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To transform the exponential traveling wave solutions to bilinear differential equations, a sufficient and necessary
condition is proposed. Motivated by the condition, we extend the results to the (2+1)-dimensional Kadomtsev—Petviashvili
(KP) equation, the (3+1)-dimensional generalized Kadomtsev—Petviashvili (g-KP) equation, and the B-type Kadomtsev—
Petviashvili (BKP) equation. Aa a result, we obtain some new resonant multiple wave solutions through the parameteri-
zation for wave numbers and frequencies via some linear combinations of exponential traveling waves. Finally, these new
resonant type solutions can be displayed in graphs to illustrate the resonant behaviors of multiple wave solutions.

Keywords: linear superposition principle, resonant multiple wave solutions, (2+1)-dimensional Kadomtsev—
Petviashvili (KP) equation, (3+1)-dimensional g-KP and BKP equations

PACS: 02.30.1k, 02.60.Cb, 02.70.Wz

1. Introduction

It is well known that the Hirota bilinear method is an effi-
cient tool to construct exact solutions of nonlinear differential

112] Based on Hirota bilinear forms, rational solu-

equations.
tions, solitons solutions, rogue wave solutions, and periodic
solutions could be obtained, e.g. in Refs. [3]-[7]. Meanwhile,
the exact solutions play an essential role in proper understand-
ing of qualitative features of the concerned phenomena and
processes in various fields of science and engineering. 8!l
Recently, the lump solutions, lump type solutions and its var-
ious interaction solutions between lump solutions and other
kinds of dispersive wave solutions are explored.!>~!8] Mean-
while, using the Riemann—Hilbert method to construct N-
soliton solutions has also attracted people’s attention in the

19,201 More recently, the linear

field of mathematical physics. !
superposition principle has been applied to exponential travel-
ing waves of Hirota bilinear equations, and formed a specific
sub-class of solutions from linear combinations of exponential
wave solutions.?1:>?l Some useful and extended results have
been discussed in Refs. [23]-[27].

Let Y be a polynomial in M variables, and then we con-

sider a Hirota bilinear equation

T(Dxlnyz7"'7DXM)f'f:07 (l)
where Dy, (1 <i < M) is the Hirota bilinear derivatives defined
by [28]

A ARY TR r
Dxle'g_(ax_ax/) (at at/) f(xat) g(x7t)‘x=xlﬁt=;"

(@)
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The polynomial 1" needs to satisfy

M
170,0,...,0) =0,
and
Y(—x1,—x2,...,—xp) =Y (x1,x2,. .., Xpm)- )

Next, we introduce N-wave variables
O; = kyix1 +koixo+... Fkyixm, 1 <i<N, )
and exponential wave functions
fi=e", 1<i<N, ©)

where k; j, 1 <i <N, 1< j <M are all real constants. Based
on Eq. (3), we can see that each of the exponential wave func-
tions f; (1 <i < N) is a solution to the Hirota bilinear Eq. (1)
with the following bilinear identity

Y(Dy,, Dy, ..., D

'y XM

= Y(kii—kij ki —koj,..okpri—kng ;)€ % (7)

)eﬁf,' . eCUj

Substitute the linear combination function

f=wmfi+fo+ ...+ Uunfn, (®)

into Eq. (1), with ;, 1 <i < N, being arbitrary real constants,
which needs to satisfy the following bilinear identity

T(DxlvD)Q""’DXM)f'f

*Project supported by the Yue-Qi Scholar of the China University of Mining and Technology (Grant No. 102504180004) and the 333 Project of Jiangsu Province,

China (Grant No. BRA2018320).
fCorresponding author. E-mail: xjyang@cumt.edu.cn
© 2019 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

110202-1


http://dx.doi.org/10.1088/1674-1056/ab4d47
mailto:xjyang@cumt.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B Vol. 28, No. 11 (2019) 110202

= Zzﬂiﬂjr(kl,i—kl,pkz,i—kz,j, ek i—ka j)e® 00 (9)

1<i<j<N

which indicates that a linear combination function f defined
by Eq. (8) solves Eq. (1) if and only if the following condition

Y (ki —kijokai—ka .. kmi—km j)e® TP =0, (10)
1<i<j<N,

is satisfied.

For the above processes (2)—(9), the details can also refer
to Refs. [21]-[27]. We now summarize it by two theorems as
follows:

Theorem 123 Let T'(x) be a polynomial in x € RM and

M )

let @;, 1 <i < N, be the N-wave variables @; = Y, bjk;x’xj,
j=1

for 1 <i < N, where b;’s are all real constants. Then any lin-

ear combination of the exponential waves f; =e®, 1 <i <N,

solves linear differential equation Y'(D,CI,DX27 cesDy ) f - f=
0 if and only if

Y(kii—ki jokoi—kajy.o ki —kn j)e® @ =0 (11)

for1 <j<i<N.

Moreover, Eq. (11) is true for arbitrary k;,k; € R if and
only if it is also true for arbitrary constants k;,k; € €. Then,
we have the following Theorem 2.

Theorem 2?3 Let Y(x) be a polynomial in x € RM.
Suppose that Ni,N» € N, N=N; +MN,, b; €R, o; € Z for
j=1,2,....M are all fixed. The N-wave variables @; =
M .

) bjk;x’xj, 1 <i < N with parameters

j=1
ki€R, 1<i<N,
%761'6R7 517&01N1§1§N7

ki = '}’i+16,',
I=v—1. (12)

If equation (11) is true for arbitrary k;,k; € R, 1 < j,i <N,
then any linear combination of the wave f; defined by

e®i 1<i<N,

)

fi= { eRe(@) cos(Im(@;) + 6;), Ny <i <N, (13)

with parameters 6;, N| <i < N, being arbitrary real constants,
solves the bilinear differential equation

Y (Dy, Dy,,....Dy,)f-f=0.

In what follows, we apply the linear superposition prin-
ciple to extend the results for the (2+1)-dimensional KP
equation, the (3+1)-dimensional g-KP equation and the BKP
equation to obtain resonant multiple wave solutions in this
paper.[>”) To the best of our knowledge, they have not been
obtained before.

2. Applications
2.1. The (2+1)-dimensional KP equation

In this section, we apply the linear superposition princi-

ple to solve the (2+1)-dimensional KP equation,!?®! which is

important because it serves as a kernel model in the universe
Sato’s theory, 332! that is,

(e + Ottty + 1) +38%uyy = 0, (14)

where 0 = +1.
Equation (14) can be transformed into the following Hi-

rota bilinear equation
(DxD; + D} +38°D})F -F =0, (15)

under the dependent variable transformation u = 2(InF)y,.
By Eq. (5) and applying a kind of the parameterization
for wave numbers and frequencies in Ref. [33], we have

@ = atkix + apkly +azkit + 9,1 <i<N,  (16)

where aj,a;,as are constants to be determined later, and 9; is
arbitrary.

Applying Theorem 1 and Eq. (15), one can derive

Y(kii—kij,koi—ko j,k3;—ksj)

= 38%a2%k* — 6 8%ar’k*k? +3 8%ark
tar* kit —4ar*k k6 ar* kP —da ik an kgt
+a1a3k,-4 — a|a3ki3kj — a1a3kl~kj3 + a1a3kj4

= 0. a7

Solving Eq. (17) we can obtain a set of solutions as fol-

lows:

_ “% _ 3
{ag—ig, a3——4a1}, (18)

where a; is a free parameter.

Suppose that Ni,N, € N, N = N; + N,. The N-wave
variables @, = aik,x + azk,zny + a3k,3nt + ¢, 1 <m < N with
parameters k,,l < m < N, defined by (5).
Ni <m <N, we have

Moreover, for

o, =a k,x+ azk,ay + a3k31t + Om

24 2 2 2
ar™¥Ym ! Om

_4914Ym3+ 123147m0-mz+ S S +aiYm
2
+i <12a14}/m26m +4a146m3 +2% +a16m) .
(19)

Using Theorem 2, any linear combination of the exponential
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and trigonometric waves is taken as follows:

u=2(InF)yy,
Ny a2 ) 3
F= Z smecqkmxiﬁlkmyf4u1kmt+¢m
m=1
N 2, 2 25 2
+ Z éme*4tal47m3+121‘114%10'm2i(%*al gm )y+Hxa) Yin+0m
m=N1+1

2429, G,
X COS (((—12a?ﬁ0m+4a‘1‘631)t + %y—l—xal O'm) +6m) .
(20)
Taking 6,, = 0, we have

u=2(InF)yy,

N 2
F= Z gmemkmxiflk,znyfétalk?nquﬁm
m=1

N 2,2 425 2
4y 3 4 2, (41" Yn" _a1"0m
+ Z gme—4ta1 Y +12ta1" Y O = (=5 5

m=N;+1

)y+xa) Yin+Om

2
2“1 YmOm

X €08 ((712a‘1‘y,2n6m+4a41'6n31)t:|: 5

y+xa16m>~
21
Taking 6,, = 2kn + /2, k € K, then we have

u=2(InF)yy,

Ny a2
F— Z Smealkmxi%k,zny74alk%t+¢m

m=1

N 2, 2 25,2
+ Z émefz"lal 47m3+ 12ta; 4Ym0'mzi( % - %))FFXLI] Yin+Om
m=N1+1
2
245 Vi Om

xsin((—lza‘l‘y},,6m+4a‘l‘o,i)ti .

y+xap Gm) .
(22)
Furthermore, we can obtain the following mixed type function
solutions like complexiton solutions
u=2(InF)yy,
N

! q 0 3
F= Siealk,,,xifkmy74alk;nl+¢m

m=1
N 2, 2 2, 2
4, 3 4 2, (41" Ym” _a1"0m
+ Z §m6_4m‘ Yin” +12ta1" Y O (=5 5
m:N|+1

)y+xa) YintOm

Za% YnOm
é
2‘1% YmOm

X {élmcos ((lea?%znGm+4a?G%)t:t y+xa1c7m)

+&msin ((—12a‘1‘y,,216m+4a‘11631)ti y+xa16m)}7
(23)

where &;,, and &,,, are constants.

2.2. The (3+1)-dimensional g-KP equation

In this section, we apply the linear superposition principle

to solve the (3+1)-dimensional g-KP equation!*!
Uyxxy + 3(”y”x)x + U+ Uy — Uzz = 0. (24)

Equation (24) can be changed into the following Hirota
bilinear equation

(D3Dy + DD, +D,D;, — D?)F - F =0, (25)

under the dependent variable transformation u = 2(InF)jy.
Using Eq. (5) and applying a kind of the parameterization
for wave numbers and frequencies in Ref. [33], we have

o, = alkix+azkiy+a3k,2z+a4ki3t +%, 1<i<N, (26)

where ay,a;,as,ay are constants to be determined later, and ¥;
is arbitrary.
Applying Theorem 1 and Eq. (25), we have

Y (kii—kij,koi—koj k3i—k3 j ka;—kaj)

= ar’ak* —dar’ak’k;+6a’ akkF —dar’ arkik?
—|—a13a2kj4 +a1a4ki4 — a1a4ki3kj — a1a4kikj3
+a1a4kj4 + a2a4kl~4 — a2a4k,-3kj — a2a4k,~kj3
tarask;t — a3kt +2a3%k Pk — a3kt

= 0. 27

Solving Eq. (27), we can obtain a set of solutions in the
form of

3
4ay

{a3 =-3ajar, ay= *m}v

(28)
where a; and a, are arbitrary parameters.

Suppose that N1,N, € N, N = N; + N>. We have the N-
wave variables @), = alkmx+a2kmy+a3k,2nz+a4kfnt—i—(Pm, 1<
m < N with parameters k,,, | <m < N, defined by (5). More-
over, for Ny < m < N, we have

o, = alkmx+a2kmy+a3k,2nz+a4k,3nt+¢m
alymx+a2ymyj:(a1\/—3a1a2}/31—am/—3a1a20'3,)z
(IZa?ymO',%l - 4a‘fy,fl )H—(P
a)+ap a)+ap "
+i[a10'mx+a20my:l:2a1\/fSalagymez
(4a‘11631 _ 124iy,0m
a+ayp

)t}, 1 <m<N. (29)

ay+ap

Using Theorem 2, any linear combination of exponential
and trigonometric waves can be taken as follows:

u = 2(InF),,
M 2 3
F = Z 8mea1k,,lx+a2kmy+a3kmz+a4k;”l+¢m
m=1
N 2
+ Z éme‘ZlYmX"'aZYm}""‘(al\/_331‘1271%1_“1\/_3‘11“26:;1)1
m=1+N|
( IZa‘fyma,%, B 40?)’21 Y+
xe' aitay apta " cos [(alcmx—i—azO'my

4atc? 12437’ c
+2a1\/—3a1a2ym6mz+< 41%m _ 01731 m)t>—|-9m}.

ai+a aj+ax
(30)
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Taking 6,, = 0, we have

u = 2(InF),,
M 2 3
F = Z gmea1kmx+a2km)’+a3kmz+a4kmt+¢m
m=1
N 2
+ Z émeal}’mxﬂlz%nyﬂal\/*301112%%,*a|\/*3¢11&20m)2
m=1+N,

(1za‘|‘yma,%, 4a‘]‘w‘n)t+¢
xe' 4Ta ay+ay M. cos [(alcmx+026my

4 4 .3 12 4,2
+2a1\/—3a1a27’m0'mz+( 4% _ “'”"G"’)r)}.(m

aj+ap a)+ap

Taking 6,, = 2kn + /2, k € K, we have

u = 2(InF),,
N
F = Z € ealk;;1x+a2km)7+a3k,2nz+a4k,3nt+¢m
- m
m=1
N 2
+ Z 8meal')/mx+a27m.\’+<al\/73a1a277%,7al\/73ala20_m)z

m=1+N

(1211‘1‘;/,,,0,%, _dan, i+
xe' artay aptay /T Gin [(alcmeraszy

4atc? 1243y,
2a11/—3 o ( e el U1 ’")r)}
+a; a1a2YmOmz+ a1-+as a1+a
(32)

Furthermore, we can obtain the following mixed-type
function solutions like complexiton solutions

u = 2(InF),,
N
F — Z € ealkmx+azkmy+a3k,z,,z+a4k,3,,t+¢m
- m
m=1

N
+ Z Ene Ymx+a Ymy+(a1vV=3ara ya—ar/—3a1a,02)z

m=1+N;

(IZKI?YmO',% 4a?]f21 )t+¢
xe' 4t ata " [élmcos (al OpmX + a0y

4atcl  12aty0,

2 /_3 c ( 1¥m 1im m)l)
+ a] alaz’)/m ;nZ+ al +a2 al +a2
+&ysin (alo'mx—l—azamy—&—Zal\/—3a1a2ymcrmz
+(4(1‘1‘0'31 B 12a‘1‘y,1210m>t)}

ar+a ai+a

(33)
where &1, and &, are constants.

2.3. The (3+1)-dimensional BKP equation

In this section, we apply the linear superposition principle
to solve the (3+1)-dimensional BKP equation?”!

Uzp — Upery — 3(Uylty ) + 3t = 0. (34)

Equation (34) can be transformed into the following Hi-
rota bilinear equation

(D.D; — DD, +3D})F -F =0 (35)

under the dependent variable transformation u = 2(InF)j.
Along with Eq. (5) and a kind of the parameterization for
wave numbers and frequencies in Ref. [33], we have

o; = alkf”x+azk?2y+a3k?3z+a4kf‘4t + 9,1 <i<N,
(36)
where ap,ay,a3,a4 are constants to be determined later, and
o;, (i = 1,2,3,4) are integers which can be positive or nega-
tive, and 9; is arbitrary.
Applying Theorem 1 and Eq. (35), we obtain

Y(kyi—kij,kai—kpj k3i—ks j,ka;—ksj)
= a3a4kia3+a4 — a3a4kia3kj“4 — a3a4kja3kia4

+a3a4kja3+a4 _ a?azkﬁa] +op 4 0%612]([30‘1 kjocz

+3aiack; M kN2 — 3aiagk Mk

-3 a?azkia‘ T kaal +3 a?agki“‘ kaal T

—l—a?azkjw] ki® — a?azk/}a] T 4 303k

—6atki®k;® +3aik;* % =0. (37)

Solving Eq. (37), we can obtain a set of solutions to
Eq. (37) in the following two cases:

Case (i) ,

1 aj
{ar = P as = %}, (38)
where a; and a4 are free parameters.

Suppose that Ni,N, € N, N = N; +N,. We have the
N-wave variables @,, = ajk,x + azk,jlly + agk,;lz + a4k31t +
O, 1 < m < N with parameters k,,, 1 < m < N, defined by
(5). Moreover, for N < m < N, we have

O = arkpx+ack,,'y+ask,,' 2+ askint + P
Yy asYmz al2t’ym3
aj (sz + O-mz) sz + sz as
ar’ Yo’ Omy
a a1 (Y + ow?)
azom2 a12t}/m26m a12t6m3
7%n2+0m2 3 as a as > .

= a1XYm +

-3 + O+ (alxcm—

(39)

Using Theorem 2, any linear combination of exponential and
trigonometric waves gives

u=2(InF)y,
N
F = Z € edlkmx+a2k,;1y+a3k,glz+a4k,3,,t+¢m
- n
m=1
2,3 2 2
N a1 Yt Yn ‘,J‘ az¥m z+(111 Ym” _3a1”YmOm )H‘¢
Ziom2)” " tntom’ a3 a3 m
o § g
m=N1+1
O, aso;
xcos((alxcm— VY~ 2
al(?’m + Om ) Yn 1 Om

3 2 20. 263
+( al}/m m_al m)t)+9m>.
as as

(40)
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function solutions like complexiton solutions

Taking 6,, = 0, we have

=2(InF),,

Ny
F Z gmealkmx+a2k,;‘y+a3k,;1z+a4k,3nz+¢m

m=1
2
azym a2y’ 3“1 Yme
N i arymx+ 1(m2+6 2)y+7m2+0' 7+l )t-+0m
m=N1+1
( o Om az oy,
X cos | a1xo;, — y— b4
ar (W>+0m?)” 1+ 0n?

2 253
3a3 Y2 0m _ alcm)t)

“
as as

Taking 6,, = 2kw + /2, k € K, we have

=2(InF)y,

Ny
Z edtkmx-taks, Yytazky 'zt agkd t+m
=1
2
N Yin a3 a®mm’ _3a Ym"m
Z alYm (7m2+0m2) T ron? faat o )+
=N +1
. ( o Om as oy,
X sin | a1 xG,, — y—
1 (W2 +0m?)” 12+ 0u?
2 2 -3
n (3a17,%,6m _ alG’”)t)
az as

(b)

(41)

(42)

=2(InF)y,

N
Z alkmx+a2k 1y+a3kmlz+a4k 40
m=1
N aj Ymx+t y L 93¥m 2 (0127m3 3a1 }’mO'm )H—¢
Z 1im T a1(7m2+0'm2))| 7m2+0m2 a3 "
[61 cos (alxo Om y a3 0m
m m -
ar (Y*> +0w?)"  Yi+ 0w’
3d3y50, a*c> ) c
( IYm m % m)l‘)-f—ézmSln(alem— 2m . y
as al (Ym +0m )
2 2
_a3op . (3a1y,%,6m _ alc,%,)t)]
b
Y2+ O’ as as
43)
where &;,, and &,,, are constants.
Case (ii)
1 a?
1
{a2 = —y = —}, (44)
aq ay

where a; and a3 are free parameters.

()

25 4 -3 —2 -1 0
T

Fig. 2. Characteristics of the resonant multiple wave solution (47) with
h=p=0k=1e=135=

Ni=1L,N=3, a1=as=1, ¢ =
G=l,p=p=1,;m=03=1,1=0, z=0. (a) 3D-plot (b) 2D-
density plot.
Suppose that Ni,N, € N, N = N; + N;.
N-wave vatiables @, = akyx + axk,'y + ask> z + ask;,'t +
Om, 1 < m < N with parameters k,, 1 < m < N, defined by

Moreover, for Ny < m < N, we have

We have the

25 —4-3-2 -1 0 1 Eq. (5).
x
Fig. 1. Characteristics of the resonant multiple wave solution (47) with — -1 3 -1
M=l N=3, ai=as=1, == =0, ki =1, &, = 1, & = By = arkmx+ack, y+a3kmz+a42kmt+¢’; )
G=1,p=p=1,0=05=1,y=02=0. (a) 3D-plot (b) 2D- O (a1731_3a17m0m>z
density plot. Lim a (731 + G’% ) as as
aq4Ym . Om
Furthermore, we can obtain the following mixed-type + 72+ G’%t +Om+i (alomx o (12 + o—%)y
110202-5



Chin. Phys. B Vol. 28, No. 11 (2019) 110202

2 2 <3
+(3a1y3,c7m B alom)
ay aq

A440m t). (45)

RtoR

Using Theorem 2, any linear combination of exponential
and trigonometric waves reads

u=2(InF)y,,
Ny
F— Z emealkmx+a2k,;1y+a3k,3,,z+a4k,;1t+¢m
m=1
283 3ol
N ay ok — 3 Al _ AT ) 5T 1y
+ Y e T (aon)” Ca T pa
nm
m=N;+1
Om Sa%y,%om a%c,i
x cos | [a;opx — 5 >y — z
ai (Y +05) as as

- —ygfﬁ,%t) + em) )
(46)
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Fig. 3. Characteristics of the resonant multiple wave solution (47) with
Ni=2,N=4 ai=as=1 9 =h=0p:=0=0,k=k=1 8=

a=1L64=5G==, p=p=n=1,0=0=0=1,y=
0, z=0. (a) 3D-plot (b) 2D-density plot.

Taking 6,, = 0, we have
u=2(InF)y,

M
F = Z emealkmx+a2k,;1y+a3k,3nz+a4k,jlt+¢m

m=1
a273 3a2ym02 asv
N aﬂ,,pﬁmyﬂ bl e S g
+ Z gme
m=N+1
2,2 2.3
O 3a1Y,Om ajo;,
-cos (ajopx — > 5 - Z
ai (Yu +0p) aq aq
a4 0y, )
) 27 )"

(47)

Taking 6,, = 2kw+ /2, k € K, we have

u=2(InF)y,
M
F— Z 8mea1kmx+a2k;1y+a3k§nz+a4k,;1r+¢m
m=1
P 3atmon a
N T R R— Qfm _ 24ytnOiny a4,
LY el e g
m=N1+1
. Om 3a%y,%tdm a%d,%,
><s1n<a1c7mx— > 3 y+( — )z
ai (Yu+ o) ay as
a4 0y, )
Yt O
(48)

-8 -6 —4 -2 0

Fig. 4. Characteristics of the resonant multiple wave solution (47) with
Ni=2,N=d ai=as=1, 0 =hr=0p:=0=0, ki =k =1, &=
=1L&=5G=84=1p=p=u=lL o=0=0=11=
0, z=0. (a) 3D-plot (b) 2D-density plot.
Furthermore, we can obtain the following mixed type
function solutions like complexiton solutions

u=2(InF),,
M 1 3 1
F = Z emealkmx‘Hler; ytazkyztask, 1+@m
m=1
23 320l
N + Y o dtn 2Oy ag¥m
+ ) émealymx o (B+oz)’ Ca, @ gy tom
m=N1+1
o 3a3yio, alo,
X |Epmcos [ a) Opx — 5 55y — Z
a1 (Yn+05) aq aq
a4 0y, ) . Om
— "=t ) +&ysin (alcmx— — Ly
Ynt O ar (Yo + 05)
N <3a%y,%lcm B a%o,,%)z_ asom, t)]
2 o200
ay aq Yt Om
(49)

where &y, and &, are constants.
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In order to better understand the resonant multiple wave
solution, we display them by 3D-plot in Figs. 1-4.

3. Conclusions

In summary, resonant multiple-wave solutions including
soliton and complexion type solutions have been generated
for a generalized (3+1)-dimensional KP equation with the aid
of the linear superposition principle in complex field sense.
These type solutions could help us better understand resonant
nonlinear phenomena. Meanwhile, we would like to point that
this paper can be regarded as an extension to the article.*’]
Furthermore, for other types of special solutions of soliton
equations appearing in this paper, we would further consider
them in the future work.
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