di-
vided by the area coverage of the disks, i.e., Φ = NdπR2

d/L2.
Reichhardt et al. studied a binary system of two disks driven
in opposite directions, and revealed four dynamic phases, i.e.,
a jammed state (phase I), a fully phase separated state (phase
II), a mixed or disordered state (phase III), and a laning state
(phase IV). Their results showed that the system is always in a
laning state for particle density Φ < 0.55, while the disks can
organize into more than four dynamic phases for Φ ≥ 0.55.[23]

In our study, Φ = 0.82. In addition, N immobile plates with
a certain tilt angle θ are embedded into a 2D driven disk sys-
tem with θ = 10◦. The simple model is shown in Fig. 1. In
the uniform case, the interplate distance di is defined by L/N,
where N varies from N = 0 to N = 6 in our work. Of course,
the interplate distance di can also be freely set to be a certain
value. The embedded plate is composed of mp particles (here
mp = 13) with a fixed distance Rp between consecutive parti-
cles. Here Rp = 0.5, which is equal to the disk radius Rd.

The dynamics of disk i obeys the overdamped equation of
motion as follows:

η
d𝑅i

dt
= 𝐹 i

dd +𝐹 i
dp +𝐹 i

D. (1)

Here, η is the damping constant and 𝑅i is the location of disk
i. The disk–disk and disk–plate interactions are modeled as a
finite range repulsive harmonic spring. The disk–disk interac-
tion force is

𝐹dd =
Nd

∑
i6= j

k1

(
2Rd−|𝑟i j|

)
Θ (2Rd−|𝑟i j|)𝑟̂i j,

where 𝑟i j =𝑅i−𝑅 j, 𝑟̂i j = 𝑟i j/|𝑟i j|, and Θ is the Heaviside
step function. Here the spring constant k1 = 60. The disk–
plate interaction is

𝐹dp =
Np

∑
p=1

k2
(
2Rd−|𝑟ip|

)
Θ
(
2Rd−|𝑟ip|

)
𝑟̂ip,

where Np = N × mp, 𝑟ip = 𝑅i −𝑅p, 𝑟̂ip = 𝑟ip/|𝑟ip|, and
k2 = 800. Each disk is subjected to an applied driving force,
F i

D = AiFD𝑥̂, where N1 disks are driven in the positive x di-
rection with Ai = 1.0, and the remaining N2 = Nd−N1 disks
are driven in the negative x direction with Ai = −1.0. Here,
N2 = N1. After applying the drive force, the systems are run
at least 1× 107 simulation time steps to ensure it can reach a
steady state. Then we measure the average disk velocity for
each species and normalize it by N1(2) to obtain the average

velocity per disk 〈V1(2)〉 = N−1
1(2) ∑

N1(2)
i=1 𝑉i𝑥̂, where 𝑉i is the

instantaneous velocity of disk i. In our study, with damping
constant of η = 1.0, the overdamped dynamics of system is
in the free flow limit and then the disks move at a velocity of
〈V1〉= FD and 〈V2〉=−FD.

d1

d2

dn↩

dn

FD

FD

θ

Fig. 1. Simple model of tilted plates with angle θ embedded in a 2D
disk system, with di (i = 1, 2, . . . , n) denoting interplate distance be-
tween two adjacent tilted plates. Here θ = 10◦, red disks (specie A)
are driven in +x direction, and blue disks (specie B) are driven in −x
direction.

3. Result and discussion
Firstly, we compare the binary driven disk systems with-

out (N = 0) and with (N = 2 and 4) tilted plates. Figures 2(a)–
2(c) display the specie A average velocity 〈VA〉, d〈VA〉/dFD,
and the fraction of sixfold coordinated particles P6, as a func-
tion of FD, respectively. Here P6 = N−1

d ∑
Nd
i=1 δ (zi−6), where

120501-2



Chin. Phys. B Vol. 28, No. 12 (2019) 120501

zi is the coordination number of particle i obtained from a
Voronoi construction.[24] The above velocity–force curves in-
dicate that they also have four distinct dynamical phases: a
crystalline jammed phase I, a fully phase separated state II,
a strongly fluctuating liquid phase III, and a laning phase IV.
The curve of d〈VA〉/dFD further indicates the transition points
between these dynamical phases, as well as P6 characterizes
the disk ordering and the nature of the dynamic fluctuations.

        











<V
A
>

FD

N/
N/
N/

(a)

        

↩

↩

↩









d
<V

1
>/
d
F
D

FD

N/
N/
N/

(b)

        
.

.

.

.

.

.

(c)

P
6

FD

N/
N/
N/

Fig. 2. Plots of (a) 〈VA〉, (b) d〈VA〉/dFD, and (c) P6 versus FD for three
different values of N.

In general, the potential energy initially increases and
then decreases towards its steady-state limit. That means that
starting from a mixed configuration at time t = 0, the oppo-
site drive increases the separation between particles of differ-
ent species, which increases the potential energy while sub-
sequent laning causes these energetically consumed collisions
to decrease.[8,32] Now taking N = 0 for example, the jammed
state (phase I) is located in the range of 0 < FD < 0.3 with
〈VA〉 = 0, indicating that disks are stuck with no motion.

Correspondingly, P6 ≈ 0.92, indicating that the system has a
strong sixfold disk ordering. Within phase I, the disks form a
dense cluster with triangular order as shown in the disk con-
figuration by Fig. 3(a) for FD = 0.1. In our system, Φ = 0.82,
which is below the jammed limit, therefore P6 < 1.0 due to the
disks on the edge of the jammed cluster with no six neighbors.
The first peak in d〈VA〉/dFD curve occurs at FD = 0.3, indicat-
ing the transition from phase I to phase II. The phase separated
state (phase II) appears in the range of 0.3 < FD < 1.15 with
〈VA〉 increasing linearly with FD and d〈VA〉/dFD = 1.0, mean-
ing that the particles are in a free flow regime. Meanwhile,
both species are separated in phases and exhibit a triangular
ordering with P6 ≈ 0.86 as shown in Fig. 3(a) at FD = 0.7.
Surprisingly, a negative peak in d〈VA〉/dFD curve appears at
FD = 1.15 coinciding with the transition from phase II to phase
III. In phase III, particle collision frequency increases, caus-
ing a large amount of energy loss for the whole system and
lowering the mobility.[26,33] This is a typical example of neg-
ative differential mobility where the particle average velocity
decreases with driving force increasing. In the system with
quenched disorder, the negative differential mobility has also
been observed at transition from ordered to disordered or tur-
bulent flow phase as a function of increasing drive.[32,33]

The strongly fluctuating liquid state (phase III) takes up
the range of 1.15 < FD < 5.45, accompanied by a sharp drop
in P6, illustrating that the system enters into the disordered
flow phase. In phase III, two particle species continuously
collide with each other, leading to a massive velocity loss in
the y direction, transverse to the drive direction. Finally, two
particle species are intensively mixed as shown in Fig. 3(a)
for FD = 4.5. Another positive peak in d〈VA〉/dFD curve ap-
pears at FD = 5.45, corresponding to the transition from phase
III to phase IV. The laning state (phase IV) is observed when
FD > 5.45 with d〈VA〉/dFD = 1.0, demonstrating that the par-
ticles are in a free flow regime. As shown in Fig. 3(a) at
FD = 7.5, the disks form multiple oppositely moving lanes.
Meanwhile, the system exhibits a triangular ordering again
with P6 going back to P6 ≈ 0.82. These results of the binary
driven disk system (N = 0), are completely consistent with the
studies by Reichhardt et al.[22,23]

Then we turn to the binary driven disk systems embedded
with tilted plates,[34,35] such as N = 2 and 4. There are also
four typical dynamical phases mentioned above, especially in
the case of N = 4 shown in Fig. 3(c). From Figs. 2 and 3, we
can see that the III–IV transitions occur at FD = 4.5 for N = 2
and FD = 5.0 for N = 4, both are lower than FD = 5.45 for
N = 0. This result indicates that the presence of tilted plates
does not change the dynamical phase transition but can lower
the critical driving force at which the dynamical III–IV tran-
sition occurs, and advance the formation of laning phase. A
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closer look at Fig. 3(b) shows the jammed and phase separated
states (phases I and II) depend on a competition between two
effects: the internal interaction force between the particles,
and the external driving force, irrelevant to the tilted plates. In
laning formation (phase IV), there appear two different con-
figurations with driving force increasing, named laning-A and
laning-B phases, respectively. At FD = 4.5, the laning-A phase
looks similar to phase II, but essentially is completely differ-
ent from it, which is uniformly divided into two lanes induced
by two plates. At FD = 7.5, the laning-B phase is formed as
the high driving force, independent of the tilted plates, simi-
lar to the laning phase without plates as shown in Fig. 3(a).
For N = 4 at FD = 7.5, laning-A phase is also uniformly di-
vided into four lanes by four plates. Of course, as driving force
reaches a certain value, the inducing effects of the tilted plates

will fail, and system is finally settled into laning-B phase. As a
result, a regular and uniform laning-A phase characterized lane
width, which will be discussed below in detail, can be obtained
by the tilted plates if the external driving force does not exceed
a critical strength. As is well known, a static confinement or
obstacle is shown to be able to accumulate and collect driven
particles and trapping devices. This collective effect can be
used to guide or rectify the motion of microbes and man-made
microswimmers in a controlled way.[36,37] Here, neighboring
tilted plates can be regarded as funnel-shaped confinements
one by one. The funnels can first guide the collective behav-
iors of the same driven particles to the direction of the cusp of
funnels. Once particles are in a lane, transverse diffusivity is
further suppressed by two plates and ordered laning phase is
formed.

(a)

(b)

(c)

FD/. FD/. FD/. FD/.

Fig. 3. Disk configurations for three cases with different values of FD for N = 0 (a), 2 (b), and 4 (c).

      13 14 15



.

.

.

.

.

.

<V
A

y
>
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N/
N/
N/

(a)

     2
.
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.

.

.

.

y

t/107

N/↪ FD/.
N/↪ FD/.

(b)

x

y

y0

Fig. 4. (a) Plots of average velocity of species A disk in direction 〈VAy〉 versus FD for three different values of N, and (b) time-dependent y
coordinate of selected disk with initial y0 coordinate for FD = 7.5.
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Next, we focus on the laning phase with FD ≥ 7.5 for two
cases without and with tilted plates. Here the species A av-
erage velocity in the y direction 〈VAy〉 as a function of FD is
calculated. As shown in Fig. 4(a), without tilted plates (N = 0,
black line), the magnitude of 〈VAy〉 is on the order of 10−3,
extending over the range from 0.001 to 0.004. The value of
〈VAy〉 increases with the value of FD increasing, indicating the
massive velocity loss in the y direction. After embedding the
tilted plates (N = 2 and 4, red and blue lines, respectively),
the value of 〈VAy〉 is reduced to a lower magnitude, 10−4, and
the velocity fluctuations drop to zero as the drive force in-
creases. Especially for FD = 7.5, we track the trajectory of
particles with an initial y0 = 12.3 coordinate after the system
has reached an equilibrium state through 1× 107 time steps.
The time-dependent y coordinate of the selected disks with
an initial y coordinate is monitored as indicated in Fig. 4(b).
The trajectory of y coordinate in the case without tilted plates
(black line) presents an oscillating upstate, which implies that
there is the drift behavior behind laning phase, while that in the
case with tilted plates (red line) is almost a straight line, which
indicates that tilted plates can stabilize laning phase by sup-
pressing drifting behavior perpendicular to the driving force.

Figure 5(a) further displays the average lane width 〈d〉 as
a function of FD for N = 0 and 4. For N = 4, as the drive force
increases, 〈d〉 gradually declines from 〈d〉 ≈ 7.0 to a stable
value 〈d〉 ≈ 2.2. The related dynamical phases can be simply
understood by a competition between three effects: the inter-
nal interaction forces between the particles, the interaction be-
tween particles and titled plates, and the external driving force.
When the driving force is very small, the interaction between
particles plays a dominant role, and the system is in phase I.
With the driving force increasing, these three effects reach a
relatively balanced state,[37,38] where the particles of the same
kind gather together and the particles of different kinds are sig-
nificantly separated from each other, and then the system is in
a phase-separated state. However, as the driving force is get-
ting larger and larger, the interaction between particles is not
enough to offset the external force, so that the particles tend to
be discrete and disordered.[38] In the final stage, as the driving
force is much larger than the internal interaction between par-
ticles, the external driving force and the guiding of tilted plates
accelerate the formation of laining phases. As 5.5 < FD ≤ 7.5,
a well laning-A phase is obtained, uniformly divided into four
lanes with 〈d〉 ≈ 7.0 as shown in Fig. 3(c). As the value of FD

increases, the influence of tilted plates will diminish and even
disappear. For FD ≥ 17.5, the two curves for N = 0 and 4 basi-
cally overlap, illustrating that the system is settled into laning-
B phase, irrelevant to the tilted plates. Additionally, even if
the tilted plates have no impact on the lane width, it always
can stabilize the laning phase as marked by the error bars in
Fig. 5(a). Furthermore, the variance of lane width 〈d2〉−〈d〉2

as a function of N is shown in Fig. 5(b). In the case without
tilted plates (N = 0), the variance 〈d2〉−〈d〉2 is in a range be-
tween 1.30 and 1.64, and decreases inversely as driving force
increases. Once tilted plates are embedded, 〈d2〉−〈d〉2 drops
sharply to 0.2, and even tends to zero for N = 4 and 6, indepen-
dent of the driving force. Moreover, the reduced probability
distribution function P of lane width for FD = 7.5 is shown in
Fig. 6. Here, the probability distribution P(〈d/d〉) is normal-
ized by

∫
P(d/〈d〉)∆(〈d〉/〈d〉) = 1/〈d〉. For the laning phase

of N = 0, the value of P extends from 0.7 to 1.3, obeying the
Gaussian distribution,[39] while for N = 4, the value of P is all
concentrated at 1.0, following the δ function distribution.[40]

These results shown in Figs. 5 and 6 also support the fact that
the tilted plates make the laning phase more stable and uni-
form.
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Fig. 5. (a) Average lane width 〈d〉 as a function of FD for N = 0 and 2,
and (b) variance of lane width 〈d2〉−〈d〉2 as a function of N for FD = 6,
7.5, and 10.
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Fig. 6. The reduced probability distribution P with respect to d/〈d〉 at
FD = 7.5 for N = 0 and 4.
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According to the results, we can conclude that the tilted
plates can effectively govern the collective behaviors of driven
particles and then stabilize the laning phase by suppressing
drifting behavior perpendicular to the driving force. In this
part, we hope to control the lane width distribution freely by
varying the interplate distance di, not necessarily equal. Fig-
ures 7(a1)–7(e1) display the disk configurations for N = 4
and FD = 7.5 with different values of di, which is charac-
terized by the ratio of d1 : d2 : d3 : d4 . The five sets of
d1 : d2 : d3 : d4 are selected, which cover the cases of uniform,
non-uniform, large differences, and small differences, respec-
tively. Form the configurations, we can make a preliminary
judgment that the lane width completely depends on the pre-
set interplate distance di. Correspondingly, the density profiles
of the species A and B along the +y direction are also shown
in Figs. 7(a2)–7(e2). The lane width distributions induced by
the tilted plates are marked at the top of the density profiles.
Taking d1 : d2 : d3 : d4 = 1 : 2 : 2 : 1 for example, the actually
measured distance is 1 : 2.067 : 2.070 : 0.989, which is consis-
tent with the pre-set value.

For N = 4 and FD = 7.5, we further change the orienta-
tion of the tilted plates from θ = 10◦ to θ = −10◦, the same
uniform laning phases are obtained as shown in Figs. 8(a) and
8(b). The only difference is the order in which the A/B lanes
are arranged. As discussed above, the funnel-shaped confine-
ments can first govern the collective behaviors of driven par-
ticles from the entrance to the cusp of funnels. As shown in
Fig. 8(a), the red disks (species A) driven in the +x direction
gather in the third layer characterized by the yellow arrows,
while the blue disks (species A) driven in the −x direction
gather in the second layer characterized by the red arrows.
The time-evolution processes of disk configurations are dis-
played in Fig. 9. We can see that initially the system is in
a fluctuating transient state with disk–disk collisions. Then
the funnel-shaped confinements constituted by the neighbor-
ing tilted plates govern the collective behaviors of driven par-
ticles to the direction of the cusp of funnels. Once driven disks
are in a lane (about 1× 106 time steps), transverse diffusivity
is further suppressed and ordered laning phase is formed (after
6×106 time steps).
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Fig. 7. (a1)–(e1) Disk configurations with different distance ratios of d1 : d2 : d3 : d4 for FD = 7.5 and N = 4, and (a2)–(e2) density profiles of species A and
B along +y direction.
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Fig. 8. Disk configuration with tilted angle of θ = 10◦ (a) and θ =−10◦ (b) for FD = 7.5 and N = 4.
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Fig. 9. Time-evolution processes of disk configurations for FD = 7.5 and N = 4.

4. Conclusions
We have numerically examined a 2D binary system of

particles driven in opposite directions. There are four typi-
cal dynamical phases: jammed, phase separated, disordered,
and laning states. In general, the dynamical laning phase is
unstable with drifting defects and non-uniform lane width dis-
tribution, which may impede its wide application in accelerat-
ing particle transport. To eliminate drifting defects and control
the lane width within laning phase, impermeable tilted plates
are introduced into the driven system. We map a rough phase
diagram as a function of driving force and plate number. Em-
bedded with tilted plates, the laning phase is stabilized as in-
dicated by a drop both in particle velocity perpendicular to the
driving force, and in the variance of lane width. Moreover, the
lane width distribution can be controlled freely by the inter-
plate distance. We further show that the collective behavior of
the particles of the same species s in laning phase can be gov-
erned by the funnel-shaped confinements constituted by the
neighboring tilted plates. Our results suggest that the embed-
ded tilted plates can serve as an alternative method of stabiliz-
ing laning phase and controlling lane width distribution.
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