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We consider a three-mode optomechanical system where two cavity modes are coupled to a common mechanical
oscillator. We focus on the resolved sideband limit and illustrate the relation between the significant parameters of the
system and the instantaneous-state mean phonon number of the oscillator cooled to the ground state, particularly at the
early stage of the evolution. It is worth noting that the optical coupling sets up a correlation between the two cavity modes,
which has significant effect on the cooling process. Using numerical solutions, we find that the inter-cavity coupling
will decrease the cooling effect when both cavities have the same effective optomechanical coupling. However, when the
effective optomechanical couplings are different, the cooling effect will be strongly improved by selecting appropriate range

of inter-cavity coupling.

Keywords: optomechanical system, ground-state cooling, quantum optics

PACS: 42.50.—p, 07.10.Cm, 42.50.Wk

1. Introduction

Cavity optomechanics!'! is a rapidly developing field
that explores the interaction between light and mechanical mo-
tion based on radiation pressure, which plays an important role
in realizing quantum control of mechanical oscillators such

(361 and quantum information

as high-precision measurement
processing.[”?! The key to achieve this process is to cool the
mechanical system to the quantum ground state where the final
mean phonon number of the mechanical resonator is less than
one.!!%1 In recent years, ground state cooling of a mechan-
ical resonator has received increasing attention in theoretical
and experimental research fields, since the preparation for a
resonator in its ground state not only enables one to exploit its
quantum behaviors in the field of quantum technologies, but
also has many potential applications in biological sensing, ']
mechanical displacement!!3] and high-precision detection of
gravitational waves.!!* So far, many schemes have been pro-
posed to achieve the ground-state cooling of mechanical os-
cillator such as the resolved sideband cooling,!'>~17! feedback
cooling!!'®1°1 and back-action cooling.”?”! More significantly,
several cooling protocols have already been experimentally
demonstrated. [>1-2?]

Recently, various approaches to optimize ground-state
cooling in optomechanical systems have been studied through

cavity-assisted laser cooling,[?324

dynamical dissipative
cooling,! atom-assisted cooling,!”®! and cooing in non-
Markovian regime.!?’! Of particular interest are multimode

optomechanical systems incorporating more than one mechan-

DOI: 10.1088/1674-1056/ab48f1

ical oscillator®®-3% or cavity mode,?*3!1-3#] which are emerg-
ing platforms for studying the fundamental properties of mat-
ter near the quantum ground state. The degree of quantum
control in this hybrid optomechanical system can be further
enhanced by replacing the mirror with a double-face reflective
membrane within the cavity.3>36! On the other hand, coupled
cavities can be used to study the quantum coherence effects
involving multiple optical modes which can generate various
quantum phenomena. This hybrid systems would also open
up practical avenues to achieve the ground-state cooling in the
resolved sideband regime.

In this paper, we try to study the optomechanical cool-
ing scheme from a novel perspective, which has been rarely
discussed in the literature. Motivated by the fast teleporta-
tion protocol proposed in Refs. [37] and [38], we show the
possibility of cooling the mechanical oscillator to the ground
state via resonant oscillations of the optomechanical system.
For a coupled optomechanical system shown in Fig. 1(a), the
cooling mechanism has been widely discussed as illustrated
in Fig. 1(b). By choosing appropriate driven frequencies, the
initial state |0,0,7n) tends to follow the red path and evolves
to |0,0,n — 1). This process will adiabatically lower the en-
ergy of the oscillator and evolve towards the ground state
(10,0,n) —10,0,n — 1) — --- —|0,0,0)). However, we will
show that the non-adiabatic resonant oscillation can also result
in an extremely low phonon number at the early stage of the
evolution. We use numerical simulations to show the proba-
bility of obtaining a low-phonon-number state under threshold
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can be notably large, which indicates that one can probabilis-
tically achieve the ground state much faster than adiabatically
lower down the phonon number. Then, we investigate in de-
tail that how to achieve a higher probability by manipulating
the system parameters including the inter-cavity coupling and
the optomechanical coupling. It is suggested that asymmet-
ric optomechanical couplings may be helpful to increase the
probability at the early stage of the evolution. It is our hope
that our results may encourage the researchers to re-examine
the optomechanical cooling scheme from another angle.

2. Model and solution

We focus on a three-mode optomechanical system as
shown in Fig. 1(a), in which a mechanical resonator interacts

with two driven cavities. The Hamiltonian for this two-cavity

(2)

Optical
driving field

G

Mechanical
oscillator

Optical
driving field

o
™~

Cooling

optomechanical system can be written as (i = 1)

H = wlaTal + a)za;ag +@ub'b+J (aiaz + a;al)
+ (glaTal +g2a;a2) (b+b")+ (aleiw“l—kafe*iw“’)
+9, (azei“’w +a§e_i“’L2’) ) (1)

Here the first three terms are the free Hamiltonian of the two
cavity modes and the mechanical oscillator with frequency @;
(i =1,2) and ), respectively. The operators a; (i = 1,2) and
The fourth
term represents the interaction between the two optical modes

b are the corresponding annihilation operators.

by the tunnel coupling parameter J.131-3249-421 The fifth term
describes the single-photon optomechanical interaction with
coupling coefficient g;. The last two terms account for the
two external driving lasers with frequency @y; and the related
driven strength €;, respectively.
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Fig. 1. (a) Schematic of a three-mode optomechanical system. Two cavities (cavity 1 and cavity 2) interact with a common mechanical
oscillator, which are also driven by two external laser fields with frequency wy; and wy,, respectively. Further, a tunnel coupling J between
the two cavity modes is allowed. (b) Level scheme of the linearized Hamiltonian [Eq. (3)] in the displaced frame. Here |0), |1), |n) denote
the states of the two cavity modes and the mechanical oscillator, respectively. The blue double arrow represents the transition from the state

|0,1,n— 1) to the state |1,0,n — 1) with coupling strength J.

We consider that the two driving fields have the same fre-
quency @] = @ = @, then the system Hamiltonian (1) in
the rotating frame with frequency @y, can be rewritten as

H = A{aIal —I—Aéagag + @b b+J (a]rag +a;a1)
+ (glaial +g2a;a2) (b—i—bT) + (al —i—af)
+02 (a2+}), @)

where A] = @) — @y, and A} = @ — @, describe the detunings
of the two cavity modes from the driving fields, respectively.
Following the usual linearized method in the coupled op-

[42,43]

tomechanical systems, we can assume that the driving

fields are strong enough that the system can be linearized
around their mean pump amplitudes o; and f, then yields
Hamiltonian (see Appendix A for details)

H, = Alaial +A2a§a2+wmb+b+J <a{az+a;a1>
+ ( ’fal +G1aI) (b-i—bT)

+ (G + Gad) (b+7), 3)

where G; = g;; is the cavity-enhanced coupling rate and A; =
@; — o+ gi(B + B*) describes the optomechanical-coupling
modified detuning.

The cooling mechanism is shown in Fig. 1(b), where the
energy levels of the system is plotted. Here |0),[1), |n) are
the states of the optomechanical cavity 1, optomechanical cav-
ity 2, and mechanical oscillator, respectively. The red ar-
rows in Fig. 1(b) represent the cooling processes due to the
energy swapping and counter-rotating-wave interaction, while
the blue arrows denote the heating mechanism corresponding
to the energy swapping and quantum backaction. It should
be noted that the cooling processes occur between two dif-
ferent excitation pathways, from |0,0,n) to |1,0,n — 1) and
from [0,0,n) to |0,1,n— 1), respectively, which will lead to
constructive or destructive quantum interference and the cool-
ing effect will be strengthened or weakened correspondingly.
Meanwhile, the transition from the state |1,0,n) to the state
|0,1,n) is caused by the cavity-cavity coupling strength J,

which will have significant impact on the cooling process.
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To explore the cooling potential of the linearized Hamil-
tonian Hy, we consider the case that the cavity modes are lin-
early coupled to the vacuum bath and the mechanical oscillator
experiences thermal bath. Then we apply the standard input-

44,45

output theory*+*1 to derive the following quantum Langevin

equations for optical and mechanical modes as

dy = —(iA1 + )a) —iG (b+b') —iJar + /Ky all,
dr = —(idr + 2)ar — Gy (b + b') —iJa; + /K4l
b=—(ion + §)b—i[(Gia1+Ga]) +(Gsar+Gaa)) | +/ 75",
“)

where k; and 7 are the decay rates of the cavity modes and me-
chanical oscillator, respectively. The operators ailn and aizn are
the input vacuum noise of the two cavities satisfying the corre-
lations <ai-“(t),a§“T (t’)> =§;y6(t—1t'), fori,i’ =1,2. The term
b corresponds to the noise operator of the mechanical mode
which follows the relation <bi“ (t)bi“* (t’)> =(nn+1)6(—1"),
and ng, = (/%87 — 1)~1 is the thermal phonon number re-
lated to the frequency of the mechanical mode at the environ-
ment temperature 7.

In the following we focus on the resolved sideband limit
K < my,. In this regime the optimal cooling is achieved near
A; = @, where the rotating wave approximation can be used
and thus Eq. (4) is simplified to

K] .
= — (iA1 n 71) ay —iGib— iJar +/Kia™,

K .
iy = — (iA2 n 72) @ —iGob — iJa) +/Kodl,

b:—(ia)erg)b—i( “ay+ Giax) + 7M. (5)

In order to calculate the mean phonon number, we need
to determine the mean value of all the second-order moments,

N1 = <a1ra1>, N2 = <a;a2>, Nb = <b?b>, <a1a;>, <a1bT> and
{(axb"), which are governed by the following differential equa-

tions
%Nl =~ +i (G (@b") ~ G (arb!)")
+it ({ara) = (wad) ). ©)
% » =~k +i(G3 (axb") - Ga (axb')")
4iJ (<a1a§>* _ <a1a§>> : %
C%Nb = —WNo+i (G (@b") Gl (ab'))
+i(Ga(ab") = Gy (aab®)) +yn, ®)
3 faia) = - [ml )+ ;] (a)
=i (G (asb")" - Gs (ab"))
+iJ (N1 — N,), ©))
;@mwz_%m_ww+“;q@¢w

—iG) (M + 1) +iG; (N1 +1)

+iGa (mal) — i (ab”), (10)
d - . + .
m@ﬁwﬁmzwm+@2q@ﬁw

—iGy (Ny+ 1) +iGy (N2 + 1)

+iGr (aa}) — it (arb'). (11)

3. Cooling at early stage

We proceed to discuss the dynamical evolution of the
phonon number under the linearized Hamiltonian in Eq. (3).
To obtain the optical cooling effect, we then analyze and dis-
cuss the influence of the parameters, such as the coupling
strength of the two cavities and the effective optomechanical-
couplings, on the occupation number of the mechanical res-
onator. In Fig. 2, we plot the time evolution of the exact nu-
merical results of the average numbers of Ni, N,, and Ny,. It
shows the well-known Rabi oscillation for cavity modes a1, ax
and mechanical oscillator b, which reveals the maximum en-
ergy exchange from the mechanical oscillator to these two cav-
ity modes since the rotating-wave interaction denoted by the
term G,-(ain +a;b") is on resonance near the optimal effective
detuning A; = @,, and thus the corresponding cooling process
is prominent. Due to the mechanism shown in Fig. 1(b), the
phonon number N, for the mechanical oscillator is gradually
lower down to the steady state value (below 1) at @,,t = 300.
The mean phonon occupancy of the mechanical oscillator can
be cooled down to below 1 from the initial number 100, which
means that ground-state cooling of mechanical mode may be
achieved. Meanwhile, one may also notice that at the early
stage of the evolution, there is a strong energy exchange be-
tween the mechanical oscillator and the cavities, resulting in
a large oscillation of M,. If we define the phonon number
Ny < 1 as a threshold of achieving the ground state cooling,
it is shown that there are already many low-phonon-number
points that reach the threshold when @,,# < 100.

10%[
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Z 10 WWWWWW
| =

1073 L

103 ’
= 100
10731
0 5I0 1[I)0 lil')O 2(I)0 250 300
w t

PR Y N N
I I R Y
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Fig. 2. Time evolution of the mean occupation numbers of N; (red solid
curve), N, (red solid curve) and N, (blue dotted curve) for the following
parameters: ki /@y, = 1 /@y, = 0.1, /@y, = 107, A /@y, = Ay /@y =
1,Gi1/wy=0.2,Gy/ @, =0.1,J /@y, = 0.05, and nyg, = 100.
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Now, we focus on these low-phonon-number points in the
short-time evolution w,,t < 100. In Fig. 3, we plot the time
evolution of the mean phonon number N, with the parameters
G/, =G/, =02, J/w, = 0.02, and the dimensionless
time is cut off to @,,# = 100. The phonon number oscillates
quickly in a relatively short period, which leads to a below
threshold (M, = 1) phonon number periodically. Meanwhile,
due to the anti-Stokes process, the revival peak phonon num-
bers in each period become smaller and smaller. The fast os-
cillating originates from exchange of energy between the pho-
ton and phonon, and the slow decreasing of the peak phonon
numbers in each period is the consequence of the anti-Stokes
process. The gray square area in Fig. 3 indicates the time do-
main that the phonon number temporarily falls down below
the threshold value (N, < 1).

We define a parameter P to describe the probability of ob-
taining N, < 1 at early stage. The phonon number as a physi-
cal observable can be measured at time ¢. If we can precisely
control the evolution time and measure N, (#) exactly at a par-
ticular time (for example, at @r = 81 to wt = 88), then the
mechanical oscillator will be in the ground state. However,
in a practical case, it is extremely difficult to control evolu-
tion time, so that we must use a parameter P to describe the
probability of obtaining a ground state if we perform the mea-
surement at a random time point 0 < w¢ < 100. The meaning
of P is that in the early stage of evolution, there is a notable
probability that the system is on the ground state, even if we
can not control the measurement time point.

The cooling mechanism shown in Fig. 1(b) will indeed
guide the final state of the mechanical oscillator towards the
ground state. However, this is a relatively slow process. In-
spired by the investigation in Refs. [37] and [38], where the
authors showed the probability of implementing fast qubit gate
by utilizing the non-adiabatic evolution in an adiabatic pro-
cess, the oscillation of the phonon number at the early stage of
the evolution may also imply a faster cooling of the mechani-
cal oscillator. One may worry about the precise control of the
evolution time that the state is just evolve into the low-phonon-
number states. However, the numerical results show that even
if the evolution time is completely out of control, a random
evolution time will also ensure a notable probability that the
phonon number is under threshold. As shown in Fig. 3, the
gray region of M, < 1 is notable. For instance, if we consider
the region 50 < w,,t < 100, the possibility will be nearly 50%,
which means that it is more likely to obtain a ground state of
the mechanical oscillator than the excited states. We would
like to point out that the cooling caused by dissipation of cav-
ity is a slow process. However, the resonant evolution which
is a much faster process could also drive the oscillator to the
ground state in the early stage evolution. More importantly,
the probability of getting to the ground state is not small.

Certainly, the strong oscillation at the early stage is not a
universal feature of the evolution for such an optomechanical
cooling system. For other sets of parameters, the phenomenon
that the strong oscillation leads to below threshold phonon
numbers will become weaker or even disappear. Therefore,
it is valuable for us to investigate for what a configuration (pa-
rameters), we will obtain a ground state at the early stage with

a higher probability.
102
. area below threshold
R N,
104
= 100§
1071
102 | . ]
0 20 40 60 80 100
w t

Fig. 3. Time evolution of the mean phonon number N, for kj /@, =
K/0n = 0.1, Y/0, = 1073, Ao, = A/o, =1, J/o, = 0.02,
G1/®y = G2/ 0y = 0.2, and nyg, = 100. Gray area indicates the time
domain that the mean phonon number M, temporarily falls down below
the threshold value 1.

In Fig. 4, we analyze the effect of the coupling strength J
on the probability of cooling the mechanical mode under the
threshold M, < 1 in the case of the short-time limit. We draw
a function of P (P stands for the probability of cooling the me-
chanical mode to the ground state with the mean phonon num-
ber less than 1) in terms of the coupling strength J (in units of
;) as shown in Fig. 4. One can find that the envelope of P
decreases gradually with the increase of the coupling strength
J, at last reaches and remains 0 when G| = G;. That is to say,
the coupling strength will greatly reduce the mechanical mode
cooled to the ground state at the early stage. This is due to the
fact that when J is 0, half each phonon’s energy is transferred
to two photons and the cooling processes occur from |0,0,n)
to |1,0,n— 1) and from |0,0,n) to |0,1,n— 1) when G| = G».
With the continuous increase of the coupling between the two
cavities, the energy transferred from each phonon to two pho-
tons is less than half so that the number of phonons cooled
to the ground state will decrease correspondingly. Therefore,
in order to achieve a better cooling effect, we should control
the coupling strength as small as possible when G; = G;. In
contrast, when G| # G, it can be clearly observed that with
the increase of the coupling strength J, the cooling possibil-
ity P can be enhanced significantly compared with the case
of equal optomechanical-coupling and reaches the maximum
value at J = 0.15. That is to say, it is possible to manipulate
the inter-cavity coupling to optimize the cooling effect in this
case. Another obvious feature is that the cooling possibility
P tends to zero when J increases big enough in both the cases
whether G| and G, are equal or not. This is due to the fact that,

114206-4
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when J is so large that the energy of the two cavity modes only
exchange with each other but not with the oscillator, the cool-
ing effect will be suppressed. A significantly large coupling
rate will reduce the amount of photons that interact with the
mechanical resonator.

0.6 T T T T T
-G =G,=0.2
0.51 0090009.0;?0‘ G,=0.2,G,=0.1 1
o’ Q
0.4f o° 5, .
2 0.3 k

0.2

0.1

0
OOHH-OHOHOHHHOHHHHH -0 0-6-0-0-00

0 0.05 0.1 0.15 0.2 0.25 0.3

J/w,,
Fig. 4. The cooling possibility P as a function of coupling strength J
(in units of @,,) when the optomechanical coupling rates are equal to
G1 /@y = Gy /0, = 0.2 (blue scatter plot) or different Gy /@, = 0.2,
G2/ @y, = 0.1 (red scatter plot). The dimensionless time is cut off to
Wyt = 100, and the other parameters are the same as those in Fig. 3.

0 i =1 -
0 005 0.1 0.15 0.2 0.25
G |w

m

0
0 0.05 0.1 0.15 0.2 0.25
G /w,

Fig. 5. The probability P as a function of Gy (in units of @,,) and G, (in
units of @,,) for J =0 (a) and J/ @, = 0.1 (b) with k1 /0y, = K2/ Oy =
0.1, Y/0n = 1073, Ay /@y, = Ay /@y, = 1, @yt = 100, and ng, = 100.

To further analyze the influence of optomechanical cou-
pling rates G| and G on the cooling effect, we plot the prob-
ability P as a function of G| and G, for J = 0 (Fig. 5(a)) and

J/®, = 0.1 (Fig. 5(b)). It shows that when there is no cou-
pling between the two cavity modes, the cooling probability
P shows interference fringe with the relation of G| and G».
However, if the coupling is considered, the maximum value of
probability P is enhanced significantly in the appropriate range
of G and G,, which implies that there is a notable probabil-
ity to obtain a low-phonon-number state below the threshold
at the early stage of evolution.

4. Discussion and conclusion

In summary, we have presented a scheme of double-
passage mechanical cooling in an optomechanical system
where two interacted cavities are coupled to the same mechan-
ical resonator. Instead of focusing on the long time cooling
limit, we have paid more attention to the short time evolution
at the early stage, which empower us to cool the phonon num-
ber below the threshold probabilistically. We show that there is
a notable probability to obtain a low-phonon-number state be-
low the threshold at the early stage of the evolution. Then, we
investigate how the system parameters affect the probability of
obtaining a below-threshold state. It reveals that when the two
optomechanical couplings are different, it is possible to ma-
nipulate the inter-cavity coupling to obtain a higher probabil-
ity. We also show how to choose the optomechanical coupling
with or without the inter-cavity coupling.

Appendix A: Linearization of the optomechani-
cal Hamiltonian

Considering all the damping and noise effects for the cav-
ity modes and mechanical oscillator, the quantum Langevin
equations can be derived from Hamiltonian (2) as follows:

di = — (iA] + &) a1 —igiar (b+b7) —iJa, —iQ) + /K1al,
dy = — (1AL + %) ay —igoar (b+ b7) —iJay — i + \/Kadl,
h=— (icom + %’) b—i (gla;ral —I-gza;az) +/7 in

(AD)
where A{ = @) — @ and A} = 0, — ;.

Under the strong driving condition, we make use of the
linear approximation that each operator can be expressed as
the sum of steady-state mean values and their fluctuations, e.g.,
a; = o +06ay, ay = 0+ 0az, b= [3 -+ 0b, then the above
Langevin equations can be separated by the following classi-
cal and quantum components,

K

2
. . K . " . .
00 =— (1A§ + 72) 0 —igaop (B+ ") —iJay —if,
B=- (iwm+ g) B—i(gilou|* +g2loal?),
. K

da; =— (iAl + 71) Sa; —ig10y (5b+ SbT)

—ig18a1(8b+8b") —iJ8ar +/Kiall,

o =— (iA{+ )oq —igioq (B+B*) —iJop —i€y,

(A2)
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6;12 =— (iAZ + Q) day +igran(6b+ 5bT) [9] Gall, C, Sangouard N, Piro N, Gisin N and Kippenberg T J 2014 Phys.
2 Rev. Lett. 112 143602
— ig25a2(5b+ 5bT> —iJéag + /K2a12n, [10] Triana J F, Estrada A F and Pachén L A 2016 Phys. Rev. Lett. 116
183602
Sh=— (ia)m + Z) ob—ig; (OCTSCI] + oy Sa}L) [11] Sarma B and Sarma A K 2016 Phys. Rev. A 93 033845
2 [12] Tetard L, Passian A, Venmar K T, Lynch R M, Voy B H, Shekhawat G,
_ ig2 (O(Q* 5612 + o 50;) _ igl 6611 Sa; Dravid V P and Thundat T 2008 Nat. Nanotechnol. 3 501-505
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. ¥ in 74
—igrbarbal + A3
§ 2 \/’)7 ’ (A3) [14] B P Abbott et al 2016 Phys. Rev. Lett. 116 061102
[15] Wilson-Rae I, Nooshi N, Zwerger W and Kippenberg T J 2007 Phys.

where we have defined the modified detunings A; = A/ +
Gi(B+B).

According to Eq. (A2), the steady-state solution of the
system can be derived as

—JQ —i1Q (142 + K2 /2)
(iA] + K’]/Z)(iAz—‘r K2/2) +J?’
o = —JQ — i.Qg(iA] + K1/2)
(A1 + K1 /2) (1A + 12/2) +J?°
B _igi|ou|* +iga|on|?
(iom+ %)

) (A4)

which are dominated by a few controllable parameters such as
Ai, K, and .Qi.

Considering the strong driving condition, one can neglect
all the nonlinear terms ig;8a;(8b + 8b") and ig)day 5a; in
Eq. (A3), then the corresponding effective Hamiltonian for the
above Langevin equations can be written as

H; =A alral + Aza;az + a)mbTb +J (aJ{az + a;m)
+ < Ta1 +G1aJ{) (b-l—bf)

+ (G§a2 + Gzag) (b+0"), (AS5)

where G; = g;; is the cavity-enhanced coupling rate, and the
notation & has been dropped for all the fluctuation operators
for simplicity, e.g., da; — a;.
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