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Polarization resolved analysis of phonon transport in a
multi-terminal system”
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The atomistic Green’s function method is improved to compute the polarization resolved phonon transport in a multi-
terminal system. Based on the recent developments in literature, the algorithm is simplified. The complex phonon band
structure of a semi-infinite periodic terminal is obtained by the generalized eigenvalue equation. Then both the surface
Green’s function and phonon group velocity in the terminal are determined from the wave modes propagating away from
the scattering region along the terminal. With these key ingredients, the individual phonon mode transmittance between the
terminals can be calculated. The feasibility and validity of the method are demonstrated by the chain example compared
with the wave packet method, and an example of graphene nanojunction with three terminals.
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1. Introduction

The atomistic Green’s function (AGF) method is a
powerful tool to explore the phonon transport mechanism
in the semiconductor and dielectric nanostructures.!!! Since
Mingo and Yang!? developed this method, extended from
the nonequilibrium Green’s function (NEGF) method used
to study the electron transport,’] many important improve-
ments have been made. The AGF method is good at ana-
lyzing phonon transport across interfaces. In the traditional
AGF method, the calculated phonon transmission function is
a summation of the transmittances of all the phonon modes
at a given frequency. However, it is very helpful to under-
stand and engineer the thermal transport mechanism on the

(4-12] Huang et al.!]

level of individual phonon polarizations.
computed the polarization resolved transmittance by using a
decomposed self-energy calculated from the density of states
matrix for each polarization, but with obscure dependence
on the phonon dispersion. Ong et al.!®! extended the AGF
method to calculate the transmittance of individual phonon
modes across the graphene—hexagonal boron nitride interface
based on the concept of the Bloch matrix. The Bloch matrix
can be found from the surface Green’s function of the materi-
als on either side of the interface. The phonon-eigenspectrum-
based AGF method was developed by Sadasivam ez al.['9! for
studying the transmission and conversion of individual phonon
modes at the interface. For now, the polarization resolved
AGF method has been mainly used for the two-terminal sys-
tems, for example, the interface between two different materi-
als, and the algorithm is complicated. Many researches show
that the multi-terminal systems have some interesting proper-
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ties, such as phonon Hall effect,l!3] thermal rectification,[!#!
and thermoelectricity, 5] to name a few.

In this paper, we report a multi-terminal polarization re-
solved AGF method. The scheme is relatively simple to apply,
capable of exploring individual phonon mode transmittance
between the terminals through a scattering region with arbi-
trary geometry. The paper is organized as follows. In Section
2, the method used in the calculation is given, including a brief
introduction of the traditional AGF method for multi-terminal
systems, the surface Green’s function calculation based on the
generalized eigenvalue equation, and the polarization resolved
transmittance. In Section 3, we give two numerical examples.
The first chain example is employed to illustrate the feasibil-
ity and validity of the presented method, along with the wave
packet (WP) simulation results as a comparison. The second
example is about a graphene nanojunction with three termi-
nals. Finally, some conclusions are drawn from the present
study.

2. Methods

The model configuration discussed in this paper is a
multi-terminal system. Figure 1 shows an example with three
terminals. The central part is a scattering region, which is at-
tached with several semi-infinite terminals, serving as the heat
reservoirs. The objective of this paper is to explore the way
to study the phonon ballistic transport across the scattering re-
gion between the terminals.

The traditional AGF method can give the total phonon
transmittance between terminals. The improved one proposed
herein can furthermore study the transmittance between modes
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in different terminals. As discussed below, both traditional and
improved AGF methods can be based on a same generalized
eigenvalue equation associated with the periodic properties of
the terminal.
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Fig. 1. An example of a multi-terminal system. The numbers in the
terminals denote the respective unit layer indices.

2.1. Total transmittance

The dynamical equation for the system, as the starting

point, can be expressed as!'°!

(@’ I-K)u=0, (1)

where I is the identity matrix, and K is the dynamical ma-
trix.  is the angular frequency. w is the mass-normalized
displacement defined as the atomic displacement vector mul-
tiplied by the square root of the corresponding atomic mass. !
For a multi-terminal system, as an example shown in Fig. 1,

the dynamical matrix in Eq. (1) can further be divided into!!”}
Ks Ks Ksy
Kis K; 0 0
: 0 . 0

KN,S 0 0 KN

where K, (m=1,2,...,N) and Ky stand for the dynamical
matrices of the N terminals and the scattering region (S), re-
spectively. The coupling between the terminals and the scat-
tering region is indicated by K, s = K g 10 Eq. (2), where
the superscript “T” herein represents the matrix transpose. Be-
cause the terminals are semi-infinite, the size of K, or K, s
is infinite.

According to the AGF method, the Green’s function for
the scattering region has the form!!”}

Gs= [0 T-Ks— %], 3)

where @ = @ +i0™", and 0T is the broadening constant, which
is a small positive number standing for the phonon energy dis-
sipation in the terminals.!"® i and I are respectively the unit
of imaginary number and the identity matrix. In Eq. (3),

=342+,
Y= KS,mngm,Sv 4

where X, is the self-energy matrix of the m-th terminal, serv-
ing as the boundary conditions of terminal applied to the scat-
tering region boundaries.®! g,, is the surface Green’s functions
of the terminals. The terminals have periodic layer structures,
and the unit layers are numbered in sequence according to the
distance from the scattering region as shown in Fig. 1. Be-
cause the scattering region atoms have interactions with only
the atoms of the 0-th layer in terminals, K, s = K ST o has a

finite number of nonzero elements. As a result, only the sub-
00

matrix g,,

in g,, corresponding to atoms in the O-th layer is
needed in the calculation of X, by using Eq. (4). Further-
more, the self-energy matrix X, has the same size of the dy-
namical matrix of scattering region Kg, and has only a small
number of nonzero elements related to the O-th layer atoms
in the m-th terminal.l'®! It should be noted that there is no
terminal—terminal coupling in this paper, and different termi-
nals have interaction with different parts of the scattering re-
gion as shown in Fig. 1. This can be achieved by taking a
large enough scattering region. Therefore, the location of the
nonzero elements in the self-energy matrix X, is different for
different terminals. The simple summation of self-energy ma-
trices X' in Eq. (4) stands for the effect due to all the terminals
on the scattering region. Then we can project the dynamics
of the infinite system shown in Fig. 1 to the finite scattering
region via the self-energies.?”) Inserting X in Eq. (3) results
in the Green’s function for the scattering region G's.

The self-energy matrix 3/, also can be used to construct
the broadening function written as

L,=i(%,-X). (5)

Based on G's and I}, the traditional AGF method gives the

total transmittance between the terminals!®]

Ty (@) = Ty (@) = Trace (1, Gs I,,GY),
mn=12,...,N. (6)

The superscript “*” represents the complex conjugate trans-
pose operation. It should be noted that the transmission func-
tion in Eq. (6) is the summation of the transmittances of all
modes. The purpose of this paper is to figure out the contribu-
tion to the total transmittance 7, from each mode.

2.2. Surface Green’s function based on the generalized
eigenvalue equation

The key ingredient in the AGF method is to calculate the
surface Green’s function g2°. As described above, the surface
Green’s function is a crucial step to get self-energy matrix X,
in Eq. (4). Various methods have been used, and the most ac-
curate and fastest one is based on the solution of the general-
ized eigenvalue equation. ! This algorithm takes into account
of the translational symmetry of the semi-infinte terminal with
periodic layer structures, and can give the phonon dispersion
relations in the terminal.
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As a submatrix of K in Eq. (2), the dynamical matrix of
the m-th terminal with identical unit layers numbered in se-
quence as shown in Fig. 1 has the form

KY K) 0
K)) KY K) 0
K 0 K0 KO g0 |, ©)
0 K

where K% is the onsite dynamical matrix of unit layer in the
m-th terminal, and K9! = (K, ,LO)T denotes the connection be-
tween unit layers. The unit layer must be large enough so that
only the neighbor unit layers have interactions. Based on the
dynamical matrix of the terminal, the phonon dispersion of
the terminal can be described by the generalized eigenvalue

equation!>-1%!

1ok k[ o ] 0ol o]
TI 0 r{;H _Tm o I ¢y{,+l 7()

where (]),{, denotes the phonon eigenvector corresponding to the
Jj-th unit layer in the m-th terminal. Because of the periodicity,
the eigenvectors satisfy Bloch theorem, so that ¢,{;+1 = Am(]),{;
defined in the second line of Eq. (8), where the Bloch phase
factor A,, = e€'9%n_ In this factor, q is the wave number, and a,
denotes the period of the unit layer along the terminal direc-
tion.

There are two groups of solutions for Eq. (8), which in-
dicate waves propagating in opposite directions in the termi-
nal. There is a convenient way to determine which group a
wave mode belongs to. By replacing @ with @ = @ +i0™,
where 07 is a small positive perturbation, the outgoing waves
¢, propagating away from the scattering region along the ter-
minal will have |A,| < 1. All the normalized vectors of the
outgoing waves are combined together to form a matrix E” =
[ + o4t

1> B2 > P p |- and the corresponding eigenvalue ma-

trix is a diagonal matrix A, = diag (lnt,lvl;;zv'“’kr;p)’
where p is the number of waves at frequency w. It should
be noted that there are two kinds of waves ¢/, i.e., propa-
gating modes and evanescent modes. The propagating modes
always have a real wave number and propagate stably in the
terminal. The evanescent modes, however, will exponentially
decay as going away from the scattering region because of the
complex wave number ¢ = —In(4,})i/ay, and its imaginary
part is positive.

Based on the outgoing wave solutions of the generalized
eigenvalue equation with |A,}| < 1, the surface Green’s func-
tion of the m-th terminal is given by !>

o= [T K- KU P]
P=E;}A} (E))™, ©)

where P is the propagator!® used to describe the propagation
of the phonon waves along the unit layers in the terminal. In

the derivation of Eq. (9), g,(,f i

0 Pg!¥ is used. In order to
make sure that g3° is finite in the limit s — o, only the outgo-

ing wave modes are allowed in the propagator P.!

2.3. Polarization resolved transmittance

The solutions of the generalized eigenvalue equation (8)
not only can be used to get the surface Green’s function of ter-
minal g% in Eq. (9), but also is helpful to improve the AGF
method to analyze the transmittance in terms of phonon polar-
ization, frequency, and wave vector. The remaining piece of
ingredient needed in the improved AGF method is the group
velocity matrix of the m-th terminal, which is defined as!®

am *

Vi = o (E,Jg) I,E/. (10)

It should be noted that no contribution to heat flux comes from

the evanescent modes which have zero group velocity calcu-
lated from Eq. (10).

Now we can proceed to calculate the transmittance be-
tween individual phonon channels in different terminals based
on the matrix®!

b= Vil (B5) ™ G [(B) )
Gs = g Ky sGsKs gl

1)

Let tX represent the (k,[)-th element of matrix t,,,. Then the

transmittance between the /-th phonon mode in the n-th termi-
nal and the k-th phonon mode in the m-th terminal is defined
as the square modulus

2
kI |kl
Tmn - ‘tmn

(12)

The proposed method herein is straightforward and has a clear
physical picture. The process of phonon propagation at a given
frequency can be described by the dynamical equation (1) in
the frequency space. Equation (1) gives a collective vibration
picture. Because the terminal serves as a wave guide with a
periodic layer structure, the collective vibration in the terminal
can be determined by Eq. (8), as the requirement of the Bloch
theorem. The corresponding wave periodicity in space is char-
acterized by the wave vector along the terminal.l?!! For the
terminal as a one-dimensional system, it is simple to use the
scalar quantity, i.e., the wave number. At a given frequency,
there are many propagating modes identified by the real wave
numbers in the terminals. For any terminal, once K, K9,
and K0 are obtained, we can follow a uniform and standard
procedure to get all the allowed wave modes by using Eq. (8).
The transmittance between these modes in different terminals
is determined by Eq. (12).
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3. Numerical examples
3.1. Examples of linear atomic chain

The toy examples based on the atomic chain with one
degree of freedom per atom, as illustrated in Fig. 2, are em-
ployed to illustrate the improved AGF method introduced
above. These examples are simple enough for readers to repro-
duce the results. The central part of the chains is the scattering
region having two atoms with masses m and 2m, respectively.
In chain (a) and chain (b), there are two semi-infinite chains
attached to the scattering region as terminals. The terminal 7;
has a one-atom unit cell with the atomic mass of m. Both the
terminals 75 and T3 are diatomic chains, and the two atoms in
the unit cell have masses 1.2m and 0.8m (1.2m and 1.8m) for
the terminal 75 (73), respectively. The chain (c) in Fig. 2 has
three terminals. The inter-atomic spring constant between ad-
jacent atoms is g. All atoms are separated by d when at rest.
The period of the unit layer in the terminal, therefore, is d and
2d for Ty and T, (T3), respectively.

(a) m . m m 2m 1.2m 0.8m'1.2m 0.8m
Ty e e e — f— T,
N l..... | Lo Lo l...
® o I | |
m Im Im 2m om 18ml12m 1.8n
T =t 0—;—0 @9 @1
. FETR oo -
(c) ‘ | ‘ i1.2m 1.8'ml 1.2m 1.8
., m . m . m 2m 0 — ‘ ' T
Ty o \ 0 8ml B Sm‘
\ | \ \ =9 1
' ' ! i 1.2m 1.2m '
! | }scattering ‘ l ‘
‘ 1 | 0 | region | 0 | 1 ‘

Fig. 2. Schematic of a junction with semi-infinite linear atomic chains
as terminals. The scattering region comprises of two atoms with masses
m and 2m, respectively. The chain (a) and chain (b) have two terminals,
and the chain (c) has three terminals. There are three kinds of terminals:
T1, T», and T3, denoted by red, blue, and green lines, respectively. The
numbers in the terminals denote the respective unit layer indices.

The three semi-infinite chain terminals 73, T, and 73 in
Fig. 2 have simple phonon dispersion relations illustrated in
Fig. 3. The lines stand for the analytical results,?) and the
red, blue, and green lines correspond to 77, 7>, and 73, respec-
tively. The dots represent the outgoing wave modes ¢, cal-
culated by using the generalized eigenvalue equation (8) with
|4, | < 1. As shown in Fig. 3, half modes in the Brillouin zone
belong to the outgoing wave modes ¢, which have positive
group velocities. The diatomic chain 75 or 73 has a frequency
gap between the bottom of the optical branch and the top of
the acoustic branch. Phonon modes in the frequency gap are
evanescent modes which have imaginary wave numbers. 23]
These evanescent modes, not shown in Fig. 3, can not propa-
gate along the chain stably.

2.0 T
T,, optical
1.5¢ T3, optical
o gap b, acoustical

3 1.0
3

0.5¢

T3, acoustical
0 | ]
—m/d —m/2d 0 7/2d w/d
q

Fig. 3. Phonon dispersion relations for the terminal chains 71, 7>, and T3
shown in Fig. 2. The lines and dots stand for the analytical results!??!
and the calculated outgoing waves, respectively. @y = /g/m is the
characteristic frequency scale.

When a specific phonon mode in one terminal is incident
on the scattering region, a part of its energy is transferred to
the phonon modes in other terminals. The improved AGF can
be used to figure out the transmission coefficients by using
Eq. (12). The results are illustrated by the lines in Fig. 4 for
the three chain structures discussed above. In fact, the physical
meaning of the transmittance can be revealed more intuitively
by a completely different method, i.e., the WP method. As
a comparison, and in order to give a solid foundation for the
AGF calculation, the WP results are also given as circle or tri-
angle symbols in Fig. 4.

In the WP method, a WP is generated in 77 as the initial
conditions. The WP can be regarded as a phonon. Constructed
on the basis of the phonon dispersion relation denoted by the

red line in Fig. 3, the WP can be expressed as>¥

[0 — xc) — vgt]2
B 2W?2
—x) — o). (13)

U (Xn,t;Xc,qq) = Uexp

x cos [qq (x4

Here, u (x,,1;xc,qq) is the time dependent displacement of the
atom at location x,, = nd in T;. The WP is initially centered at
position x., and has dominant wave vector g4. The amplitude
is U = 0.01d. The spatial width of the WP is set to be W =
16d. The group velocity is v, = dw/dg, calculated based on
the phonon dispersion relation of 77 in Fig. 3. The initial atom
velocity is defined as v (x,,£;xc,gq) = du (x,,;%c,qq) /dt. The
WP once is launched in 77, a part of its energy is transferred
into another terminal as a new WP. Then the transmission co-
efficient in the WP method is defined as

T =Ey/E, (14)

where E and Ey; are the total energies (including the potential
and kinetic energies) of the incident and transmitted WP, re-
spectively. The WP results are denoted by circle and triangle
symbols in Fig. 4, and agree well with the AGF results.
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The chain (a) in Fig. 2 is the same one studied by Ong,!'!!

and the same result, denoted by the solid blue line in Fig. 4
(a), is obtained. When @ < 1.29ay, the transmittance between
the acoustic phonons in 77 and 7, decreases slowly as the fre-
quency rises, and at last suddenly drops to zero because of
the phonon band gap in 7> as shown in Fig. 3. There is a
mode conversion between the acoustic phonons in 77 and the
optical phonon in 75 with frequency in the range from about
1.58y to 2.04@y. The chain (b) and chain (a) in Fig. 2 have a
similar structure, but different atomic mass in the right termi-
nal. The transmission coefficients of the two chains, therefore,
have similar frequency dependence, denoted by the lines in
Fig. 4(a).

w/wo

0.5 O WP, chain (a)
— AGF, chain (a)
V WP, chain (b)
---- AGF, chain (b)

0 0.2 0.4 0.6 0.8 1.0
T

w/wo

1.0

Fig. 4. Frequency dependence of phonon transmittance for (a) the two-
terminal chains and (b) the three-terminal chain shown in Fig. 2. The
lines and symbols stand for the improved AGF results and WP results,
respectively.

The chain (c) in Fig. 2 has three terminals. 7j5, 713, and
T3 in Fig. 4(b) represent the phonon transmission coefficients
between 71 and T, T1 and T3, T, and T3, respectively. In the
WP simulation, after scattering with the scattering region, the
WP in Tj is clearly observed to be split into two WPs: one is in
T> and the other is in 73. Therefore, it is reasonable that in the

low frequency range, say @ < 0.8y, 712 shown in Fig. 4(b) is
significantly lower than the chain (a) result in Fig. 4(a). The
same phenomenon is found between 713 in Fig. 4(b) and the
chain (b) result in Fig. 4(a).

As the frequency further rises, 713 drops rapidly to zero
because of the phonon band gap in 73, while 71, increases sig-
nificantly. The maximum value of 7, is close to unity, much
higher than the transmittance in chain (a) shown in Fig. 4(a).
Furthermore, when the frequency is above the maximum al-
lowed frequency in 73, the larger 7|, reveals that the mode
conversion between the acoustic phonons in 77 and the opti-
cal phonon in 75 is enhanced. It is interesting that the exis-
tence of T3 is helpful for phonon energy exchange between
T1 and T, when the frequency is in the phonon band gap
of T3.
quency is in the phonon band gap of 7. The simple theoretical

This extra-large 7|3 is also observed when the fre-

three-terminal model illustrated in Fig. 2(c) is thus capable of
guiding phonons into different terminals according to the fre-
quency.

3.2. Examples of graphene nanoribbon

A more complicated example is illustrated in Fig. 5,
which is a graphene nanojunction with three same zigzag
graphene nanoribbons as terminals. N, denotes the number of
zigzag lines, and N, = 12 in this example. The fourth nearest-
neighbor approximation!>! is used to build the dynamical ma-
trix. In order to avoid the interaction beyond neighboring unit
layers in the terminal, the period of the unit layer a has a dou-
ble size of the primitive cell in the zigzag graphene nanorib-
bon.

™
P e 3
PR AR A At e 3
PEb dh G d i 2 2 3
P b G 2h &b 25 5 45
B i S Y
S i i T Y
S G B Jh i B Al e ae'Y
T A A T e e ]
RO S0000650006 POUS:
000000000 800000000 o Ul
B0608660060000000000;
(600660 06600500066004
P20 a2 2 3 ik B 3 2k 25 db 45 db dt 45 2 25 & af
B e S
P0008660800000000000
R T e S A A G G A5 85 B Gb Ak @5 @5 @b a8 3
P20 4 G5 Qb 4 b G db 4 4 G5 G 4b 4b 35 Gh &b 45 @b af
00006000600000000004
POSSES00000800000000!
LI LI LI LI XTI N — 12
a

Fig. 5. Schematic diagram of a graphene nanojunction with three ter-
minals labeled as 77, 7>, and T3, respectively. Only one unit layer in-
dicated by red dots is shown for each terminal. The period of the unit
layer along the terminal direction is a. The width of the zigzag graphene
nanoribbon is denoted by N; which is the number of zigzag lines.

The green or grey lines illustrated in Fig. 6 stand for the
phonon branches of the zigzag graphene nanoribbon terminal
in Fig. 5. Because of the large period of the unit layer, the
size of the Brillouin zone is 27 /a in this simulation due to the

phonon folding. The dots represent the outgoing wave modes

+
m

(8) with |A,}| < 1. There are four acoustic branches in the

calculated by using the generalized eigenvalue equation

graphene nanoribbon: (%! the longitudinal (LA) branch, the

124401-5
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transverse (TA) branch, the flexural (ZA) branch, and the
fourth acoustic (ZA4) branch having a rotational symmetry
around a central axis along the nanoribbon, which are rep-
resented by the blue, red, black, and magenta dots in Fig. 6,
respectively.

800 P I S

600F

200F

2m/a

Fig. 6. Phonon dispersion of zigzag graphene nanoribbon with N, = 12.
The size of the Brillouin zone is 27/a. The dots stand for the calculated
outgoing waves. The blue, red, black, and magenta dots represent the
LA, TA, ZA, and ZA4 branches, respectively.

The total transmittance between the terminals of the
graphene nanojunction as a function of phonon frequency is il-
lustrated in Fig. 7(a). As a comparison, the total transmittance
Tpristine Of the pristine zigzag graphene nanoribbon is given as
a dash line. Tpisine takes on integer values depending on the
number of phonon modes, and the value is 4 at the lowest fre-
quency due to the four acoustic branches. Tpigine gives the
upper limit of the total transmittance, because all the modes
are taken into account without scattering.

The blue, red, and green lines respectively represent the
total transmittance between terminals Tj», 713, and T»3, which
are calculated by using Eq. (6) of the traditional AGF method.
The blue, red, and green dots are obtained by summation of
mode contribution T,’;,ln by using Eq. (12) of the improved AGF
method. The dots match well with the lines. As shown in
Fig. 5, T, can be regarded as a perturbation to the straight
graphene nanoribbon. Therefore, 713 has the highest value.
The difference between 712 and 73 is the result of the asym-
metric structure.

The improved AGF method is capable of revealing the po-
larized transmittance based on Eq. (12). For a specific phonon
mode in one terminal, a part of its energy will transfer and turn
into various phonon modes in other terminals. The transmit-
tance of the four acoustic branches in 77 is given in Figs. 7(b)
and 7(c). It appears that the acoustic phonons in 77 prefer
to propagate along the straight nanoribbon into 73 rather than
into 7>. As the phonon frequency rises, for the ZA modes,

T13 increases significantly and approaches to unity, while 7;,
reduces and finally tends to zero.
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Fig. 7. (a) The total transmittance between terminals, (b) the polarized
transmittance ;2 and (c) 713 of four acoustic phonon branches in 7;. The
dash line in (a) is for the pristine graphene nanoribbon as a comparison.

4. Conclusion

An improved AGF method is developed for revealing
the polarized phonon transmittance between terminals in the
multi-terminal system, and the algorithm complexity is dra-
matically decreased. The system has a scattering region with
arbitrary geometry, attached with several terminals having a
semi-infinite periodic structure. The phonon complex band
structure in the terminal is obtained by the generalized eigen-
value equation (8). Based on the eigenvalues A and eigen-
vectors E;} of the outgoing waves propagating away from the
scattering region along the terminal, both the surface Green’s
function g,?f) in Eq. (9) and the group velocity matrix V,, in
Eq. (10) are obtained for the m-th terminal in a straightfor-
ward calculation. Once the Green’s function for the scattering
region G in Eq. (3) is calculated, the transmittance between
the /-th phonon mode in the n-th terminal and the k-th phonon
mode in the m-th terminal t¥/, in Eq. (12) can be calculated
based on the matrix ¢,,, in Eq. (11).

The feasibility and validity of the proposed method are
demonstrated by two numerical examples. The first chain ex-
ample is employed with a comparison with the WP simula-
tion. The second example is about a graphene nanojunction
with three terminals. The examples illustrate that the improved
AGF method is helpful to better understand the heat conduc-
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tion in complicated structures to the level of individual phonon

polarizations.
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