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Thermal properties of regular black hole with electric charge in
Einstein gravity coupled to nonlinear electrodynamics*

Yi-Huan Wei(魏益焕)†
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We propose a regular spherically symmetric spacetime solution with three parameters in Einstein gravity coupled to
nonlinear electrodynamics (NED), which describes the NED black hole with electric charge. It is found that the system
enclosed by the horizon of NED spacetime satisfies the first law of thermodynamics. In order to obtain the NED spacetime
with only electric charge, the case of two parameters taking the same value is considered. In this case, we express the mass
of the NED spacetime as a function of the entropy and electric charge of the NED black hole, give the Smarr-like formula
and the approximate Smarr formula for the mass of NED spacetime.

Keywords: regular nonlinear electrodynamics (NED) spacetime, NED black hole with electric charge, first
law of thermodynamics, Smarr formula
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1. Introduction
The center of some spherically symmetric spacetimes,

such as Reissner–Nordström (RN) spacetime, is singular. The
spacetime without any geometric singularity can be said to
be regular. A black hole in regular spacetime is called reg-
ular black hole. The Bardeen regular black hole is the first
black hole with magnetic monopole to be found in Einstein
gravity coupled to nonlinear electrodynamics (NED).[1,2] In
the NED gravity, some regular black hole solutions have been
proposed,[3–26] the electromagnetic field of which behaves as
the Maxwell field in the weak field limit.[3–5] The NED so-
lutions with multiple parameters given in Refs. [19]–[22] de-
scribe the regular NED black holes with electric charge. It is
of great interest to generalize this class of the NED solutions.

The Smarr formula for the black hole with a central sin-
gularity, such as RN black hole, plays an important role. How-
ever, the usual Smarr formula is not applicable to the case of
the NED black hole.[27–29] Starting from the Komar integral,
the Smarr-type formula may be derived, where the boundary of
Komar integral is taken on the infinite surface.[30] On the other
hand, one can assume that the Smarr formula for the NED
black hole is valid.[31] From the presupposed Smarr formula
for the NED black hole, the quantities similar to the tempera-
ture and electric potential of NED black hole can be obtained.
The latter study does not seem to yield physically meaning-
ful results. The thermodynamic properties of the regular NED
black hole need to be further studied.

In this paper, we propose the NED solution with electric
charge and study its thermodynamic properties. In Section 2,
we give the NED solution with three parameters, determine the
radius of the NED black hole and calculate its electric poten-

tial. In Section 3, we obtain the first law of thermodynamics of
the NED black hole. In a special case, we show the Smarr-like
formula for the mass of the NED spacetime, and obtain the ap-
proximate Smarr formula associated with the outer horizon of
NED black hole. Lastly, we discuss some problems on the reg-
ularity parameter and the Smarr formula of NED spacetime.

2. Regular NED black hole with electric charge
The action for Einstein gravity coupling to nonlinear elec-

trodynamics may be taken as

S =
∫ √

−gd4x
(

1
16π

R−ℒ
)
, (1)

where ℒ= ℒ(F) is Lagrangian density of the electromagnetic
field in the NED gravity, F = 1

4 Fµν Fµν , Fµν = ∇µ Aν −∇ν Aµ ,
and Aµ is the gauge potential of electromagnetic field. The
energy–momentum tensor of electromagnetic field in the NED
gravity is[23]

Tµν = gµνℒ−ℒF Fλ
µ Fλν , (2)

where ℒF = dℒ/dF . The electromagnetic tensor Fµν satisfies
the modified Maxwell equation

∇µ (ℒF Fµν) = 0. (3)

For the spherically symmetric spacetime with electric charge
q, we have

ds2 =− f dt2 + f−1 dt2 + r2(dθ
2 + sin2

ϕ dϕ
2) (4)

with f = 1−2m/r the metric function of the NED spacetime,
the electric field takes

ℰ = ℒ−1
F

q
r2 , (5)
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the Lagrangian density and its derivative to F are respecti-
vely[23] read

ℒ=
1

8πr
m′′, (6)

ℒF =
8πq2

r2(2m′− rm′′)
(7)

with m=m(r) the mass function of the NED spacetime, where
a prime represents the derivative to r.

The metric function of the NED spacetime in Ref. [20]
takes

f = 1− 2M
r

− 2q3rσ

α(rβ +λ β )σ/β
,

where M, q, α , β , σ , and λ are some constants. By consider-
ing regularity, the metric function can be simplified to

f = 1− 2M
r

rσ

(rβ +λ β )σ/β

with four parameters M > 0, β > 0, σ > 0, and λ > 0.[20,21]

For β = 1 and σ = 3, it yields the NED spacetime solution
with electric charge. In order to describe the regular NED
spacetime with electric charge, we consider the metric func-
tion with three parameters: the mass of spacetime, the electric
charge parameter and the regularity parameter of spacetime.
We propose the following metric function

f = 1− 2Mr2

r3 +χr2 +χ2r+λ 3 , (8)

or the mass function

m =
Mr3

r3 +χr2 +χ2r+λ 3 (9)

with the mass M > 0, the electric charge parameter χ ≥ 0,
and the regularity parameter λ > 0. The regular NED space-
time (8) with a nonzero χ is not included in the ones given in
Refs. [20] and [21]. For χ = 0, the metric function (8) de-
scribes the Hayward spacetime with magnetic monopole.[8]

For χ ̸= 0, it describes the NED spacetime with electric
charge. In what follows, we will consider the regular NED
spacetime with a nonzero electric charge. In the central re-
gion, the NED spacetime behaves as a de-Sitter spacetime,
f ≈ 1− r2/l2

eff with leff =
√

λ 3/2M an effective cosmologi-
cal constant. For r ≫ χ and r ≫ λ , the metric function (8) is
expanded as

f = 1− 2M
r

+
q2

r2 +
2M(λ 3 −χ3)

r4 +O(r−5), (10)

where the term r−3 is absent, and q =
√

2Mχ is the electric
charge of the NED spacetime.

The spacetime described by the metric function (8) can
have two black hole horizons. Three solutions (r1, r2, and r3)
of the equation f = 0 satisfy the following relationships:

2M−χ = r1 + r2 + r3, (11)

χ
2 = r1r2 + r2r3 + r3r1, (12)

λ
3 =−r1r2r3. (13)

From Eq. (13), it can be seen that at least one of the three
solutions is negative. Letting r3 < 0, r1 = r+, r2 = r− with
r+ ≥ r−, then two positive solutions of f = 0 are given as

r+ =
1
3
(2M−χ)+

2
√

2
3

√
2M2 −2Mχ −χ2 cosψ, (14)

r− =
1
3
(2M−χ)− 2

√
2

3

√
2M2 −2Mχ −χ2 cos

(
ψ +

π

3

)
(15)

with

cos3ψ =
16M3 −27λ 3 −24M2χ −6Mχ2 +7χ3

4
√

2
√
(2M2 −2Mχ −χ2)3

, (16)

where r+ and r− denote radii of the outer and inner horizon of
the NED black hole. As χ → 0 and λ → 0, radii of the outer
and inner horizons of the NED black hole approach 2M and 0,
respectively.

From κH = 1
2 f ′(rH), the surface gravity on the horizon of

the NED black hole is obtained as

κH =
MrH(r3

H −2λ 3 − rHχ2)

(r3
H +λ 3 + r2

Hχ + rHχ2)2
(17)

with rH = r±. From κH = 0, one obtains the equation satisfied
by the extremal NED black hole

r3
E −2λ

3 − rEχ
2 = 0, (18)

where rE = r+ = r− denotes radius of the extremal NED black
hole. As λ → 0, rE → χ; as χ → 0, rE → 21/3λ . For
the four cases of λ/M = 0.1, 0.5, 0.75, 1.0, the allowable
ranges of parameter χ are determined to be 0 < χ/M ≤ 0.666,
0.582, 0.41, 0.102, the corresponding radii of extremal black
hole are given as rE/M = 0.668, 0.805, 1.004, 1.263, respec-
tively (See Fig. 1). For λ ≈ 0, radius of the extremal black
hole is rE ≈ χ ≈ 0.667M. The maximum of parameter λ

takes λmax = 1.05827M corresponding to χ ≈ 0. In this case,
rE ≈ 1.333M is the largest radius of the extremal NED black
hole.
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Fig. 1. The relationship between radii of horizons and parameter χ with some
fixed values of λ . Dashed horizontal line represents radius of extremal black
hole rE corresponding to χ = χE. Panel (a): rE ≈ 0.668M and χE ≈ 0.666M
for λ = 0.1M. Panel (b): rE ≈ 0.805M and χE ≈ 0.582M for λ = 0.5M. Panel
(c): rE ≈ 1.004M and χE ≈ 0.41M for λ = 0.75M. Panel (d): rE ≈ 1.263M
and χE ≈ 0.102M for λ = M.
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Substituting Eq. (9) into Eqs. (6) and (7) gives the Lagrangian of the NED spacetime and its derivative as

ℒ=−
M
[
6r3λ 3 −3λ 6 + r5χ +3r4χ2 −3rλ 3χ2 + r2χ(λ 3 −χ3)

]
4π(r3 +λ 3 + r2χ + rχ2)3 , (19)

ℒF =
4πq2(r3 +λ 3 + r2χ + rχ2)3

Mr5[2r4χ +6r3χ2 +2λ 3χ2 +3r2(3λ 3 +χ3)+ r(5λ 3χ +χ4)]
. (20)

As r → ∞, ℒ approaches −Mχ/4πr4 and ℒF is close to 4π . From Eq. (20), the strength of the electromagnetic tensor is given as

F =−M2r6[2r4χ +6r3χ2 +2λ 3χ2 +3r2(3λ 3 +χ3)+ r(5λ 3χ +χ4)]2

32π2q2(r3 +λ 3 + r2χ + rχ2)6 . (21)

As r → ∞, F approaches −q2/16π2r4. From Eq. (5) (or E =
√

2F), the electrostatic field is obtained as

ℰ =
qr3[2r4 +6r3χ +3r2(3λ 3/χ +χ2)+ r(5λ 3 +χ3)+2λ 3χ]

8π(r3 +λ 3 + r2χ + rχ2)3 . (22)

On the horizon of the NED black hole, the electrostatic field takes

ℰH =
q[2x4

H +6x3
Hχ̃ +3x2

H(3λ̃ 3/χ̃ + χ̃2)+ xH(5λ̃ 3 + χ̃3)+2λ̃ 3χ̃]

64πM2x3
H

(23)

with xH = rH/M, λ̃ = λ/M, and χ̃ = χ/M. As χ̃ → 0 and λ̃ → 0, equation (23) reduces approximately to

ℰ (0)
H =

q(2x4
H +9x2

Hλ̃ 3/χ̃)

64πM2x3
H

. (24)

For the case of λ̃ 3/χ̃ ≈ 0, the electrostatic field takes approximately ℰ (0)
H = q/4πr2

H with rH = xHM and xH ≈ 2. Assuming that
λ̃ 3/χ̃ is a nonzero constant c, then ℰ (0)

H ≈ (1+9c/8)q/4πr2
H.

By integrating Φ =−
∫
ℰ dr, the electrostatic potential of the NED spacetime is given as

Φ =
q[4r5 +8r4χ +6r3(λ 3/χ +χ2)+3r2(2λ 3 +χ3)+6rλ 3χ +3λ 6/χ]

16π(r3 +λ 3 + r2χ + rχ2)2 (25)

with Φ(∞) = 0. On the horizon of the NED black hole, the electrostatic potential takes

ΦH =
q[4x5

H +8x4
Hχ̃ +6x3

H(λ̃
3/χ̃ + χ̃2)+3x2

H(2λ̃ 3 + χ̃3)+6xHλ̃ 3χ̃ +3λ̃ 6/χ̃]

64πMx4
H

. (26)

As χ̃ → 0 and λ̃ → 0, equation (26) approximately takes

Φ
(0)
H =

q
4πrH

(
1+

3c
8
+

3cλ̃ 3

16x3
H

)
. (27)

For c ≈ 0, Φ
(0)
H is approximately the electrostatic potential of

the RN black hole. In order to be consistent with the usual
definition of electrostatic potential of black hole, Φ should be
rescaled as Φ → 4πΦ .

3. Thermal properties of regular NED black
hole

For a spherically symmetric spacetime with multiple hori-
zons, one can define multiple temperatures associated with
the surface gravities of the black hole horizons. From TH =

(1/2π)κH with κH = (1/2) f ′(rH), the horizon temperature of

the NED black hole is obtained as

TH =
x3

H −2λ̃ 3 − xHχ̃2

8πMx3
H

. (28)

As χ → 0 and λ → 0, TH approaches 1/8πM. In f (R) gravity
with the action 𝒮 =

∫
d4x

√
−g f (R), the black hole entropy

takes SH = f ′AH/4 with AH the horizon area of black hole and
f ′ = d f/dR.[32,33] Clearly, the entropy of the NED regular
black hole is still the Bekenstein–Hawking entropy.[34]

Einstein quasi-local energy enclosed by the sphere of ra-
dius r in the spacetime (4) takes E = (1/2)r(1− f ),[35] which
is consistent with the mass function (9). Letting f = 0, one
obtains the energy enclosed by the horizon of the NED black
hole as EH = (1/2)rH. The first law of thermodynamics for
the NED black hole reads[36–38]

dEH = dQH + dWH = TH dSH − pH dVH, (29)
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where pH = pr(rH) denotes the radial pressure on the horizon
of the NED black hole, SH = πr2

H is the entropy of the NED
black hole, and VH = (4/3)πr3

H is the volume enclosed by the
horizon of the NED black hole. For the system enclosed by the
horizon of the NED spacetime described by Eq. (8), the energy
flux through the horizon and the work done by the horizon are

dQH =
r3

H − rHχ2 −2λ 3

4Mr2
H

drH, (30)

dWH =
3λ 3 + rHχ(rH +2χ2)

4Mr2
H

drH. (31)

From Eqs. (30) and (31), one can check the first law of ther-
modynamics Eq. (29) with dEH = (1/2)drH. The first law
of thermodynamics Eq. (29) can be applied to the system en-
closed by the outer horizon as well as to the one enclosed by
the inner horizon with a negative temperature. This is similar
to the case of the RN black hole.

From Eq. (9), one can see that the mass function (or en-
ergy) of the NED spacetime m monotonously increases with
the increase of r. The mass function tends to M, as r tends to
be infinite. So, the total energy of the NED spacetime is its
mass M. From f (rH) = 0, the mass of the NED spacetime is
given as

M =
1
2

rH

(
1+

λ 3 + r2
Hχ + rHχ2

r3
H

)
(32)

with χ = q2/2M. From Eq. (10), one can see that there is an
asymptotic term 2M(λ 3 −χ3)/r4 in the expansion of the met-
ric function f . This means that the NED spacetime described
by Eq. (8) with λ ̸= χ probably contains a nonzero magnetic
charge. For λ = χ , the mass of the NED spacetime is obtained
as

M =
rH

8
+

√
3rH

24

√
8q2

r2
H

+3+𝒟

+

√
6rH

24

√√√√8q2

r2
H

+3− 𝒟
2
+

3
√

3(r4
H +4r2

Hq2 +8q4)

r3
H

√
3r2

H +8q2 + r2
H𝒟

,

(33)

where

𝒟 =
4𝒞
r4

H
− 8q4(1+6q2/r2

H)

𝒞
, (34)

𝒞 =

(
−10q6r6

H − 45
2

q8r4
H +

3
√

3
2

q6r3
H

×
√

256q6 +203q4r2
H +88q2r4

H +16r6
H

)1/3

. (35)

Equations (33)–(35) show that the mass of the NED spacetime
may be expressed as M = M(SH,q). Mathematically, one can
always define the quantities T̃H = ( ∂M

∂SH
)|q and Φ̃H =

(
∂M
∂q

)
|SH .

For the NED black hole, the two quantities are different from

TH and ΦH (see Fig. 2). This means that there is not the exact
Smarr formula for the NED black hole with a nonzero electric
charge.
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Fig. 2. The figure shows that the temperature of the NED black hole
T+ and the ratio ζ+ = T̃+/T+, with minimum ζ+min ≈ 1 and maximum
ζ+max ≈ 1.1866 corresponding to q = 1.0525. It shows that the electrostatic
potential of the NED black hole Φ+ and the ratio ξ+ = Φ̃+/Φ+, with maxi-
mum ξ+max ≈ 1 and minimum ξ+min ≈ 0.9276 corresponding to q = 1.0525.

In terms of entropy S+, temperature T+ and electric po-
tential Φ+ of the outer horizon of the NED black hole, the
mass of the NED spacetime may be expressed as

M = 2T+S++Φ+q+∆M+, (36)

where ∆M+/M is a small quantity. We call Eq. (36) the
Smarr-like formula associated with the outer horizon of the
NED black hole. For q = 0.1M, the value of ∆M+ takes
−5.9×10−11M. For a larger value of q, it is still a very small
quantity. Letting q = 0.5M, the value is ∆M+ ≈−0.000028M.
In the near extremal case (q ≈ qm with qm = 1.052526825), it
is ∆M+ ≈−0.079M. As a result, there is the approximate for-
mula expressed in terms of the quantities defined on the outer
horizon of the NED black hole

M ≈ 2T+S++Φ+q. (37)

The above formula shows how is the total energy in the NED
spacetime made up. The smaller the electric charge q in
Eq. (37), the more accurate the approximate Smarr formula
is. As q → 0, it gradually approaches an exact Smarr formula.

Assuming a non-zero cosmological constant, then the
metric function of the NED spacetime takes

f̃ = f − r2

l2 = 1− 2Mr2

r3 +χr2 +χ2r+λ 3 − r2

l2 (38)

with l ≫ M being a constant and f given by Eq. (8). The mass
of the NED spacetime may be expressed as

M =
1
2

rC +
λ 3 + r2

Cχ + rCχ2

2r2
C

−
r3

C + r2
Cχ + rCχ2 +λ 3

2l2

with rC ≫ M being the radius of the cosmological horizon. It
can be checked that there exists an approximate Smarr formula
with an extremely high accuracy

M ≃ 2TCSC +ΦCq+ΘCl, (39)
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where ΦC = Φ(rC) with Φ given by Eq. (25) is the electric
potential on the cosmological horizon, ΘC =−( ∂M

∂ l )|rC,q is the
potential associated with l, SC = πr2

C is the entropy of the cos-
mological horizon, and TC = (1/4π) f̃ ′(rC) is its temperature.

For the topological dilaton black hole with power-
Maxwell field and a nonzero cosmological constant, there is
the exact Smarr formula.[39] However, the mass of the NED
spacetime described by Eq. (38) cannot be exactly expressed
as the form of the Smarr formula. This should be related to the
regularity of the NED spacetime.

4. Discussion
In the asymptotic expansion of the metric function

Eq. (10), there is a term proportional to r−4. As is well
known, there is also such a term in the asymptotic expansion
of the metric function of the NED spacetime with magnetic
monopole.[8] So, the meaning of this term is not completely
clear since the magnetic monopole can have a contribution of
the same magnitude in the far region of the NED spacetime.
As an NED spacetime with only electric charge, we have con-
sidered the situation of λ = χ . From Eq. (8), one can see that
f → 1−(2M/λ 3)r2 with r → 0. In the case of λ ̸= 0, there is a
regular core in the center of the NED spacetime. In this sense,
we call λ the regularity parameter of the NED spacetime.

The systems enclosed by the horizons of the NED space-
time described by Eq. (8) satisfy the first law of thermodynam-
ics. The mass function (9) shows that M is not an integration
constant of the energy of the NED spacetime. So, one can
only define the mass of spacetime, but not the mass of black
hole. For λ = χ , we give the Smarr-like formula for the mass
of the NED spacetime and the approximate Smarr formula as-
sociated with the outer horizon of the NED black hole. For a
nonzero cosmological constant, there is also the approximate
Smarr formula associated with the cosmological horizon. The
approximate Smarr formula is an important thermodynamic

relation for the NED spacetime with electric charge.
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