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This paper studies quantum discord of two qutrits coupled to their own environments independently and coupled to
the same environment simultaneously under quantum-jump-based feedback control. Our results show that spontaneous
emission, quantum feedback parameters, classical driving, initial state, and detection efficiency all affect the evolution of
quantum discord in a two-qutrit system. We find that under the condition of designing proper quantum-jump-based feedback
parameters, quantum discord can be protected and prepared. In the case where two qutrits are independently coupled to
their own environments, classical driving, spontaneous emission, and low detection efficiency have negative effect on the
protection of quantum discord. For different initial states, it is found that the evolution of quantum discord under the control
of appropriate parameters is similar. In the case where two qutrits are simultaneously coupled to the same environment,
the classical driving plays a positive role in the generation of quantum discord, but spontaneous emission and low detection
efficiency have negative impact on the generation of quantum discord. Most importantly, we find that the steady discord
depends on feedback parameters, classical driving, and detection efficiency, but not on the initial state.

Keywords: qutrit, quantum-jump-based feedback, quantum discord

PACS: 03.67.—a, 03.65.Yz, 42.50.Lc

1. Introduction

In science, the quantification and classification of corre-
lations are of fundamental importance. In the emerging field
of quantum information, various correlation metrics have re-
cently been introduced and studied, such as entanglement,!! 3!
quantum correlation, and classical correlation.[*! In particu-
lar, Ollivier and Zurek and Henderson and Vedral>:¢! have
introduced the quantum discord as a measure of quantum cor-
relation beyond entanglement. Recently, quantum discord has
been widely explored, including using different alternative
methods to guide quantum discord, 8! studying quantum dis-

19101 and exploring quantum dis-

g [11-14

cord in different space-time,

1 At the same time, other
[15-18]

cord under different interaction:
studies on higher-dimensional and higher spin systems
and experimental advances!'®! have also increased interest in
quantum discord.

The system considered here consists of two parts, then all
correlations can be defined as entropic quantities.*! In the fol-
lowing, we will define the total correlation by means of mea-
sures on one of the subsystems. The quantum system pap has
quantum and classical correlations. All the correlations can be

characterized by the quantum mutual information(*>]

1(Pa) = S(Pa) +S(Ps) — S(Pas), 1)

where S(p) = —Tr[plog,(p)] is the von Neumann entropy.
Based on this expression, correlations are generally consid-
ered to be separated according to their classical and quantum

DOI: 10.1088/1674-1056/ab4e83

natures, respectively.!*! In this way, the quantum discord has
been introduced as

D(Pas) = 1(Pas) — C(Pa), 2

where C(pPap) is the classical correlation!*>! defined by the
following maximization procedure. A complete set of projec-
tor operators {IT;} must be built for the subsystem B. Then
the quantity

C(pag) = max[S(Pa) — S(Pas | {IL})] 3
{1}
must be maximized with respect to the variation of the set of
{ﬁk}, where Pk = Tr(ﬁABﬁk), ﬁk = TI'B(IA_I]([SABIAY/()/[)/(, and
S(Pas | {Tk}) = Li PeS(Pr)-
Since the measurements can be performed on either
qutrits, the classical correlation will be calculated by perform-

ing measurements on qutrit B. To this end, we consider using
the following base vectors for measurement!>’!

[Vi) = exp(ix:1)sinBcos@|0)

+ exp(ixz)sinOsin@|1) +cos 6/2),
[V2) = exp(iyx1)cosOcos¢|0)

+ exp(ixz)cosOsing|1) —sin0]2),
V) = —exp(iz1) sing|0) +exp(iza) sino|1),

where (0< 0,¢ <m/2)and (0 < x1,x2 < 27).
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The purpose of this paper is to investigate the effect of a
strategic quantum feedback control on the evolution of quan-
tum discord. Quantum feedback is a typical method of con-
trolling quantum system dynamics through external control.
Markovian quantum feedback control introduced by Wise-
man and Milburn?’->?! has been widely used to feed back
measurements to the system to modify the future dynam-
ics of the system, such as suppressing decoherence,?3-20]
protecting quantum correlations,?”! improving steady state
entanglement, [>-33 manipulating the geometric phase!**! and
stationary state!3>! of the dissipative two-level system, prepar-
ing a three-atom singlet,[?%! W state, and GHZ state,3”-38! and
enhancing the accuracy of parameter estimations. **! Recently,
quantum-jump-based feedback control has been used to accel-
erate quantum evolution, [40] ephance exciton transmission, 411
study on the dissipative stabilization of multipartite entangle-
ment with Rydberg atoms,*?! maneuver Einstein—Podolsky—
Rosen Steering,[*3 and so on. According to different measure-
ment strategies, homodyne-based and quantum-jump-based
feedback controls are proposed. Reference [31] shows that
the latter is superior in protecting entangled states. In this pa-
per, we will study the quantum discord of two qutrits under
quantum-jump-based feedback control.

In the following, we will study the quantum discord in
both feedback and no feedback regimes. The structure of this
paper is arranged as follows: In Section 2, we will investigate
the evolution of the quantum discord between two quitrits inde-
pendently coupled to their own environment under quantum-
jump-based feedback control. In Section 3, we will investi-
gate the evolution of the quantum discord between two qutrits
simultaneously coupled to one environment under quantum-
jump-based feedback control. Finally, we give a concise con-
clusion and discussion.

2. Protection of quantum discord
2.1. Effective master equation

We consider a system consisting of a qutrit which cou-
ple resonantly to a damped cavity and is driven by two clas-
sical fields. The atomic levels and transitions are depicted
in Fig. 1(a).
(|2) <> |1)) is coupled to the cavity mode a resonantly with

The transition between the levels |3) < |2)

the coupling strength g, driven by the classical field with the
Rabi frequency 2. The atom can spontaneously decay from
|3) to [2) (|2) to |1)) with rate ¥ (}2), and the cavity mode is
damped with rate k,. The complete master equation describ-
ing dynamics of our system reads

p = Lp—igl(JTa+J a"),pl+kDlalp, &
here, £ is a superoperator given as

Lp =—iQU +J,pl+1Dlonlp+pDlonlp ()

and the superoperator D acting on an operator c is defined as
Dicle = cpct — (cTep + pcte) /2. The amplitude damping op-
erator is defined as J~ = 012 + 023, where oy = [k)(I|. In
what follows, the effective master equation will be derived un-
der the condition of a strongly dissipative cavity, which can be
obtained by considering the dynamic evolution of each matrix
element of the density operator in the system. In the limit of
large decay rate, highly excited modes can be safely ignored,
so we only need to expand the density matrix p in terms of
the a mode number states with small photon numbers.[!8-28.36]
Therefore, we can get the density operator p as

P~ pol0)a (0] +p1]1)4(0]+ p; 0)4(1]
+p2| D) al1]+ p32)a (0] + p]10)a (2. (6)

Substituting the above equation into Eq. (4), we can obtain
a set of coupled equations of motion for the field-matrix ele-
ments

po = Lpo—igl pi—p{J ]+ Kap2,
. . + _ _ Kq
p1 = Lp1—ig[V2I ps+J"po—paJ J=>prn

P = Epz*ig[J_Pleplﬂ] — Kap2,

p3 = Lps—ig[V2J p1] — Kaps. 7
@ 5 ®
M N W g [ ( ]% B
12)
7 Q g ﬁ
) o

Fig. 1. Schematic view of the model. A qutrit is trapped in a cavity. When a
photon from the leaky cavity is detected by a detection apparatus, a feedback
pulse is triggered.

Under the condition k, > g, we make the assumption that
P1 = p3 = 0 and substitute the corresponding results into the
expressions of pg and pP,. After neglecting the terms propor-
tional to second order O(g?/k2), we can obtain

2 2
Po = Lpo— ,f I po+pod I =27 pad 7]+ Kap,
; 2¢% — 7t . o
p2 = Lp2— . T p24p2J J" =27 poJ'] — Kap2. (8)

a

Solving the above two equations and adiabatically
eliminating!!8-28:3644] the elements p,, we can obtain the ef-

fective master equation prompting the evolution of the atom

p = —iQU +J",p]+1Dloxlp
+1Dlonlp+I'DJ p, ©)
where I = 4g/x, describes the effective decay rate of the

atom and the cavity mode a. Moreover, if the collective decay
rate I" is much larger than the atomic spontaneous emission
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rate (), we can ignore the effect of ¥;(,). The final effective
master equation of the system can be expressed as

p = —iQU +J ,p]+I'D[J ]p. (10)

2.2. Implementation of the feedback

Now let us consider the system with feedback, as shown
in Fig. 1(b). The output from the leaky cavity is measured by
a detector D, then the measurement is used to trigger a feed-
back Hamiltonian Hy, = I(t)B. For a feedback scheme based
on photodetection measurement, the stochastic master equa-
tion for the qutrit system can be described by

p = —iQU +J ,p]+I'DUJ |p, (11)

where U = exp[—iA 0y is feedback control with the control
strength A, where o, = (i / \@) (J - +JT). For simplicity, we
have assumed 71 = = 7.

We consider a system formed by two non-interacting
parts A and B. The consistency of each part is shown in Fig. 1.
Under this condition, the master equation for the two-qutrit
system becomes

p =Y —iQU+J . pl+TUJ pJUT
k=A,B
1

—E(J;Jk_p +pII0)). (12)

In this section, we first assume that two qutrits are in a
particular quantum state, then substituting this quantum state
into Eq. (12). Finally, we use Eq. (2) to numerically simulate
the evolution process of the quantum discord under quantum
feedback control.

Now we discuss the case where the initial state is |¥) =
V1/3111) ++/1/3|22) +/1/3|33). In Fig. 2(a), we plot the
quantum discord of the two qutrits as a function of the dimen-
sionless quantity I'7 and the feedback parameter A. It can be
seen that the evolution of the quantum discord is different un-
der different feedback parameters, and the quantum discord
is a periodic function of A with period T = 27. Meanwhile,
we also find that the decay of the quantum discord can be re-
tarded when some appropriate feedback parameters are cho-
sen. As can be seen from Fig. 2(b), compared with the case
of spontaneous emission effects, the quantum discord in the
case without spontaneous emission effects has a smaller decay
rate. Consequently, the spontaneous emission is a detrimental
factor for our current model.

In order to demonstrate the dependency of D(pap) on
classical driving strength €2, we present Fig. 3, where the ini-
tial state is |¥) and the plot is drawn at A = 0.4w. We here
choose 2 =0, Q/I"' =2.5,and Q/I" = 5. Itis easy to find that
the classical driving plays a negative role in protecting quan-
tum discord, and as the classical driving strength increases,
the impact of the quantum feedback on the dynamics of the

quantum discord is complicated. That is to say, our numerical
results show that classical driving cannot protect the quantum
discord when the quantum-jump-based feedback control ex-
ists. In the following, we will focus on the evolution of the
quantum discord without classical driving.

1.0 1.5850
1.3870
0.5F 1.1890
. 0.9906
g 0 0.7925
0.5944
—0.5} 0.3962
0.1981

—1.0 0

. v/ =0.01, A = 0.47
8 ,Y/F:07)\:O.97r
3 ~v/T'=0.01,\ =097
el
g
=)
=
o
o]
=
o) .‘h,, — e e i— .
00 3 G 9 12
It

Fig. 2. Quantum discord for the initial state |¥) as a function of the di-
mensionless quantity I'7 and A with Q = 0, (a) without (y/I" = 0) and
(b) with (y/I" = 0.01) spontaneous emission effects.

1.6
- - Q/I'=0
o
g 1.2 — 2/I'=25
[9]
2 \ — 2/I'=5
o N
0.8 ~

=1 =~ -
g 04 S~ o
& 9

% 1 2 3

It

Fig. 3. Time evolution of the quantum discord, with the initial state
being |¥), with A = 0.4, for the cases of Q/I" =0, Q/I" = 2.5, and
QT =5.

Figure 4 illustrates the quantum discord for different ini-
tial states (|¥), |P), and |¢)) as a function of the dimen-
sionless quantity I't, where |¥) = 1/1/3|11) +/1/3]22) +
V1/3133), @) = /1/3]13) +/1/331) +/1/3]22), |9) =
V1/3|11) ++/1/3]32) +/1/3]23), 2 =0, and A = 0.47.
What is shown in Fig. 4 is the quantum discord protection not
only depends on the feedback parameter A and classical driv-
ing strength Q but also on the initial state chosen. At the same
time, we use the research methods in Figs. 2 and 3 to study the
initial quantum states |®) and |¢). It is found that the feed-
back parameters, spontaneous emission, and classical driving
have similar effects on the evolution process.
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1.6
— )
20y )
---------- 4)

Quantum discord
o o
~ o
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S

Fig. 4. Evolution of the quantum discord of an initial state |¥), |®) or
|¢) with @ =0 and A = 0.47.
The detection efficiency is another important factor af-
fecting the feedback control process. In order to consider this
factor, we can modify the corresponding master equation as

p= Y —iQUi+J.pl+In {UlkaEUT
k=A,B

1o P
- E(J;Jk p+pJ; )]

+I(1-n) [Jka,j - %(J;Jk’p +pJ,ij)}, (13)
where 1 represents the detection efficiency, and (1 — 1) corre-
sponds to the case where the detector is not clicked and the
control action is not applied. In Fig. 5, we plot the quan-
tum discord versus the effect of different detection efficien-
cies with Q =0, A = 0.4 and two qutrits initially in the
state |¥). It is shown that the spontaneous emission effect
plays a negative role in protecting quantum discord, and the
detection efficiency largely determines the protection effect of
the quantum-jump-based feedback control on the quantum dis-
cord. The protection of the quantum discord is the best when
the detection is perfect and there is no spontaneous emission
effect. Similarly, we find that other two-qutrit states (|]®) and
|¢)) show similar behavior to |¥) under the appropriate pa-

rameters.
1.6r 0.18
= T,
5 1.2 o,
o Seng
° 2.0 2.5 3.0
0.8 : ! :
é —/I'=0,n=1
% ------- v/I'=0.01,n=1
S 0.4 v/I=0,7=0.5
c , vem v/T'=0.01,7=0.5
00 3 6 =9 12

It

Fig. 5. The quantum discord versus the effect of different detection efficien-
cies with Q =0, A = 0.47 and two qutrits initially in the state |¥).

3. Preparation of quantum discord

As can be seen from the above discussion, for the model
in Section 2, quantum-jump-based feedback control can pro-

tect the quantum discord, that is, reduce the attenuation rate
of the quantum discord, but the quantum discord can only be
maintained for a limited time. So how do we prepare the quan-
tum discord of two-qutrit system and make it stable? We will
discuss it in this section.

3.1. Effective master equation

We consider another system consisting of two qutrits cou-
pled resonantly to a damped cavity. The transition between
the levels |2) <> |1) and |3) <> |2) are coupled to cavity mode
a resonantly with the coupling strength g, driven by classical
fields with the Rabi frequency . The atom can spontaneously
decay from |3) to |2) (]2) to |1)) with rate ¥; (}2), and the cav-
ity mode is damped with rate x,.

The complete master equation describing dynamics of our
system can be written as

p = Lp—ig[(Jla+J a"),p]+xDldp,  (14)
here, £ is a superoperator given as
Lp = —iQ' +J7,p]+ 1 Dloxlp +nDlop]p
+%Dloglp + 1 Do), (15)

and the superoperator D acting on an operator ¢ is defined
by Dlc]p = cpc’ — (cTep + pcfe) /2. The amplitude damp-
ing operator is defined as J~ = 6}, + 61, + 62, + 0%, where
o = |k)(I|. In the limit of large cavity dissipative rates, we
can neglect highly excited modes safely.[!828:36:441 Similar to
the analysis procedure of Subsection 2.1, we can obtain the

stochastic master equation
p = —iQU +J ,p]+I'D[J ]p. (16)

3.2. Implementations of the feedback

Now let us consider the system with feedback, as shown
in the following Fig. 6.

9 [ o0 ]é
[2)
’ (]

Hy,

(a)

1)
Fig. 6. Schematic view of the model. Two qutrits are trapped in a cavity.
When a photon from the leaky cavity is detected by a detection apparatus, a
feedback pulse is triggered.

The output from the leaky cavity is measured by a de-
tector D, then the measurement is used to trigger a feedback
Hamiltonian Hp, = I(¢)B. For a feedback scheme based on
photodetection measurement, the stochastic master equation
for the two-qutrit system can be written as

p = —iQU +J7,p]+I'D[UnJ Ip, (17
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where Up, = exp(—iAo}), with o} = (v/2/2)(03, + 015 +
0112 + 6211). For simplicity, we have assumed ¥} = 74 = 7. We
choose the local feedback that, like the spontaneous emission
term, cannot maintain the symmetry of the atomic exchange.
This can allow feedback to move the population between sub-
spaces, limiting the likelihood of destructive interference.

The quantum discord as a function of feedback and driv-
ing strength is shown in Fig. 7. Compared with the case of
spontaneous emission effects, the quantum discord of the com-
posed system in the case without spontaneous emission effects
has a large maximum value in steady state, therefore we hold

the point that the atomic spontaneous emission is a detrimen-
tal factor for our current model. And it is obvious that a nearly

perfect quantum discord can be achieved by quantum-jump-
based feedback.

(a)

Quantum discord
=}
o

Quantum discord
=)
o

1.0 10
Fig. 7. The quantum discord as a function of feedback and driving
strength (a) without (y/I" = 0) and (b) with (y/I" = 0.01) spontaneous
emission effects.

In order to demonstrate the dependency of the quantum
discord on classical driving strengths 2, we present Fig. 8§,
where the initial state is |¥) and the plot is drawn at A = 7.
We here choose 2 =0, Q/I' =2.5, and Q/I" = 5. We can
see from Fig. 8 that when the feedback parameter A = 7 is
chosen, the effect of classical driving on the dynamics of the
quantum discord is complicated. But it is easy to find that
the classical driving plays a positive role in the preparation of
the quantum discord, and with the advent of classic driving,
a nearly perfect maximum value of discord appears. That is
to say, our numerical results show that when the appropriate

quantum-jump-based feedback control is present, the classical

driving is very beneficial for the preparation of the quantum
discord.

Quantum discord

3.5 6.5
0 20 60 80

It
Fig. 8. Time evolution of the quantum discord, with the initial state

being |¥), with A = 7, for the cases of Q/I' =0, Q/I' = 2.5, and
Q)T =5.

Figure 9 illustrates the quantum discord for different
initial states (|¥) and |®)) as a function of the dimen-
sionless quantity I't, where |¥) = \/1/3]11) +/1/3]22) +
V/1/3133), |®) = |11), Q/T" =1, and A = . Figure 9 shows
that the quantum discord evolution process not only depends
on the feedback parameter A and the classical driving strength
£ but also on the initial state chosen. For any initial state,

the long-term evolution of the quantum discord can reach the
maximum.

1.6

1.2

0.8

0.4

Quantum discord

0 20 40 60
It

Fig. 9. Evolution of the quantum discord of an initial state |¥) or |®)
with Q =T and A = 7.
The detection efficiency is another important factor af-
fecting the feedback control process. In order to consider this
factor, we can modify the corresponding master equation as

p = —iQU +J,p]+I'NDUnJ |p

+I'(1-n)DJ " |p, (18)

where 1 represents the detection efficiency, and (1 — 7)) cor-
responds to the case where the detector is not clicked and the
control action is not applied. In Fig. 10, we plot the quan-
tum discord versus the effect of different detection efficiencies
with Q =TI", A = &, and two qutrits initially in the state |¥).
Obviously, the system always achieves the maximum value of
discord without atomic decay, but the time required depend on
the efficiency of the detection process. Furthermore, the pres-
ence of spontaneous emission leads to a reduction in the final
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quantum discord, which is also affected via the inefficiency of
the detector, this conclusion is consistent with the conclusion

in the literature. [3°!

1] Ty Ty
e T
o 1.2 .f """"""""
5 L
T L " P
g O'SE f v e v/ I'=0,n=1
= i i/ v/T=0,n7=0.5
£ 04 “t'r ........ v/I'=0.01,n=1
c { — -7v/I'=0.01,7=0.5

0
0 30 60 90 120

It

Fig. 10. The quantum discord versus the effect of different detection ef-
ficiencies with Q =TI", A = 7, and two qutrits initially in the state |¥).
Without decay the system always reaches the maximum value of dis-
cord, with the time depending on the efficiency, while the presence of
spontaneous emission results in a decrease in the final quantum discord.

To consider the correctness of the adiabatic approxima-
tion, we can rewrite the main equation (14) as

p = —iQ[ +J,p]+ 1 Dloylp + nDloflp
+7’12D[0223]P -|—y22D[0122]p

—ig[(JTa+Ja"),p]+ K DUpalp. (19)

In the adiabatic regime with x, = 16007y, g = 2007, 2 = 1007,
and A = 7, the discord of the steady state is about 1.39 that is
close to the result of effective model denoted by the red line in
Fig. 10.

4. Discussion and conclusions

In general, the existence of decoherence makes it an ob-
stacle to the quantum information science to experimentally
produce faithful and reliable entangled states, because quan-
tum system will inevitably interact with their surrounding and
cause information loss. In the context of cavity quantum elec-
trodynamics, the typical decoherence factors include sponta-
neous emission of atoms and cavity decay. In the absence of
atomic spontaneous emission, the reason why quantum feed-
back can protect quantum discord is that the fast damping rate
K, of the cavity makes it easy for photon to leak from the cav-
ity rather than interact with the atom. Once the detector de-
tects a leaked photon, the feedback control will act on the sys-
tem to modify the future dynamics of the system. In this way,
proper feedback control suppresses the decoherence of the sys-
tem and the surrounding environment, and protects the quan-
tum discord of the quantum system. The presence of sponta-
neous emission will aggravate the loss of information in the
quantum system and have a negative impact on the protection
of quantum discord. In the preparation of quantum discord,
we adopt the basic idea of direct quantum feedback, that is,
in a system consisting of largely decay cavity and negligible

atomic spontaneous emission, the feedback with not preserv-
ing the symmetry with respect to exchange of atoms can be
used to design an approximate maximum discord steady state.
When the spontaneous emission of an atom occurs, the steady
state quantum discord value decreases. It is due to a com-
petition between the spontaneous emission and the feedback

18.291 S0 the atomic decay still plays a negative role in the

rate. !
current scheme.

In experiments, for an optical cavity approaching the
bad cavity limit, where the atom—cavity cooperativity pa-
rameter is C = g*>/Kk,y =~ 19 with (x,,g,7) ~ 27 x
(255.05,70,1) MHz,[*®! the quantum discord is about 1.24
based on Eq. (19) in the case of 2 = g and A = m. The
value is relatively high for the discord. In the future cavity
quantum electrodynamics experiments, it is expected to ob-
tain a better bad cavity structure. The atomic configuration
involved in our scheme may be implemented with metastable
Krypton, whose relevant atomic levels are shown in Ref. [47].
However, its structure does not fully satisfy our theoretical as-
sumptions. Therefore, we also hope that in the near future, the
cascaded three-level atom that fully satisfies our hypothesis
can be found.

In summary, we find that a quantum-jump-based feed-
back scheme can protect and prepare the quantum discord of
qutrit-qutrit system. In Section 2, we show that quantum feed-
back can protect the quantum discord, and the emergence of
spontaneous emission and classical driving are negative fac-
In addition, we find that the feedback has different
protection effects on the quantum discord of different initial

tors.

states, and the protection effect is the best for the quantum
discord in the initial state |¥). Finally, we discuss the effects
of low efficiency and spontaneous emission on quantum dis-
cord during the detection process. We find that high detection
efficiency is more conducive to the protection of the quantum
discord, and the existence of spontaneous emission will under-
mine the protection of the quantum discord. In Section 3, we
show that another quantum-jump-based feedback scheme can
produce stable maximum quantum discord. First, the quantum
jump-based feedback scheme can improve the steady-state dis-
cord of the two-qutrit system, but the spontaneous emission in
the current scheme plays a negative role. In addition, we ex-
plore the effects of classical driving on quantum discord and
find that the existence of classical driving is a positive factor
and a necessary condition for preparing the maximum steady-
state discord. Later, we find that the feedback can produce
a stable maximum quantum discord, regardless of the initial
state. Finally, we discuss in detail the effects of low efficiency
and spontaneous emission on quantum discord during the de-
tection process. On the one hand, the system always achieves
the maximum value of discord without atomic decay, but the
time required depends on the efficiency of the detection pro-
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On the other hand, the presence of spontaneous emission

leads to a reduction in the final quantum discord, which is also

affected by the inefficiency of the detector. Therefore, in the

two-qutrit system, quantum-jump-based feedback is an effec-

tive scheme for protecting and preparing quantum discord.
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