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Effective Hamiltonian method is widely used in quantum information. We introduce a method to calculate effective
Hamiltonians and give two examples in quantum information to demonstrate the method. We also give a relation between
the effective Hamiltonian in the Shrödinger picture and the corresponding effective Hamiltonian in the interaction picture.
Finally, we present a relation between our effective Hamiltonian method and the James–Jerke method which is currently
used by many authors to calculate effective Hamiltonians in quantum information science.
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1. Introduction

Effective Hamiltonians may play important roles in an-
alyzing quantum mechanical systems. When a complicated
model Hamiltonian is studied, the method of effective Hamil-
tonian can be used to obtain some of its approximate eigenval-
ues and eigenstates, which can usually give some basic physics
behind the model. Therefore it is an important problem to cal-
culate the effective Hamiltonian from the original complicated
Hamiltonian. Much progress has been made on this topic.[1,2]

As the development of quantum information and quan-
tum optics, it becomes common to use effective Hamiltoni-
ans in quantum entangled state preparation and quantum gate
construction.[3–9] The method to calculate effective Hamilto-
nians presented by James and Jerke has been widely used in
the fields of quantum information and quantum optics.[10,11]

Their basic idea is to consider a time-dependent Hamiltonian
in the interaction picture and to delete the high frequency
terms of the corresponding time evolution operator. Recently
their effective Hamiltonian method has been generalized to the
higher-order cases.[12]

In this paper, a new method is introduced to calculate ef-
fective Hamiltonians in the Shrödinger picture and in the inter-
action picture. The new method to calculate effective Hamil-
tonians is quite different from the one given by James and
Jerke,[10] and our method is demonstrated by two examples
in quantum information. Based on the second example, a cau-
tion of using the James–Jerke effective Hamiltonian method is
given. Finally, we present a relation between the new effec-
tive Hamiltonian method and the James–Jerke method. The
new method provides an alternative way to calculate effective

Hamiltonians, which can be used in many fields such as quan-
tum information science.

2. Effective Hamiltonian in the Shrödinger pic-
ture
Consider a Hamiltonian H acting on a D-dimensional

Hilbert space Ω , which is divided into a subspace PΩ and
the corresponding complementary subspace QΩ . The projec-
tors onto the two subspaces, denoted by P and Q, satisfy the
following conditions

P+Q = I, PQ = 0, (1)

where I is the identity operator, and the dimension of the sub-
space PΩ is assumed to be d (d < D). Choose d normalized
eigenstates of H satisfying

H|Ψα〉= Eα |Ψα〉, α = 1,2, . . . ,d. (2)

The projections of these eigenstates onto the subspace PΩ are

|φα〉= P|Ψα〉. (3)

The effective Hamiltonian Heff defined on the subspace PΩ ,
i.e., Heff = PHeffP, is an operator satisfying[1,2]

Heff|φα〉= Eα |φα〉, α = 1,2, . . . ,d. (4)

This definition of effective Hamiltonian is dependent on the
choice of the projector P and the d eigenstates |Ψα〉 of H.

The Hamiltonian researchers are interested in can be usu-
ally written as

H = H0 +V, (5)
∗Project supported by the National Natural Science Foundation of China (Grant No. 11674059).
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where H0 is assumed to have the known spectral decomposi-
tion

H0 =
N

∑
n=1

EnPn, (6)

and V can be regarded as a perturbation. Define the projector
onto the subspace PΩ as

P = ∑
m∈SP

Pm, (7)

where Pm are projectors of Eq. (6) and SP is a subset of
{1,2, . . . ,N}. Equaiton (7) specifies the subspace PΩ . The
effective Hamiltonian Heff on the subspace PΩ according to
the definition in Eq. (4) can be written as

Heff = PH0P+ν , (8)

where ν = PνP is called the effective interaction.[2] In the
above, the eigenstates of H in defining the effective Hamil-
tonian are required to approach the eigenstates of PH0P in the
limit V → 0.

The effective interaction ν can be expanded in powers of
V ,[2] i.e.,

ν = ν
(1)+ν

(2)+ν
(3)+ · · · , (9)

where the first three terms are

ν
(1) = PV P, (10)

ν
(2) = PV (V )P, (11)

ν
(3) = P[V (V (V ))−V ((V )V )]P. (12)

In the above, the notation (A) means that it is an operator only
taking the states in subspace PΩ to its complementary sub-
space QΩ , and its definition is

(A) = ∑
x/∈Sp

∑
y∈Sp

1
Ey−Ex

PxAPy, (13)

when Ex and Ey are eigenvalues of H0; Px and Py are projectors
given in Eq. (6). The above expression of (A) will be used to
calculate the operator (V ), (V (V )) and ((V )V ) in the powers
of V .

In principle, many terms of the effective interaction ν in
Eq. (9) can be calculated. However when V can be considered
as a perturbation, i.e., when there is

max |〈m|V |n〉|
minx/∈Sp,y∈Sp |Ex−Ey|

� 1, (14)

where |m〉 and |n〉 are the eigenstates of H0, it will be a good
approximation to take the first two terms of ν as its approxi-
mation. In this situation, the effective Hamiltonian Heff is ap-
proximately

Heff = PH0P+PV P+PV (V )P, (15)

where the operator (V ) can be calculated according to Eq. (13).
The last term of Heff in Eq. (15) represents the indirect inter-
action within the subspace PΩ with the help of states in the
subspace QΩ , which can be seen from the fact that PV (V )P =

PV Q(V )P.

3. Effective Hamiltonian in the interaction pic-
ture
Quantum problems are often considered in the interac-

tion picture. The original Hamiltonian H of Eq. (5) in the
Schrödinger picture will be changed into

HI = eiH0t/h̄V e−iH0t/h̄ (16)

in the interaction picture.[13] As discussed in the above sec-
tion, we will show how to calculate the effective Hamiltonian
on the subspace PΩ that is specified by its projector P given
in Eq. (7).

Denote the effective Hamiltonian of HI on the subspace
PΩ as HI,eff. Rewrite the interaction Hamiltonian HI as

HI = eiH0t/h̄He−iH0t/h̄−H0. (17)

Noting that the effective Hamiltonian of H on the subspace
PΩ is Heff and the operator P commute with eiH0 t/h̄, we have

HI,eff = eiH0t/h̄Heffe−iH0t/h̄−PH0P. (18)

Equation (18) shows the relation between the effective Hamil-
tonian in the Schrödinger picture and that in the interaction
picture. When V can be considered as a perturbation, substi-
tuting Eq. (15) into Eq. (18) yields

HI,eff = eiH0t/h̄{PV P+PV (V )P}e−iH0t/h̄

= PHIP+PHI(HI)P

= PHIP+PHIQ(QHIP), (19)

where (QHIP) should be calculated according to Eq. (13). It
can be found that HI,eff in Eq. (19) may not be a Hermitian
operator. In the following the Hermitian operator

HI,eff =
1
2
[HI,eff +H†

I,eff] (20)

will be used as the effective Hamiltonian similarly to the
James–Jerke effective Hamiltonian method.[10]

4. Two demonstration examples
Now we give two examples to demonstrate how to get

the effective Hamiltonian. These examples are often used in
quantum information and quantum optics. The second exam-
ple will give a caution about using the James–Jerke effective
Hamiltonian method.

110305-2
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4.1. Raman transition

Consider the case of a three-level atom interacting with
two classical optical fields. The Hamiltonian in the interaction
picture is (h̄ = 1)

HI =
Ω1

2
|3〉〈1|exp(−i∆1t)+

Ω2

2
|3〉〈2|exp(−i∆2t)+H.c., (21)

which can be written as HI = eiH0 tV e−iH0t with

H0 = ∆1|1〉〈1|+∆2|2〉〈2|, (22)

V =
Ω1

2
|3〉〈1|+ Ω2

2
|3〉〈2|+H.c. (23)

In the above, H0 is already in its spectral decomposition form.
Specify the subspace PΩ and QΩ by their projectors

P = |1〉〈1|+ |2〉〈2|, Q = |3〉〈3|. (24)

When there is
max{|Ω1|, |Ω2|}
min{|∆1|, |∆2|}

� 1, (25)

we can use Eqs. (19) and (20) to calculate the effective Hamil-
tonian. Note that PHIP = 0, from Eqs. (19) and (20) we can
find that the effective Hamiltonian on the subspace PΩ is

HP =
|Ω1|2

4∆1
|1〉〈1|+ |Ω2|2

4∆2
|2〉〈2|

+
Ω ∗1 Ω2

4∆̄
|1〉〈2|eiδ t +

Ω1Ω ∗2
4∆̄
|2〉〈1|e−iδ t , (26)

where δ = ∆1−∆2 and

1
∆̄

=
1
2

(
1

∆1
+

1
∆2

)
. (27)

Similarly, the effective Hamiltonian on the subspace QΩ is

HQ =−|Ω1|2

4∆1
|3〉〈3|− |Ω2|2

4∆2
|3〉〈3|. (28)

It can be found that HP +HQ is the same as the effective
Hamiltonian obtained from the James–Jerke method.[10] This
result demonstrates a connection between the effective Hamil-
tonian method presented in this paper and the James–Jerke
method, which will be discussed in the next section.

4.2. Two atoms interacting with one quantum optical field

Consider two same two-level atoms simultaneously inter-
acting with one single-mode cavity field. This is a famous
model that has been used to generate two-atom maximally en-
tangled states and realize quantum logic gates.[14] The Hamil-
tonian in the interaction picture is (h̄ = 1)

HI = g ∑
j=1,2

(â†
σ j exp(−i∆t)+H.c.), (29)

where σ j = |g j〉〈e j|, σ
†
j = |e j〉〈g j|, |e j〉 and |g j〉 are the ex-

cited and ground states of the jth atom, â† and â are the cre-
ation and annihilation operators of the cavity field, and g is the
atom-cavity coupling strength.

The interaction Hamiltonian HI can be written as HI =

eiH0 tV e−iH0t with

H0 =
1
2

∆ ∑
j=1,2

(|e j〉〈e j|− |g j〉〈g j|), (30)

V = g ∑
j=1,2

(â†
σ j + âσ

†
j ). (31)

The spectral decomposition of H0 is

H0 =
+∞

∑
n=0

E0nP0n +
+∞

∑
n=0

E1nP1n +
+∞

∑
n=0

E2nP2n, (32)

with the eigenvalues

E0n =−∆ , E1n = 0, E2n = ∆ , (33)

and the projectors

P0n = | fgg〉〈 fgg|⊗ |n〉〈n|, (34)

P1n = {| fge〉〈 fge|+ | feg〉〈 feg|}⊗ |n〉〈n|,
P2n = | fee〉〈 fee|⊗ |n〉〈n|, (35)

where |n〉 is the Fock state for the cavity field and

| fgg〉 = |g1〉⊗ |g2〉, | fge〉= |g1〉⊗ |e2〉, (36)

| feg〉 = |e1〉⊗ |g2〉, | fee〉= |e1〉⊗ |e2〉. (37)

We first consider the effective Hamiltonian on the sub-
space P1nΩ , which is an interesting subspace with one atom in
the excitation state. Note that the interaction Hamiltonian HI

conserves the excitation number, i.e., the number of atoms in
the excited state plus the number of photon in the cavity field,
and the states in subspace PinΩ have i+n excitations, there is

P1nHIP̄1n = P1nHIP0(n+1)+P1nHIP2(n−1), (38)

(P̄1nHIP1n) =
1
∆

P0(n+1)HIP1n−
1
∆

P2(n−1)HIP1n, (39)

where P̄1n = I−P1n is the projector onto the complementary
subspace of P1nΩ . According to Eqs. (19) and (20) we can
find that the effective Hamiltonian on the subspace P1nΩ will
be

HP1n = P1nHIP̄1n(P̄1nHIP1n)

=
1
∆

P1nV P0(n+1)V P1n−
1
∆

P1nV P2(n−1)V P1n. (40)

Using Eqs. (38) and (39), we have obtained Eq. (40). It is not
difficult to find

P0(n+1)VP1n=g
√

n+1| fgg〉(〈 feg|+〈 fge|)⊗|n+1〉〈n|, (41)

P2(n−1)V P1n=g
√

n| fee〉(〈 feg|+ 〈 fge|)⊗|n−1〉〈n|. (42)

Substituting Eqs. (41) and (42) into Eq. (40) yields

HP1n =
g2

∆
(| feg〉+ | fge〉)(〈 feg|+ 〈 fge|)⊗|n〉〈n|

110305-3
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=
g2

∆
P1n +

g2

∆
{σ†

1 ⊗σ2 +σ1⊗σ
†
2 }⊗ |n〉〈n|, (43)

which shows that there is a coupling between two atoms, this
is because they both have a coupling with the cavity field in
the interaction Hamiltonian. We note that the above effective
Hamiltonian HP1n in Eq. (43) is acceptable only when there is∣∣∣∣g√n+1

∆

∣∣∣∣� 1, (44)

i.e., the coupling strength between the subspace P1nΩ and
P0(n+1)Ω given in Eq. (41) should be much smaller than the
energy gap. Even if there is |g/∆ | � 1, the effective Hamilto-
nian HP1n in Eq. (43) for large n will not be acceptable.

In a similar way, the effective Hamiltonian on the sub-
space P0nΩ will be

HP0n = −2ng2

∆
| fgg〉〈 fgg|⊗ |n〉〈n|

= −2g2

∆
| fgg〉〈 fgg|⊗a†a|n〉〈n|. (45)

The effective Hamiltonian on the subspace P2nΩ will be

HP2n =
2(n+1)g2

∆
| fee〉〈 fee|⊗ |n〉〈n|

=
2g2

∆
| fee〉〈 fee|⊗aa†|n〉〈n|. (46)

If we calculate the effective Hamiltonian on the subspace PnΩ

whose projector is

Pn = P0n +P1n +P2n = I1⊗ I2⊗|n〉〈n|, (47)

where I1 = |g1〉〈g1|+ |e1〉〈e1| and I2 = |g2〉〈g2|+ |e2〉〈e2| are
the identity operators for atoms, then we can find that there is

HPn = HP0n +HP1n +HP2n . (48)

This is because the states in subspace P0nΩ have n excitations,
states in subspace P1nΩ have n+ 1 excitations and states in
subspace P2nΩ have n+2 excitations, so that the operator HI

can not couple them. We note that these effective Hamiltoni-
ans will be good approximations only when the condition (44)
is satisfied.

The effective Hamiltonian methods introduced in the
above section can not be used to define an effective Hamilto-
nian on the whole Hilbert space, whereas the effective Hamil-
tonian of James and Jerke is defined on the whole Hilbert
space.[10] This is a difference between the two methods. For
the example discussed above, if we check carefully the ap-
proximation conditions of the James–Jerke method, it can be
found that their first condition can not be satisfied even when
there is |g/∆ | � 1 (as the large photon number will lead to a
strong interaction), therefore we can not use the James–Jerke
method to get an effective Hamiltonian for this example. We

should be cautious on using the James–Jerke effective Hamil-
tonian method when a cavity quantum field is involved as the
interaction strength is usually dependent on the photon num-
ber and the photon number can be large.

If the approximation conditions of James and Jerke are
ignored, then according to their method an effective Hamilto-
nian

HJames = −g2

∆
{|g1〉〈g1|⊗ I2 + I1⊗|g2〉〈g2|}⊗a†a

+
g2

∆
{|e1〉〈e1|⊗ I2 + I1⊗|e2〉〈e2|}⊗aa†

+
g2

∆
{σ†

1 ⊗σ2 +σ1⊗σ
†
2 }⊗ Ic (49)

will be obtained, where Ic is the identity operator for the cavity
field. It can be found that HJames is the sum of our obtained
effective Hamiltonians, i.e.,

HJames =
+∞

∑
n=0

HP0n +
+∞

∑
n=0

HP1n +
+∞

∑
n=0

HP2n . (50)

This result also demonstrates a connection between the ef-
fective Hamiltonian method presented in this paper and the
James–Jerke method.

5. Relation to the James–Jerke method
The two examples in the above section show that there is

a connection between our effective Hamiltonian method pre-
sented and the James–Jerke method. Now we discuss it in
some detail. We will show that in some special cases the two
methods get the same result.

. . . . . .

. . . . . .

S2 band

S1 band

Fig. 1. Demonstration of the eigenvalues of H0 in Eq. (52).

Consider a Hamiltonian in the Shrödinger picture

H = H0 +V, (51)

where the eigenvalues of H0 can be divided into two energy
bands S1 and S2 as shown in Fig. 1. The spectral decomposi-
tion of H0 is

H0 = ∑
i∈S1

EiPi + ∑
j∈S2

E jPj. (52)

The whole Hilbert space Ω is divided into two subspaces PS1Ω

and PS2Ω with the corresponding projectors

PS1 = ∑
i∈S1

Pi, PS2 = ∑
j∈S2

Pj. (53)
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Assume the perturbation V can only couple states of the sub-
space PS1Ω with states of the subspace PS2Ω , which means

V = ∑
i∈S1, j∈S2

(PiV Pj +PjV Pi). (54)

The corresponding Hamiltonian in the interaction picture is

HI =eiH0tV e−iH0t

= ∑
i∈S1, j∈S2

(hi jeiωi jt +h jieiω jit), (55)

where we have used the following definitions

hi j = PiV Pj, ωi j = Ei−E j. (56)

Under the condition that the elements of the operator V
are much smaller than the energy gap between the two bands,
the approximate effective Hamiltonian on the subspace PS1Ω

and PS2 Ω can be both calculated. According to Eqs. (19) and
(20), the effective Hamiltonian on the subspace PS1Ω is

HPS1
=

1
2
{HPS1

+H†
PS1
}, (57)

where

HPS1
= ∑i∈S1, j∈S2 ∑n∈S1,m∈S2

1
ωnm

hi jhmnei(ωi j+ωmn)t . (58)

The effective Hamiltonian on the subspace PS2Ω is

HPS2
= 1

2{HPS2
+H†

PS2
}, (59)

where

HPS2
= ∑

i∈S1, j∈S2

∑
n∈S1,m∈S2

1
ωmn

h jihnmei(ω ji+ωnm)t . (60)

To give a relation to the James–Jerke method, it is neces-
sary to define an effective Hamiltonian on the whole Hilbert
as the James–Jerke method. As the whole Hilbert space Ω

is a direct sum of the subspace PS1Ω and PS2Ω , the effective
Hamiltonian H on the whole Hilbert space Ω can be defined
as the sum of the effective Hamiltonian on the subspace PS1Ω

and PS2Ω , i.e.,

H = HPS1
+HPS2

=
1
2
{HPS1

+H†
PS2
}+ 1

2
{HPS2

+H†
PS1
}. (61)

Now we show that the above effective Hamiltonian H is the
same as that calculated by the James–Jerke method. From
Eq. (60) we can find

H†
PS2

=− ∑
i∈S1, j∈S2

∑
n∈S1,m∈S2

1
ωnm

hmnhi jei(ωi j+ωmn)t , (62)

which together with Eq. (58) leads to

1
2
{HPS1

+H†
PS2
}

= ∑
i∈S1, j∈S2

∑
n∈S1,m∈S2

1
2ωnm

[hi j,hmn]ei(ωi j+ωmn)t . (63)

Similarly there is

1
2
{HPS2

+H†
PS1
}

= ∑
i∈S1, j∈S2

∑
n∈S1,m∈S2

1
2ωmn

[h ji,hnm]ei(ω ji+ωnm)t

= ∑
i∈S1, j∈S2

∑
n∈S1,m∈S2

1
2ωnm

[hnm,h ji]ei(ωnm+ω ji)t

= ∑
i∈S1, j∈S2

∑
n∈S1,m∈S2

1
2ωi j

[hi j,hmn]ei(ωi j+ωmn)t . (64)

From Eqs. (61), (63), and (64), it can be found that the effec-
tive Hamiltonian on the whole Hilbert space is

H = ∑i∈S1, j∈S2 ∑n∈S1,m∈S2
1

ωi j,nm
[hi j,hmn]ei(ωi j+ωmn)t , (65)

where ωi j,nm is the harmonic mean of ωi j and ωnm, i.e.,

1
ωi j,nm

=
1
2

{ 1
ωi j

+
1

ωnm

}
. (66)

The effective Hamiltonian of Eq. (65) is the same as the
James–Jerke method. The first example in the above section
belongs to the case that the eigenvalues of H0 can be divided
into two energy bands, which is the reason why its effective
Hamiltonian on the whole Hilbert space is the same as that ob-
tained by the James–Jerke method. The result in Eq. (65) is
obtained by assuming the eigenvalues of H0 forming two en-
ergy bands, but it can be extended to the cases that the eigen-
values of H0 form more than two bands. Suppose that there
are s bands, i.e.,

H0 =
s

∑
a=1

∑
i∈Sa

EiPi, (67)

where a is the band index, and the interaction is

V = ∑
a,b(a 6=b)

PSaV PSb , (68)

where PSa means a projector of band Sa,

PSa = ∑
i∈Sa

Pi. (69)

The interaction V in Eq. (68) means that there are only cou-
plings between different bands. Assume that the coupling
strengths are much smaller than the band gaps. From Eqs. (19)
and (20), the effective Hamiltonian of band Sa in the interac-
tion picture is

HPSa
=

1
2
{HPSa

+H†
PSa
}, (70)

where

HPSa
=

s

∑
b=1(b6=a)

U†PSaV PSb(PSbV PSa)U (71)
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with U = e−iH0t . Thus, the effective Hamiltonian of the whole
space in the interaction picture is

H =
s

∑
a=1

HPSa

=
1
2

s

∑
a=1

s

∑
b=1(b6=a)

U†PSaV PSb(PSbV PSa)U +H.c.

=
1
4

s

∑
a=1

s

∑
b=1(b6=a)

U†{PSaV PSb(PSbV PSa)

+PSbV PSa(PSaV PSb)}U +H.c.

=
1
4

s

∑
a=1

s

∑
b=1(b6=a)

{Hab +H†
ab}

=
1
2

s

∑
a=1

s

∑
b=1(b6=a)

Hab (72)

with

Hab =U†{PSaV PSb(PSbV PSa)+PSbV PSa(PSaV PSb)}U, (73)

Hab =
1
2
{Hab +H†

ab}. (74)

It can be found that Hab is the effective Hamiltonian when
there are only bands a and b. The last expression in Eq. (72)
shows that the effective Hamiltonian of the whole space can be
written as the sum of two-band results, which has been shown
to be equivalent to the result of James and Jerke. Therefore
the effective Hamiltonian of the whole space is the same as
that obtained by the James–Jerke method when the eigenval-
ues of H0 form two or more bands and there are only couplings
between different bands. The eigenvalues of H0 in the second
example in the above section form three bands and there are

no couplings within one band. This is the reason why the two
methods can obtain the same result when the approximation
condition is ignored.

6. Summary
We have introduced a new method to calculate the ef-

fective Hamiltonian in the Shrödinger picture as well as in
the interaction picture, and given two examples in quantum
information to demonstrate it. The new method can discuss
effective Hamiltonian in more general cases than the James–
Jerke method, and they can give the same result in some spe-
cial cases, which reveals the deep connection between the two
seemingly different methods.
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