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Quantum phase measurement with multiphoton twin-Fock states has been shown to be optimal for detecting equal
numbers of photons at the output ports of a Mach—Zehnder interferometer (i.e., the so-called single-fringe detection), since
the phase sensitivity can saturate the quantum Cramér—Rao lower bound at certain values of phase shift. Here we report a
further step to achieve a global phase estimation at the Heisenberg limit by detecting the particle-number difference (i.e., the
J, measurement). We show the role of experimental imperfections on the ultimate estimation precision with the six-photon
twin-Fock state of light. Our results show that both the precision and the sensing region of the ./, measurement are better
than those of the single-fringe detection, due to combined contributions of the measurement outcomes. We numerically
simulate the phase estimation protocol using an asymptotically unbiased maximum likelihood estimator.

Keywords: foundations of quantum mechanics, measurement theory, nonclassical interferometry

PACS: 03.65.Ta, 42.50.St

1. Introduction

Optimal measurement scheme with a proper choice of
data processing is important to realize high-precision phase
measurement.!'3] For the commonly used particle-number
difference measurement (or the J, measurement) over quasi-
classical coherent states, the phase sensitivity is constrained
by the shot-noise limit (SNL) 68 ~ O(1/+/N), where N is
the number of particles of the input state. Various schemes
have been proposed and demonstrated to improve the phase
estimation precision beyond the SNL by using quantum en-
tangled states,!*! e.g., the so-called NOON states (|N,0),, -+
0,N)4p)/V/2. This is a maximally entangled state with all the
particles being either in the mode a or in the mode b, leading to
the Heisenberg limited phase sensitivity 66 = 1/N.3-%1 How-
ever, the NOON states are difficult to prepare and are easily
subject to the loss-induced decoherence.!”:8!

Compared with various kinds of entangled states, the
twin-Fock states of photons (or atoms) |n,n),, are believed
to be more robust to the decoherence and hence result in a
better phase estimation precision under typical experimental
noise.”! With the twin-Fock states as the input of the Mach—
Zehnder interferometer (MZI), the interferometric signal is
vanishing if one performs the J, measurement at the output

U0 Therefore, various measurement schemes such as the

ports.
parity detection,!!'=!7! the /2 measurement,!'82%! and the so-
called single-fringe detection!>!] have been proposed to real-

ize high-precision phase measurement beyond the SNL. These
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phase estimation protocols are based on the inversion estima-
tors with their uncertainties predicted by the error-propagation
formula.

According to the general theory of quantum metrology,
the ultimate estimation precision is determined by the Cramér—
Rao lower bound (CRB)I22-5! §0crp = 1 /m, where
F(6) is the classical Fisher information (CFI), dependent on
Furthermore, the CRB can

be saturated asymptotically by maximum likelihood estima-

the measurement probabilities.

tion (MLE) or Bayesian estimation.[?671 In this paper, we
investigate high-precision phase measurement with the twin-
Fock states of light. We show that the J, measurement is
optimal to achieve a global phase estimation at the Heisen-
berg limit. More specially, we find that the CRB saturates the
quantum Cramér—-Rao lower bound (QCRB) for any value of
the phase shift, i.e., §6crp = 66gcr = 1/\/IT ~ O(1/N),
where N = 2n is the number of particles and Fo = N(N +2)/2
denotes the quantum Fisher information (QFI). This result re-
mains valid for the J? measurement. To demonstrate it clearly,
we use the six-photon twin-Fock state as the input and con-
sider experimental imperfections in the measurement proba-
bilities, similar to a recent experimental work. 211 Qur results
indicate that both the precision and the sensing region of the
J. measurement are better than those of the single-fringe mea-
surement. Finally, we numerically simulate the phase esti-
mation protocol using the asymptotically unbiased maximum

likelihood estimator.
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2. Fisher information of particle-number differ-
ence measurement

For the input twin-Fock states |n,n),;, the probabilities
for detecting particle-number difference (i.e., the so-called J;
measurement) are given by
o 2 A 2
pu(8) =Gl e 0100 = [dho0)] . @
conditioned on a phase shift 8. For brevity, we have in-
troduced Schwinger’s representation of the angular momen-
um J = (i, ]y, ) = %(dﬂiﬂ)é(g), where 4 and b denote
two bosonic modes and 6 = (6y,6y,6;) is the Pauli ma-
trix. The unitary operator exp(—iefy) represents a sequence
of actions of the 50 : 50 beamsplitter at the output port, the
phase accumulation at the two paths, and the 50 : 50 beam-
splitter at the input port.??8! In Eq. (1), the Wigner’s d-
matrix elements are defined as usual (see e.g., Ref. [29]),
dﬁﬁu,(e) = (j,i|exp(—i6Jy)|j, ') € R. Hereinafter, |j,u) =
In,N —n),, denote the eigenstates of J;, with g =n—j €
[—J,+Jj] and j = N/2, representing n particles in the a-mode
and N — n particles in the b-mode. As a result, the input twin-
Fock states can be expressed as |j, i) with g = 0 and hence
the output state |y(0)) = exp(—i604J,)|j,0). In Fig. 1, we show
the phase-dependence of {p,(6)} for the six-particle twin-
Fock state (i.e., N = 6), which satisfies p,(—6) = pu(6) and
P—u(0) = pu(0). As depicted by the red dashed lines, one
can easily see that the probabilities py(0) and p41(6) exhibit
6-fold oscillatory patterns.

1.0 0.4
(a) (b)
S S
~ 0.5 - 0.2
S d
0 0
—1.0 0 1.0 —-1.0 0 1.0
0/m 0/m
0.4 0.4
(c) (d)
S S
a 0.2 = 0.2
d &
0 0
—1.0 0 1.0 —1.0 0 1.0
0/m 0/m

Fig. 1. The conditional probabilities for detecting particle-number dif-
ference: py (6) for (a) u =0, (b) u = £1, (c) p = =£2, and (d) u = +3.
The red dashed lines show the ideal results; the blue solid lines give
the occurrence probabilities with the experimental imperfections, ob-
tained from Eq. (6). Numerical simulations give the statistical average
of the occurrence frequency (N, ‘5'))3 /N (the solid circles) and its stan-
dard derivation (the bars) of each outcome, simulated by M = 20 repli-
cas of N = 500 random numbers at each 6 € (—m, 7). Hereinafter,
Ay, =¥M AW /M denotes the statistical average.

The amount of phase information that is encoded by an
arbitrary pure state |y(6)) = exp(—i6Jy)| i) is given by the

A

quantum Fisher information Fg = 4[(fy2)in — (fy)2], where the
expectation value (---);, is taken with respect to the input
state. For the N-photon twin-Fock states, it is easy to ob-
tain the QFI F = 4(];2,}1“ = N(N +2)/2 and hence the QCRB
66qcre =1/ \/F>Q ~ \/2/N. To saturate it, we consider the J;

measurement and calculate the CFI[>>-23]

+j 2
5 o[ 2222

H=j

B +Jj 1 ap“(9> 2
uszu(e){ 26 } ) @

F(8) =

which determines the CRB 86crp = 1/4/F(6). The occur-
rence probabilities {p, (0)} have been defined by Eq. (1), sat-
isfying

dpu(6 0 .
PlO) s o) (il (i) j0). )

Similar to Refs. [30] and [31], one can note that the first-
order derivations of the d-matrix elements 8dﬁ"0(6) /00 =
(j, pt|exp(—i0Jy)(—iJy)|j,0) are real, which simplify the CFI
as

N(N+2)
2
completeness

F(0) =4(j,0172|j,0) = =Fy, 4)

used the condition
Yuljsu){j,u| = 1. For the 6-particle twin-Fock state, one
can obtain the ideal result of the CFI F(6) = Fo = 24 (see the

upper horizontal line of Fig. 2), independent of 8. The above

where we have

results indicate that the J. measurement is optimal for the N-
particle twin-Fock states due to 6crg = 0 60qcre ~ O(1/N),
which holds for an arbitrary phase shift 8 € (—x, ). Such a
Heisenberg limited phase sensitivity can be saturated by the
maximum likelihood estimation (see below).

For the twin-Fock input states, the output signal of the
J. measurement is always vanishing,*?] implying that the
inversion estimator based on the average signal cannot in-
fer the true value of the phase shift. To overcome it, other
measurement schemes have been proposed, e.g., the parity
measurement!! =171 and the fzz measurement. 18201 With the
error propagation formula, it has been shown that the phase
sensitivity of the two measurements can only saturate the
QCRB at a certain value of the phase shift (e.g., 8 = 0).[!]
We show that the CFI of the fzz measurement is the same with
that of the J, measurement, leading to a global phase estima-
tion §6crp = 86qcrp = V2/N (see Appendix A).

Recently, Xiang et al.!?!! have demonstrated a very sim-
ple and efficient single-fringe detection. Their measurement
scheme has been proposed originally by Sun e al.®3! and
is equivalently to a projection measurement IT = |},0)(j,0
over the output state, with the signal (IT) = (y(0)|I1|y(8)) =
po(0), corresponding to Eq. (1) for 4 = 0. Note that py(6)
describes the occurrence probability for detecting equal num-
bers of particles at the two output ports n; = ny = n, i.e.,
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U = (n; —ny)/2 =0, denoted hereafter by the outcome “0”.
All the other detection events can be treated as a single out-
come “0”, with the occurrence probability pg(6) =1 — po(6).

Obviously, the single-fringe detection is indeed a binary-
outcome measurement scheme, 43¢ where the two outcomes
“0” and “0” can be obtained by coarse-graining over the orig-
inal (N 4 1) measurement outcomes of the J, measurement.
For any binary-outcome measurement, it has been shown that
the inversion estimator based on the average signal always
saturates the CRB 80crp = 1/+/Fpin(0),3+3°! with the CFI
given by

(@) [Ph(0)]* _ [h(0))
po(0) po(0) po(0)pa(6)’

where p;(0) = dp(6)/d6. Using such a simple measure-

Foin(0) = )

ment scheme, Xiang e al.*!! have shown that the achiev-
able phase sensitivity can saturate the QCRB at the opti-
mal working points (e.g., 8 = 0) due to Fpin(0) = Fo = 24.
However, the role of the experimental imperfections reduces
this ideal result, also introducing a phase-dependent Fisher
information. 2!

3. Experimental imperfections

The experimental imperfections can be taken into account
artificially.®”! Similar to Ref. [38], we adopt a simple method
by introducing the peak heights and the visibility in the prob-
abilities {p;(0)}, i.e., replacing the occurrence probabilities
by

pi™ (0) = Aopu(6) + By, ©6)

where we have introduced the O-independent parameters
Ap = 0.9293, By = 0.0245, B; = 0.0087, B, = 0.0068, and
B3 = 0.0076 (see Appendix B). For brevity, we still assume
p(,hﬁ)(e) = pﬁf;})(e), which requires B_;, = B, . The above
treatments ensure the normalization condition )., p,(lim> (6) =
Yupu(6) = 1. In Fig. 1, we plot the occurrence probabilities
pﬁm)( 0) as a function of 6 (the solid blue lines), which also
exhibits a multi-fold oscillatory pattern, but with the visibility
less than that of the ideal results p, (0). For instance, as shown
in Fig. 1(a), we find that the visibility of p{™ (8) is about 94%,
consistent with the experimental result of Ref. [21].

To simulate the J, measurement, we first generate A ran-
dom numbers according to { p,(jm)(G)} at a given phase shift
(see Appendix B). The occurrence numbers of all the out-
comes {V, } and hence the occurrence frequencies can be ob-
tained from the A/ random numbers, which comprise a single
phase measurement.>”) Next, we repeat the above process to
obtain the average occurrence frequencies (see the circles of
Fig. 1) for any value of 6 € (—x, ), which can be fitted by

p,('lﬁt) (0)~ pﬁm> (0). In a real experiment, the phase-dependent

occurrence probabilities can be obtained from the interferom-
eter calibration.

Using the occurrence probabilities { p,(jm) (0)}, we obtain
the CFI of the J, measurement F(6) and that of the single-
fringe detection Fyi,(6), as depicted by Fig. 2. One can see
that both F(0) and Fyiy(0) cannot reach the ideal result of
the QFI F = 24. For the single-fringe detection (see the thin
solid line), the phase-dependence of Fy,(6) shows a quite
good agreement with that of Ref. [21]. Maximum of the CFI
is found at the optimal working point Opax = 0.29 (16.5°),
with Foin max = Foin(Omax) = 19.4. While for the J; measure-
ment (the solid thick line), Finax = F(Omax) = 20.1 appears at
Omax = 0.35 (20°).

24 F
a
9 18
3
[}
g
3
s 12 »
||
g | .
w6
0
~1.0 —05 0 0.5 1.0
0/m

Fig. 2. The CFI for the f, measurement (thick solid line), the single-fringe
detection (thin solid line), and the multi-fringe detection (red dashed line),

obtained respectively, from Egs. (2), (5), and (7), with {pﬁ‘“)(e)}. The
dashed horizontal lines are the classical limit of the QFI Fo = N and the
ideal result of the QFI with the twin-Fock input state Fo = N(N +2)/2 for
N = 6. The shaded area is a region where the CFI of the J, measurement
outperforms that of the single-fringe detection.

The shaded area in Fig. 2 is a region where the amount of
phase information extracted by the J, measurement is larger
than that of the single-fringe detection. Obviously, this is
straightforward since the former one contains (N + 1) mea-
surement contributions and hence Fmax > Fpin max. However,
to find out which measurement outcomes dominate in the CFI
is still nontrivial. We now consider the CFI of a multi-outcome
measurement, where besides the outcome u = 0, additional
contributions from the outcomes p = +£2 are taken into ac-

count,

o (0P [5(0)1 . [Ph(0)]
Po(0) P2(0) po(0)

Here, the factor 2 in the second term comes from the symme-

]:mul(e) = (7)

try property p_»(0) = p2(6). Note that all the other outcomes
with u = +1, 43 have been treated as a single outcome “0”,
with the occurrence probability pg(0) =1 — po(6) —2p2(6).

Compared with the single-fringe case, Fyy(0) is indeed
the CFI of a multi-fringe detection.*®! Using the occurrence
probabilities { pﬁm)(e)}, we calculate the phase-dependence
of Fnu(0), as illustrated by the red dashed line of Fig. 2.
One can see that the maximum of Fp,(0) also appears at
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Bmax = 0.35 (20°), with Fryimax = Fmul(Omax) > Foin,max-
Obviously, both Fp,in (0) and Fppy (0) are obtained by coarse-
graining over the original (N + 1) measurement outcomes,
leading to Fpin(0) < Frnu(0) < F(0).
graining method over a general multi-outcome measurement

Indeed, the coarse-

(i.e., combining several different outcomes into a single mea-
surement outcome) will reduce the CFI; see Appendix C. Our
results in Fig. 2 show that the outcomes ¢ = 0, £2 are of im-
portance to achieve the best sensitivity of the J, measurement
-Fmax Z fmul,max > ]:bin.max-

4. Maximum likelihood estimation

To saturate the CRB, we consider the well-known phase-
estimation protocol based on the MLE, which is unbiased as
the number of independent measurements N >> 1 (see e.g.
Ref. [22]). Numerically, the MLE 6, can be solved by max-
imizing the likelihood function (i.e., a multinomial distribu-
tion)
™

y
POIND =N TT o [ 0)

; ®)
u=—j Nu!

where N, = N (6p) denotes the occurrence number of each
outcome U at a given true value of phase shift 8y, and pLﬁt) (0)
is a fit of the averaged occurrence frequency of each outcome
(see Appendix B). Hereinafter, we directly use { pﬂm)(e)} to
speed up numerical simulations.

In Fig. 3, we plot the scaled phase distribution
P(6]{Ny}) as a function of 6 for 6y = m/4. From the in-
set, one can see that there are four peaks of P(0|{Ny,})
over the entire phase interval 6 € (—m,7), and only one
This leads to the so-
I To avoid it, we simply intro-

of them can be used to predict 6.
called phase ambiguity. 34!
duce a prior knowledge about 6 using the phase distribution
P(0)P(O|{Ny}), where P(0) =1 for 6 € (0,7/2), and 0 out-
side. For large enough N/, one can find that the phase distribu-
tion can be well approximated by a Gaussian with respect to
the phase shift 6,

_ 2
PN ey |- O 200, ©)

where o is 68.3% confidence interval of the Gaussian around
the MLE, 38! and determined by

1
o \/|827>(9{N”})/892|' &

In Fig. 4, we plot the statistical average of the phase un-
certainty Ao (see the circles) and its standard derivation
(the bars) for each true value of phase shift 6y € (0,7/2).
From the inset, one can note that the standard derivation of the
MLE > (6) — {Bes)s ), indicating that the MLE is unbiased. >}

As a result, the phase uncertainty per measurement shows a
good agreement with the CRB 1/4/F(0), see the blue solid
line. Remarkably, the CRB of the fz measurement can beat the
shot-noise limit within a phase interval, e.g., 0 < 8y < arctan2
(~ 63°); while for the single-fringe detection, it is the interval
0 < 6y < arctan \/2/73 (~39°). This means that the quantum-
enhancement sensing region of the J, measurement is about
twice wider than that of the single-fringe detection (see the
vertical grid lines of Fig. 4). The enlarged sensing region is
important in quantum multiparticle microscopy that uses non-

classical states of light for illumination. [4?]
1.0f . E
' g b
! 2 Do
1 ‘2 ' H
= . 3050 1
ke - S P
E Co\E |
Q ' = ol 5 .
g ' =1.0 0 1.0
*5 0.5F ' %
o '
© .
n [
@
E .
& :
0 1

0.24 0.25 0.26
0/m

Fig. 3. Maximum likelihood estimator. For a given true value of phase
shift 6y = /4, the phase distribution P(6|{\}) as a function of 6
(the red dashed line), which approaches to a Gaussian (solid blue line)
and hence can be used to determine the MLE 6, and its variance o (i.e,
68.3% confidence interval). The inset: four peaks of P(0|{A\}) over
the entire phase interval 6 € (—m, 7). The occurrence number of each
outcome N, = N, (6p) is obtained from A" = 500 random numbers.

T N
.2-6 = :

0()/rad

Fig. 4. For each given true value of the phase shift 6y € (0,7/2), statis-
tical average of VN (the solid circles) and its standard derivation (the
bars), simulated by M = 20 replicas of A/ = 5000 random numbers.
Blue solid line is the CRB of the f measurement; and black dashed
line is the CRB of the single-fringe measurement. The inset: statistical
average of (6y) — Oes¢) as a function of 6y and the standard derivation.
Horizontal grid lines are the shot-noise limit 1/ /N and the ideal result
of the QCRB v/2/1/N(N +2) for N = 6. The vertical grid lines give
6y = arctan m and arctan?2.

Finally, it should be mentioned that compared with other
entangled states, the twin-Fock states are more robust to deco-
herence and give better phase estimation precision under typi-
cal experimental noise. 1 To date, small N twin-Fock states of
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light have been prepared using spontaneous parametric down-
conversion. Nevertheless, it is still a significant challenge
to generate high photon-number states with a deterministic
way. Fortunately, the deterministic preparations of atomic
twin-Fock states have been proposed and demonstrated using
spin-1 Bose—Einstein condensates.?%4>#*41 In particular, Luo
et al."**! have shown that the atomic twin-Fock states can be
deterministically generated by controlled quantum phase tran-
sition. These results give a renewed interest to realize phase
measurements near the Heisenberg limit with large N twin-

Fock states. [*3)

5. Conclusion

In summary, we have investigated an optimal phase esti-
mation protocol with the twin-Fock states as the input of a two-
mode Mach—Zendner interferometer. Our analytical results in-
dicate that the CFI of the J. measurement is the same as that of
the /2 measurement and both of them saturate the QFI for any
=N(N+2)/2, which
V2/N.

To demonstrated it clearly, we consider the six-particle twin-

true value of phase shift, i.e., 7(0) = Fq
leads to a global phase estimation 6 Ocrg = 0 60QCRB =

Fock state as the input and numerically simulate the (N + 1)
occurrence probabilities of the fz measurement, where the ex-
perimental imperfections are taken into account phenomeno-
logically. Our results show that the maximum value of the
CFI is about 20.1,
QFI Fo = 24. Furthermore, the quantum-enhancement sens-

approaching to the ideal result of the

ing region of the J, measurement is about twice wider than
that of the single-fringe detection, which is important to im-
prove the global imaging quality of a quantum multiphoton
microscopy.*?! Finally, we numerically simulate the phase es-
timation protocol using the asymptotically unbiased maximum
likelihood estimator.

Appendix A: The CFI of /? measurement

Due to J2|j, i) = p?|j, 1), the conditional probabilities

of the outcomes u? (or |i|) are given by

po(6), p=0,
Piul(6) = {p”(G)erH(Q), u>0,
which gives the CFI
J dln 0
7o Lo 5]
_ oy ! {mw)r
o Pu(6) L 06 7

where we only consider an even number of particles N (= 2j).
From Eq. (1), one can find that for the twin-Fock input states,
the phase-dependence probabilities are symmetric about g =

0,i.e., p—u(6) = pu(0), which results in p,|(6) =2p,(6) =
2[d}, 4(6)]* for pt > 0, and therefore
9di(6)
Cd60 ad’ ,(6)
0
4 p,u(e)‘ui7 u> 0.

Since dd), ,(6)/96 = (j,u|e 1% (~i4,)|/,0) € R, we obtain
odi (0)17 =i [adl (0)]°
o =4[ M0 o |
u=1
_ L[240 2 434 [90(0) ’
- 26 AL
ol ()]
+4 Y l K0 ]
u=—j 96
o [9d]0(6)]
=4 Z.[ 39
p==j
-4 o . 191V 0
=4 Y, [Genle 5 (-i4)17.0)]
p==j
= a0l )j0) = YD g

2

where we have used the relations dimo(e) = (—1)“dﬁ70(9)
and Y, |j,u)(j, | = 1. For the twin-Fock input states, we
show here that the CFI of the fz2 measurement is the same
with that of the J. measurement, indicating a global phase
estimation 06crg = 06QCRB ~ V2/N. This result remains
valid in the presence of experimental imperfections, provided

P (6) = pi™(6).

Appendix B: Numerical simulations

To take the experimental imperfections into account, we
simply replace the occurrence probabilities by

P (0) = 1y [2VPa(8)+ (1= V],

where 7 = 0.975 and V = 0.94 denote the peak height
and the visibility of pgm)(e).BSJ The values of k, are ob-
tained by solving the relative peak heights of {p,(6)},
ie., (ko,kx1,kio,ki3) = (I,JS & )
{pﬁm)(e)} to ensure Zﬂpu ( )=1
text.

Next, we normalize

as Eq. (6) in the main

To simulate the J, measurement, we adopt Monte Carlo
method based on {pﬂ"‘)(e)} at a given phase shift 6. Spe-
En}
and divide the interval from O to 1 with a discrete func-
tion S(k) = Xk_, pp™,_,(6) for k=1,2, ..., 2j+1, where
$(0) =0, S(1) = p"(6), and S(2j +1) = 1. When & (for
i=1,2, ..., N)satisfies 0 < & < S§(1), it can be regarded
as the outcome u = —j; While for S(k—1) < & < S(k), it

cially, we first generate A/ random numbers {&;,&,,. ..
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is an any outcome u =k — j— 1. Therefore, we obtain the
occurrence numbers of all the outcomes {N,}. The A ran-
dom numbers are used to simulate a single phase measure-
ment at the given value of phase shift 6.1%! Next, we re-
peat the above process for M replicas to obtain the average
occurrence frequency (Np}s /N (see the circles of Fig. 1)
and its standard derivation (the bars) of each outcome af-
ter M = 20 replicas of N' = 500 independent measurements.
Here, (A1) =YX AW /M denotes the statistical average. Fi-
nally, we obtain (N, )s /N for any value of 6 € (—7, ), which

is fitted by pLﬁt) (0) =~ pﬁm) (0). Note that in a real experiment,
the phase-dependent probabilities can be measured from the

interferometer calibration.

Appendix C: The reduced CFI by coarse-
graining

For a general (N + 1)-outcome measurement with prob-
ability {p,(6)}, denoted by {p,} for brevity, obeying
):ﬁ':o pu = 1, the total CFlis given by

/\2 /\2 /\2 /
(po)”  (P))°  (p2)” . (PN)
Po pi P2 PN

2
=

If we consider a coarse-graining method by combining two
outcomes (say i = 0 and 1) into a single outcome “I” with
probability p; = po + p1, then the CFI of this N-outcome mea-
surement is

F=-—1—+

The difference of these two CFlIs is given by

(P)® | (PD)* (P}’

i

F—F = +
po Pt P
_ o) ) (ot p)?
Po pi po+ P
;o 7\2
_ (Pop1 — por}) >0,

pop1(py+ph)

where the equality F = F holds if and only if

pop1 — popt =0, %ln (i?) =0,
i.e., if and only if po/p; is a O-independent constant. There-
fore, combining different outcomes into a single outcome ei-
ther leaves the CFI invariant (if the probabilities of the out-
comes being combined have the same functional dependence
on up to a multiplicative constant), or strictly decreases the
CFIL.
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