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Magnetic coils for specific requirements are widely used in modern quantum physics. In this study, a general ana-
Iytical method of designing the shielded coils for generating an arbitrary axial magnetic field is proposed. The theoretical
formula for an axial magnetic field generated by a single shielded coil is obtained and used to construct specific coils. The
structural parameters of these coils are determined by fitting the theoretical formula with their specific requirements. The
feasibility of this method is proved by realizing four concrete kinds of coils: uniform magnetic field generating coils, gra-
dient magnetic field generating coils, asymmetrical uniform magnetic field generating coils, and parabolic magnetic field
generating coils. The correctness of these theoretical results is demonstrated by both the finite element simulations and
the relevant experimental results. Furthermore, the application of this method is of great significance for developing the

quantum physics and quantum devices in future.

Keywords: magnetic coils, analytical method, shielding, quantum device

PACS: 07.55.—w, 07.55.Db, 33.25.4+k

1. Introduction

With the rapid development of quantum technology, spe-
cific magnetic field coils are increasingly required in many
applications,[!! such as atomic clock,?3! optical pumped
magnetometer,*3! nuclear magnetic resonance gyro,*!0l
and magnetic trap.!''=13] Although many kinds of magnetic

[14-231 have been invented for these applications respec-

coils
tively, there is still a lack of a common method to design
these coils conveniently, or even to realize any required mag-

netic field systematically.
[18-23

Moreover, lots of these existing

coils I neglect the influence of magnetic shield which

is important for the application in weak magnetic field.[>*"]
These deficiencies would inevitably impede the evolution of
quantum technology.

So in this study, we propose a general analytical method
of designing the shielded coils for generating any required ax-
ial magnetic field. The rest of this paper is organized as fol-
lows. In Section 2 the theoretical formula for the axial mag-
netic field of a single coil in shield is derived and our de-
sign method is described generally. In Section 3 four con-
crete examples are used to demonstrate the feasibility of this
method and also some significant practical coil designs are
implemented. In Section 4 these four kinds of coils are re-
alized experimentally. Finally, in Section 5 some conclusions
are drawn from this study.

DOI: 10.1088/1674-1056/ab4d40

2. Theory

Without loss of generality, we first consider a thin coil
with current density p inside a closed cylindrical magnetic
shield as described in Fig. 1.

Due to symmetry, there is only one component of the vec-
tor potential Ay (r,z), which is not equal to zero.?! Based on
the Green’s function,?! in this case where the current density
p and radius a of the thin coil are constants,

Ao (r2) = o [ G(na'2)p (72) rarad

= Hopa /
c—d

= wopa Y, /Cdub (r<)vy(r>)Z,(2)Z, () d<
n=0 Y€~

i=e,0

—wpa Y, [ ()0 @7 @7 () e,
n=0 c—d

i=e,0

G(rza,7)dZ

where r < (r >) is the smaller (greater) one between r and a,
and!®!

s (r) = r/V2,
o () = Bir (Kir)
v =1/(rv2),
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vi_o(r) =Bk (K,i,r) +Bk (K,i,b) Bi; (K,ﬂr) /Bio (K,;b) :
Zy(z) =0,

29 (2) = sin (K3z) /v/h,
Z5(z) = 1/V2h,
Zio(z) = cos (Ksz) /Vh )
with[2]
K: =nm/h,
{ KO =(n—1/2)m/h, 3)

where Bi and Bk are the modified Bessel functions of the
first kind and second kind. Note that with the help of the
dimensional analysis and the comparison with the first equa-
tion in Ref. [25], the expression of v{ (r) is modified through
1/ (\/ﬂ) =1/ (rﬁ) Based on these formulae, after in-
tegration, the explicit expression of Ay (r,z) can be obtained
as

rd e
Ap(rz) = uopa{WJrnZ]/M
y [uf, (r) Ve (a) cos (KSz) cos (KEZ')
h

uy (r) vy (@) sin (Ky'z) sin (K2 ’)}dzf}
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e @)
Since the corresponding axial magnetic field is given by!>*]
10 [rAy (r,2)
B () = 12 1As 2] 5)

r or ’
for the case in Fig. 1, the axial magnetic field generated by the
single thin coil in shield can be described as

B;(rz,c) = uopa{ d +ZB10 (K:r)vs (a)cos (Kiz)

- s1nK,§’ (c—d)
h

3 C
sinK; ¢

Z Bl()

" cosK,‘,J (c—d)— cosK,‘,’c}
; :

(a)sin (K} z)

(6)

After substituting Eqgs. (2) and (3) into Eq. (6), the final ex-
pression of the axial magnetic field is

B;(r,z,c)

d a nmz
“Op{thrhng’lAn(r)cosh
X sin@fsininﬂ:@id)
| h h
(25
" Cos(nfl/ZL (cd)cos(nl}{Z)n?c} }’(7)

where

i = i (7)o (72)

+ Bk (”Z”) “Bi, (””“) /Big ("Zb)] (8)

a, ¢, and d are radius, axial position, and width of the coil, re-
spectively, b and h are radius and half height of the magnetic
shield as shown in Fig. 1(a). A concrete result of Eq. (7) is pre-
sented in Fig. 1(b), where a = 8 mm, ¢ = 8§ mm, d = 0.1 mm,
b=9mm, h =12 mm, and p = 10* A/m. It can be found
that this result s accords well with that from the finite element
calculation (see open circles), which can demonstrate the cor-
rectness of our derivation. In addition, it is worth mentioning
that all the finite element calculation results in this study are
obtained by using a widely used reliable simulation software
named Maxwell 16.0.

(a) r

w

—-0.5 0 0.5 1.0
z/1072 m

—1.0

Fig. 1. (a) Single coil in shield and (b) its axial magnetic field where
solid line represents results from Eq. (7) and empty circles denote re-
sults fromour finite element calculation.
As further simplifications, here we discuss symmetric
double loop coils with parallel and anti-parallel currents, re-
spectively. The figures are shown in Fig. 2
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Fig. 2. Symmetric double loop coils with parallel and anti-parallel currents.

Based on Eq. (7), the magnetic field from symmetric dou-
ble loop coils with parallel currents [as shown in Fig. 3(a)] is
given by

B® (r,z,c) = B.(r,z,¢)+B. (r,z,—c+d)
d 2a & nmz
= ,uop{h—f—hnZlAn(r)cosh

. nwe . nw(c—d)
X [smh—smh} } 9

In the same way, the magnetic field from symmetric double
loop coils with anti-parallel currents is
BE (r,z.¢)

BZ (r,Z,C) 7BZ (V,Z7*C+d)

a4 . (n—1/2)rm
- 2uop{h ZAnfl/Z(r)Sm(T/)Z
n=1

(n—1/2)m(c—d) os (n—1/2)7tc] } (10)

X {cos Y c I

The validity of Egs. (9) and (10) can also be proved by compar-
ing with the results from the finite element calculation, where
the structural parameters are the same as those used in the sin-
gle coil above.

So far, the key point of our general analytic design
method is to utilize Egs. (7), (9) or (10) to fit the specific
magnetic requirements and to determine the coil structural pa-
rameters a, ¢, and d. Here for simplicity, we only take the
axial position c as a fitting variable. In fact, this is consistent

with many practical situations,'®!° where the radius a and
the width d of the coil are fixed. In addition, when the fit-
ting requirements are symmetric, equations (9) and (10) may
be more effective with the same symmetry and this will be
described below.

—-1.0 —-0.5 0 0.5 1.0

15
T

Fig. 3. Magnetic fields of symmetric double loop coils with parallel and
anti-parallel currents.

3. Application and simulation
3.1. Uniform magnetic field coils

As the first practical application, here we use our design
method to construct symmetric uniform magnetic field coils.
Without loss of generality, we set the required axial magnetic
field to be 0.1 T in the range z € [—h/2,h/2] as depicted by 21
solid triangles in Fig. 4.

05 0 0.5 1.0
z/1072 m

Fig. 4. Magnetic fields from our uniform coils and existing Helmholtz
coils.

Due to the symmetry of this requirement, we use
pr (r,z,¢) to constitute an objective function

B? (r,z,c1,¢2,¢3)

= BSP (rvz’cl) +B(zip (ervCZ) +BSP (eraC3) .

an
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After fitting, the structure parameters and current density can
be determined to be ¢; = 1.7 mm, ¢; = 6.8 mm, ¢3 = 8§ mm,
and p = 3.0865 x 10® A/m. Other parameters not mentioned
here are the same as those in Fig. 1. This result is shown
by the solid curve and demonstrated by the empty circles
In addition, the
dashed curve refers to the magnetic field from correspond-

from finite element calculation in Fig. 4.

ing Helmholtz coils each with radius ¢ = 8 mm, axial po-
sition ¢ = a/2 = 4 mm, and parallel current density p =
7.4077 x 10° A/m in the center of the shield. It can be seen that
both the inhomogeneity 6 B, = max |[B; (z) — B; (0)] /B; (0)| =
0.0038 and the uniform range [—6 mm,6 mm] of our coils
are better than those of common Helmholtz coils (0.0050 and
[—2 mm, 2 mm)).

3.2. Gradient magnetic field coils

As another usual application, we design gradient mag-
netic field coils through our method. The requirement for this
case is that the axial magnetic field linearly changes from -
0.006 T to 0.006 T in z € [—6 mm,6 mm)] as depicted by 21
solid triangles in Fig. 5.

t
T

B.//10-3 T

1.0 ). 0.5 1.0

Fig. 5. Magnetic fields from our gradient coils and reverse Helmholtz
coils.

Because of anti-symmetry of magnetic field, the objective
function can be built by Bga (r,z,¢) and expressed as follows:

B? (r,z,c1,¢2,¢3)

= B&(r,z,¢1) + B2 (r,2,02) + B (r,z,¢3).  (12)

After fitting, its parameters can be obtained to be ¢; = 6.6 mm,
¢ =84 mm, c3 =95 mm, and p = 2.1133 x 10> A/m.
From Fig. 5, it can be found that the linearity and lin-
ear region of our coils are better than those of the reverse
Helmholtz coils in shield with its radius ¢ = 8 mm, axial po-
sition ¢ = av/3/2 ~ 6.9 mm and anti-parallel current density
p =5.0719 x 10° A/m which can eliminate the first nonlin-
ear expansion term of its axial magnetic field. Similarly, the
results (empty circles) from finite element calculation ensure
the validity of our analytic formulae.

3.3. Asymmetrical uniform magnetic field coils

So far, we have discussed two kinds of symmetrical and
anti-symmetrical coils described with Egs. (9) and (10), re-

spectively. With the help of Eq. (7) we investigate a more gen-
eral case, named asymmetrical uniform magnetic field coils,
whose center is not the center of the magnetic shield. This may
be of great significance for miniaturizing the modern quantum
devices and implementing other specific applications. The re-
quirement for this case is that the axial magnetic field is 0.05 T
in the range z € [3 mm,9 mm]| as depicted by 21 solid triangles
in Fig. 6.

05 0.5 1.0
z/1072 m

1.0

Fig. 6. Magnetic fields from asymmetrical uniform magnetic field coils.

This objective function for this asymmetrical case can be
constructed by the general formula Eq. (7) as follows:

B (1,z,¢1,¢2,¢3)
= BZ(F,Z,Cl)+BZ(}’,Z,62)+BZ(7‘,Z,63). (13)

Its fitting parameters can be obtained to be ¢; = 0.2 mm,
¢y =33 mm, c3 =9.5mm, and p =2.1823 x 10° A/m, which
means that the coils and the uniform range are only on the
right hand side of the shield as we expect. After the care-
ful calculation, it can be found that the inhomogeneity 6B, of
our asymmetrical coils in the range z € [3 mm,9 mm] is only
0.006, which can meet most practical requirement for uniform
magnetic field. Similarly, the results from the finite element
calculation (denoted by the empty circules) ensure the validity
of our analytic formulae.

3.4. Parabolic magnetic field coils

Finally, for a more general case, we use our method to de-
sign the parabolic magnetic field coils, which may be used as a
magnetic trap without Majorana loss.!'*! In this case, as shown
in Fig. 7, the requirement is depicted by 21 uniformly dis-
tributed solid triangles in the range z € [—6 mm, 6 mm)|, which
satisfies the equation B, (z) = 1000z +0.03 (7).

The objective function for this case is given by

B(Z) (V,Z7C17C2,C3)

= BZ (r,Z,C1)+BZ (V,Z,CQ)—FBZ (V,Z,C:;) +BZ (r,Z,C4). (14)

The fitting parameters are ¢y = —10.7 mm, c; = —10.4 mm,
¢c3 =10.5 mm, ¢4 = 10.8 mm, and p = 3.4144 x 10° A/m. It
can be seen that the magnetic field generated by these param-
eters accords very well with the parabolic requirement and the
results from the finite element calculation (denoted by empty
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circles) prove this result. In fact, our method can be used to
design the coils satisfying many different kinds of magnetic
requirements, not limited to only these cases as mentioned
above: this is why we use the word “arbitrary” in the title of
this study.

~05 0 0.5 1.0
z/1072 m

—1.0
Fig. 7. Magnetic fields from parabolic magnetic field coils.

4. Experiment and discussion

In order to further demonstrate the feasibility of our ap-
proach and to conveniently measure the magnetic field, we
design relevant experiments in a large-scaled system with
a=191.0 mm, b = 218.0 mm, & = 366.5 mm, d = 3.0 mm
as described in Fig. 8. The white coils are assembled on the
green calibrated slide rails, so that their positions can be flex-
ibly adjusted to different parameters {c;} we required. Then
they are pushed into the black 5-layer magnetic shielding and
connected to an RIGOL DP831A current source with 0.8-A
(0.1 Ax8 turns) stable current. A CTM-6W fluxgate magne-
tometer is used to measure the magnetic field along the sym-
metry axis.

Fig. 8. Experimental equipment of magnetic measurement for different
kinds of coils.

Figure 9 shows the experimental results of the uniform
magnetic field coils with the parameters ¢y = 61.5 mm, ¢; =
183.5 mm, and ¢3 = 297.5 mm from our method. It can be
seen that the experimental results (open circles) accord very
well with the theoretical ones (solid curve), which can further
demonstrate the correctness of our analytic formulae and field

inhomogeneity in the 400.0-mm range of the center (less than
5.7x1073), which could meet most practical requirements.

16
| eSS oK S SOSSe—]
B
T 6
=)
—
~
Q4
2.

-0.3 -0.2 —-0.1 O 0.1 0.2 0.3
z/m

Fig. 9. Experimental and theoretical magnetic field of the uniform mag-
netic field coils.
Figure 10 displays the experimental results of the gradi-
ent magnetic field coils with the parameters ¢; = 12.5 mm,
¢y = 205.5 mm, and ¢3 = 262.0 mm from our method. The
experimental results (open circles) are also in accordance with
the theoretical ones (solid curve) in the central functional area.

10
ERv)

&
T
S 5t
~
0
Q
Z0.3 —0.2 —0. 0.1 02 03
z/m
_5>

—16
Fig. 10. Experimental and theoretical magnetic field of gradient mag-
netic field coils.

The experimental (empty circles) and theoretical (solid
curve) results of the asymmetrical uniform magnetic field
coils with the parameters ¢; = 6.0 mm, ¢; = 131.0 mm, and
¢3 = 292.0 mm from our method are shown in Fig. 11. The
inhomogeneity of the 180.0-mm uniform range on the right
side is below 8.4x 1073, which could be used in some specific
magnetic systems.

0.1 02 0.3
Fig. 11. Experimental and theoretical magnetic field of asymmetrical
uniform magnetic field coils.

Finally, figure 12 shows that the experimental results
(open circles) and the theoretical (solid curve) results of
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the parabolic magnetic field coils with the parameters ¢; =
—308.5 mm, ¢, = —228.5 mm, ¢3 = 231.5 mm, and ¢4 =
311.5 mm from our method, and they accord very well with
each other.

i
D

L L L

03 —02 —01 0 01 02 03
z/m

Fig. 12. Experimental and theoretical magnetic field of parabolic mag-
netic field coils.

5. Conclusions

In this work, a general analytical method of designing
the shielded coils for generating an arbitrary axial magnetic
field is proposed. The basic theoretical formulae [Egs. (7),
(9), and (10)] for axial magnetic field in shield are obtained
and used to construct four common kinds of coils: coils for
generating a uniform magnetic field, coils for a gradient mag-
netic field, coils for an asymmetrical uniform magnetic field,
and coils for a parabolic magnetic field. The structural pa-
rameters of these coils are determined by fitting the formulae
with their specific requirements. Results prove the feasibil-
ity of this method and show some advantages of these coils.
For example, both the uniformity and the uniform range of the
uniform magnetic field coils are better than those in the exist-
ing Helmholtz coils. Finally, all these results accord well with

those from both the finite element simulations and relevant ex-
periments, thus demonstrating the correctness of our formulae
in this study.
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