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Unconventional chiral d-wave superconducting state in
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We consider a highly unconventional superconducting state with chiral d-wave symmetry in doped graphene under
strain with the Gutzwiller-RVB method in the momentum space. It is shown that flat bands emerge in the normal state for
reasonable strain. As a result, the superconducting critical temperature is found to be linearly proportional to the strength
of the electron—electron interaction. Furthermore, the chiral d-wave superconducting state is shown with coexistence of
the charge density wave and the pair density wave. There are different coexisting states with those orders under different

doping levels.
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1. Introduction

Graphene is a two-dimensional (2D) electronic system on
a honeycomb lattice whose electronic excitations behave as
massless Dirac quasi-particles. Graphene has been one of the
most exciting novel materials in the new century because of
its interesting physical properties of massless Dirac fermion
and non-trivial structural physics of 2D carbon planes.!'l A
large number of exotic states have been proposed theoreti-
cally by including the electron—electron interaction and cor-
relation effects in graphene.l”’l There are also a large num-
ber of theoretical works on unconventional superconductivity
in graphene, such as p+ip superconducting phase,>* chi-

[5-13] Recently, one promis-

ral d-wave superconducting state.
ing route to induce intrinsic superconductivity in graphene is
to reconstruct pseudo Landau levels with the application of

[14,15

strain fields. 1 Flat band superconductivity has been pro-

posed in strained graphene, in which a flat band emerges

U6.17] Flat bands can be seen as a route

in the normal state.
to high-temperature superconductivity, the critical tempera-
ture 7. depends linearly on the electron—phonon coupling
constant. 8221 Especially, a superconducting state is discov-
ered in a flat band arising in slightly twisted bilayer graphene
with strong correlation effects in the recent experiments. 23241

It is widely accepted that both the mechanism and the
pairing symmetry in the conventional superconductors are
different from high-temperature superconductivity discovered
in cuprates.!®! In high-temperature superconductors, many
competing orders, such as charge density wave (CDW), pair
density wave (PDW) and spin-density wave, have been pro-

e. [26

posed to understand the pseudogap phas 1 Pair density

DOI: 10.1088/1674-1056/ab478c

wave is the Cooper pairs that have a nonzero center-of-mass
momentum, and it is always accompanied by CDW.[?7:28]
A charge-density wave is a density modulation of electrons,
both PDW and CDW can break the translational symmetry at

5.2 Studying superconductivity in strained

low temperature
graphene is helpful for understanding unconventional super-
conductivity in high-temperature superconductors.

In this paper, we explore chiral d-wave superconductiv-
ity with CDW and PDW coexisting in doped graphene under
strain, in which flat bands emerge in the normal state. It is
found that chiral d-wave superconductivity can be stabilized
under strain even for slightly doped graphene and its criti-
cal temperature is linearly proportional to the strength of the
electron—electron interaction. We derive a phase diagram that
shows different coexisting states of chiral d-wave supercon-
ductivity, CDW and PDW with two different periods in the
mean-filed level. It is obvious that these orders may coexist
with others and CDW is a subsidiary order. Particularly, we
show a superconducting phase only in the presence of CDW
and PDW. Some similar conclusions have been given in the
previous work,!!” such as a single PDW state and the coex-
isting states. However, we emphasize on the superconducting

critical temperature and the thermal effect on orders in this pa-

per.

2. The model of strain induced graphene

Graphene is made out of carbon atoms arranged in a
hexagonal structure, the structure can be seen as a triangu-
lar lattice with a basis of two atoms per unit cell. The three
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nearest-neighbor vectors in real space are give by
61 =5(1.V3), 8= 5(1,-V3), &=-a(1.0), ()

where a = 1.42 A is the carbon—carbon distance.

Fig. 1. The lattice structure of graphene (honeycomb lattice), where
6; (i =1,2,3) are the nearest-neighbor vectors.

Flat-

band superconductivity is discovered in slightly twisted bi-

We show the structure of graphene in Fig. 1.

layer graphene, indicating that graphene may host unconven-
tional superconductivity under appropriate conditions.!?324]
Unlike the twisted bilayer graphene that requires fine tun-
ing of the twisted angle, flat bands can be formed topologi-
cally by strain and robustly induced as Landau levels because
of the corresponding pseudomagnetic field generated by the
strain. '] Flat bands in strained graphene have been observed
with the strain imposed or engineered by external stretching

20.211 We consider the

or periodic ripples in the experiments.!
graphene under periodic strain, the strain can be induced by
ripple with fixed period L or by external stretching. The tight-
binging Hamiltonian for electrons in strained graphene con-
sidering that electrons can hop to nearest-neighbor atoms is as

follows:

_ iy iy
Ho = 7Zi7j1,ami,ab1|ﬂ —Lija tai,abjz,a

—Yijsalt+ %cos 27?" )a;abh,a +H.c., 2)

where a; ¢ (aza) annihilates (creates) an electron with spin o
on site I; on sublattice A (an equivalent definition is used for
sublattice B, but j = 1,2, 3 for three nearest-neighbor sublat-
tices B), t = 2.8 eV is the nearest-neighbor hopping energy, x
represents the position coordinates of site R;, B is a parame-
ter describing the strength of the strain and L = 3na/2 is the
strain period and is conformed to the period of graphene. We
use n = 15 in our calculation compared to L = 0.1-10 nm in
the experiment and &t/ ranges from 0 to 0.5.12021:301 Tt is ob-
vious that there is a new period in the x direction in real space
and forms a superlattice, which leads to flat bands in the &, di-
rection in momentum space. To achieve the flat band state for
the strain field experienced by the Dirac electrons, the effective

vector potential is A = (0,4,(x),0), where A, (x) = gcos %

is the same as the previous work.['®) We show energy bands
of strained graphene in Fig. 2. It is obvious that there are zero
energy points in the lowest band in the k, direction and almost
full zero energy bands in the k, direction. For higher energy
bands, there are pseudo Landau levels in the k, direction and
they almost keep constant in the k, direction. Flat bands are
proposed as a route to increase the critical temperature of su-
perconductivity, the superconducting critical temperature T;, is
linear with the electron—phonon coupling constant, which is
different from the exponential relation for conventional super-

conductors.
10 T
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Fig. 2. Pseudo Landau levels of strained graphene. A flat band is

achieved in the k, direction in momentum space (k, = % is chosen

here), and pseudo Landau levels in the k, direction. The Brillouin zone

is shown, and the k-point is located at (%7 3\2/’%{1 ).

To include the correlation effects, the Hamiltonian de-
scribing the electron—electron interaction is given by
H=Hy+U Y fgiii,. (3)
o=i,j
In the strong interacting limit when U is large, the Hilbert
space is energetically decomposed into singly occupied and
doubly occupied spaces so that the electron operator can be
decomposed as CIOC =(1- n,-a)CZa "‘”idCzT,a’ where @ = —o.
We decompose H as follows:

Ho=To+ T+ 711, 4
where
To = —t ¥ [(1—nia)al (1 —nja)bj o+ niad; gnjabj.a

i.j,a
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+(1- nja)b;a(l — nia)ai,(x + njab;aniaai,ocL )

Toi = =1 Y [miaalo(1-nja)bj o
ij1,0 :
'H’ljdbja( —Nig)aiq), (6)
f7] = —t Z — Ny al an]ab]a
i,j,a
+(1 7}’11‘@)1);,0‘}1,@61,'705}. @)

If the canonical transformation is generated by S, the trans-
formed Hamiltonian H’ will read

H'=eSHe ™ = H+[iS,H] + [iS,[iS, H]] +--- (8

By requiring Ty; + 7y + [iS,Hy] = 0, where Hy =
UZG:i,j ﬁcTﬁa¢’ we have

1 . .
iS=—(T1—-T-1).
is U( 11 1) )]

Because of no double occupancy, we have
A | BN
:TO+5[T+1’T_1]' (10)

In the end, we obtain

W A 1
H = To1+T02+To3+72[5aisbjlzn?nl}1]
i1

42 1,
+7 Z[Sm-Sb,z — Zni njz]
LJ2
Elhn,h 5080, — il (1)

(I+ i Ccos 27£xi) and tij, =tij, =1.

where #;, =

Toy = —t Z (1 _niﬁt)a:‘r,a(l —nja)bj a

i,j1,0
+niga] gnjabj e+ (1 =nja)bl o (1=nig)aiq
+”/1abjl oMiadi, a] (12)
Top = —t Z —nia)a; o (1 =nj,a)bj,.a
l]2 o
+ni56aj,oc”jzﬁﬂbj27a +(1=npa)bl, o1 —nia)aia
+”j26cbj‘27anidai,a]a (13)
Tos = —.Z [tijs (1= nia)af o (1 =njsa)bjs
1,J3,0

"thnlaajanhabjs o —|—l‘,]3 (1 - nj3d)b;ya(1 - nid)ai-,a

—l—tihnhabh’anmam]. (14)

To satisfy the no-double-occupancy constraint, the Guzwiller
approximations are adopted by using the renormalized param-
eters. The low energy Hamiltonian is similar to the t-J model
which can be generally expressed as He = H; + H;. H; and

Hj can be given by

_ i / i
H = —t Z ai,abjlya_t Z ai,ocbjz-,a

01,0 1,j2,0

-y tm Labisa+He, (15)
i,]3,0
442 1 42 1
H; UZ S(llsbjl Z in?1]+ U Z[Salsbfz ? 1172}
L1 i,j2
1
b b
+— Zt,n i [S1 Sy — gmin], (16)

where 1" = g;t, 13 = g(t + 7 B cos 2”") and g, = 1_21”’% =

1 — n describes the level of doping in each carbon atom.
There are different decouple channels for the t-J model

for different research projects, we decouple the four fermion

terms into the following identity:

3

3
5;8; = g(C Cjt+C Ciy)(ClCir +C 1Ca) + g
t
fg(C,-ZCT e ei(eten
1
—CiiCit) = 55iS;. 17

Lastly, we obtain the useful Hamiltonian for superconductivity
in doped graphene as follows:

:_Ztu la

i,j,0

2
3t ;

32
w0l AL (8)

2U

We shall compute the order parameters in a mean approxima-

tion with
AB =~ (A)B+A(B) — (A)(B). (19)

Because of the existence of periodic strain, the mean-field val-
ues of the order parameters are set as

X1 = Z bja) %10+x016i27rx/L_’_XaelefiZn:x/L,
X2 = Xl,
2 = Yalbia) = x10+ Xo3e L 4 giye 2L,
G
Ay = (bjra; —bj, a;) — Ayel27/3
Ay = (bjsrai—bjyan) = AseT/Y,
A3 = (bjsra — by air)
= Ao+ Agre™/E 4 Al e /L
+Allei27rx/L+ATle—i2nx/L’ 20)
(ng) = ne2/L 4 qre 2/l | o,
(mp) = ve?ml g yrem PRIl 40, (21)

The above mean values include the chiral d-wave supercon-
ducting order, electron hoping term, CDW and PDW with mo-
menta Q =27 /L and Q/2. The CDW evaluated by |xo] is the
bond field fluctuation in the real space. The CDW has a period
of L in real space and Q in k-space, where Q = 2m/L is the
CDW ordering wave vector. Ay is the uniform chiral d-wave
order, Ap; and Aq; are the PDW order with period of L and 2L,
respectively, corresponding to the momenta of Q and Q/2 of
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the Cooper pairs. Here 1) and v are the doping fluctuations in
different units, and they show on-site CDW in the momentum
space. In particular, an important approximation has been used
in the above assumptions. The rotational symmetry of super-
conducting order has been broken due to strain. However, we
“Z)and A =
numerical calculation for 51mp11fy.

still consider Ay = A3z exp( Az exp( 2%) in our
This approximation has
effect on the numerical results of superconducting orders al-
though A = A] can be retained even under strain, but the qual-
itative results are unchanged based on this approximation. ']
The detailed discussions about those orders will be given in

the next section. The mean-field Hamiltonian can be written

as
3%
Hpen = — Y. ta},bja = 5y XU+ i)
i,j=123,a
2
2U (A +A11)+Hc0nst; (22)
where
3t 3t%
Hconst: Z ”lz-f- UAZ’- (23)
l._’j:13232U Io2u Y

We note that Hpean 1S the same as the mean-field Hamil-
tonian obtained by using the slave-boson method, so both the
mean-field theory based on the Gutzwiller approximation used
in this paper and the slave-boson method yields the similar
results. We perform a discrete Fourier transformation to the
mean-field Hamiltonian with

Aia (’f’) - Z CAa«k,nkyeik‘T’

ey
bjlﬁ (7’ + 51) = Z CBB-,kx,kyeik(sl_%)eik‘Ta
s
bip(r+82) = ¥ i e 006,
s
b'“ﬁ (r + 53) - Z CBBstykyeik'Tv (24)
ey
then we obtain
Hyr = ZHt(k) +H24F(k)' (25)
k.o

The ground state of the system can be written as

2n—1
_ ol t
ly(k)) = j;oWAT.,CAT7kX+%kV|o>+WBMCB trmi g 10)
+WA¢,jC Vg, |0)
+Wa,.iCp, ymi 4y 10), (26)

then the mean-filed Hamiltonian can be generally expressed as

Zw Ve (k) w (k) 27)

with Ay is an 8n x 8n matrix. The optimal values of effective
orders can be obtained by the following self-consistent equa-
tions:

1 f
X0 = N Z<aﬁb/3T +ai¢bj3¢>
i.j3

1 1]
=N Z};<CA¢kx ky OB Ky +CA¢kxkyCB‘Lk )
xoKy
xor = —Zexp alTb]era}lble
l]l
277: 3a V3a
== Z exp[i(ky + =) 5 + iky~——]
N )3 2
i i
X <CAT e Ky CBT,k K+ 2 +CAl,kx,kaBi,kx,ky+2T”>

X3 = *ZCXP —1
l]?
1 T T
=N kZ/:, <CAT,kX,kyCBT,kX,ky+2T” T Cay ok C, k422 )
XKy
1
Ao = 5 X bjsrai, = by ai)

i,Jj3

a bm + %bnO

1
5 2 (Cookoks Cay bty = Cy ket Cs oy )
Koy

Ay = — Zexp

l]3

(bjsrai, — by air)

- Z BrkedyCay ket 2 —ky — CB) ket -k CAp ek )
N3

Ay = *ZCXP

l]3

N Z Ch ke ’<>CAl ket 2 —ky
N & ey

7CB¢,7kx+ZT”,*k_‘~CATkavk,\'>’ (28)

(bjsrai, — by air)

1
N Z <Cat GC ai,c +ij GCh.iso->
i,j,0

-y I

oKy s

+V

?

A(, ke ky G Kk +CBG kv ky CBo kv ky)

32\

; Ac,kx ky Ao';kx J<y>’

2 \

kZ Che s Co ot 2 4y ) (29)

2 \

The temperature dependence of order O is obtained by the fol-
lowing equation:

1
Z Vil Ol = (30)
& 1+exp

where Y, and E, are the eigenfunction and eigenvalue of the
mean-filed Hamiltonian, kg is the Boltzmann constant, and 7'
is temperature.
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3. Results and discussion

It is natural to extend the d-wave superconducting state
in the high-temperature cuprate superconductors with strong
Coulomb repulsion to the graphene, due to the sixfold symme-
try of the honeycomb lattice, the d-wave superconducting state
in the graphene is a spin singletd,»_» -idy,-wave state. Some
theoretical works have been carried out in the chiral d-wave

e,>-131 but pure

superconducting state in the doped graphen
graphene is known to be nonsuperconducting until surpris-
ing superconductivity is recently discovered in the twisted bi-
layer graphene. We consider the chiral d-wave superconduct-
ing state in the doped graphene with strong electron—electron
interaction in the presence of strain. We show our results about
the order parameters as a function of temperature in Fig. 3, the
coexistence of CDW and PDW must be considered with strain.
The CDW and PDW have the same period as strain and the
electron population of each carbon atom also has the same pe-
riod. With the increase of temperature, thermal effect breaks
cooper pair, the superconducting order vanishes with PDW. It
is obvious that d-wave superconducting state can stably exist
even in slight doping 6 = 0.08.

0.5

— .
10 — PD
— CDW Wo
x
PDW, , CDW,, e

0.4;/,—\

e
w

Order/10-3
S
[

0 0.1 0.2 0.3 0.4
k,T/meV
Fig. 3. The order parameters as a function of the temperature obtianed

by solving self-consistent equations in the case of 8¢/t = 0.15, dop-
ing=0.08, U = 4r.

Compared to the twisted angle in the bilayer graphene,
flat energy bands in the graphene can be easily realized in
the application of strain. The flat-band superconductivity is a
natural extrapolation of the BCS theory. The superconduct-
ing critical temperature 7. in conventional superconductors
depends exponentially on the product of the electronic den-
sity at the Fermi level and the strength of attractive interac-
tion. Flat energy bands enhance the critical temperature which
is linearly proportional to the microscopic coupling constant
because pairing electrons can abound around a dispersionless
energy band. We show critical temperature T achieved by
A(T:.) = 0 with two different strengths of strain versus the mi-
croscopic coupling constant g in Fig. 4. It is obvious that the
critical temperature linearly depends on the microscopic cou-
pling constant, and the parameter used here (doping = 0.15) is

considered as the optimum dopant concentration in the high-
temperature superconductors.

1.1 -
— 5t/t
1w st/t

t
0.9r & 5t/
0.8t

fitted line)

(
(

[
cooo
W ioi

fitted line)

0.7p
0.6

kT /meV

0.5¢
0.4}
0.3
0.2;

0.1 . . . .
0.1 0.2 0.3 0.4 0.5 0.6

g

Fig. 4. The superconducting critical temperature 7. versus the mi-
croscopic coupling constant g with two different strengths of strain:
Ot /t = 0.2 (red line) and 8¢/t = 0.3 with doping=0.15 (blue line).

0.25F

e
i

Order/10°*
o
—_
A

I
=

0.05¢

0 0.1 0.2 0.3 0.4
k,T/meV

Fig. 5. The PDW order with momentum Q/2, chiral d-wave super-
conductivity order and CDW order versus temperature in the case of
6t /t = 0.1, doping =0.05, U = 4¢. It is shown that there is a phase with
chiral d-wave superconductivity, CDW and PDW.

The pseudogap phase is unclear up to now, but it is con-
sidered as a competing phase.[?°! Besides the chiral d-wave
superconductivity, many competing orders such as CDW and
PDW have been proposed to explain various experimental ob-
servations. This is an important characteristic of strongly cor-
related electron systems. We show the coexistence states of
competing orders in Fig. 5. There are chiral d-wave supercon-
ductivity, PDW and CDW in the finite temperature limit. Pair
density wave with a double period of CDW is non-trivial. It
is proved that the emergent Cooper pair order with momentum
Q/2 has to be stabilized as the minimum of the free energy.!!”!
With the increase of temperature, PDW with momentum Q/2
vanishes firstly, but chiral d-wave superconductivity still exists
with CDW. The PDW with momentum Q always accompanies
with chiral d-wave superconductivity because of a new period
in the momentum space by the strain. According to our calcu-
lations, the CDW is an ever-present order. To verify the lowest
free energy state, we show the lowest energy band of quasi-
particle excitations with complex orders and compared to only
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present chiral d-wave superconductivity in Fig. 6. It is clear
that the system with PDW and CDW has a significant advan-
tage with lower energy, the complex-order system is more sta-
ble than the system with only chiral d-wave superconductivity.

E/eV

—0.4r

—0.8}

0 0.5 1 1.5 2 2.5

k, /A

Fig. 6. The lowest energy band of quasiparticle excitations with three
different orders (red line) compared to that in the presence of only chiral
d-wave (black line). The system with PDW and CDW has significant
advantage with lower energy.

It is a long-sought-after superconducting state with non-
vanishing center-of-mass momentum for Cooper pairs, the
emergent PDW state is shown to be superconducting and it can
be easily realized in our program. We show a superconducting
state with only PDW and CDW in Fig. 7, the chiral d-wave
superconductivity vanishes with the PDW with momentum Q.
The CDW is an auxiliary order, the PDW with momentum Q/2
takes the place of chiral d-wave to become superconducting
order. It is proved that nonvanishing superfluid density exists
with only PDW. This novel superconducting state is feasible

to experimentally realize the graphene.

0.4+
- AH)

0.3l —— CDW
- PDW,,
|
S —— PDW,,
T 02
<
—
©)

0.1t

0
0 0.1 0.2 0.3 0.4

k,T/meV

Fig. 7. The PDW with momentum Q/2 and CDW in the case of
61/t = 0.05, doping=0.03, U = 4¢ versus temperature. A supercon-
ducting state with only CDW and PDW has been shown.

We show different coexisting states of competing orders
with a different doping level in Fig. 8. In the slightly doping
limit, the chiral d-wave superconductivity vanishes but a su-
perconducting phase in the presence of only CDW and PDW is

found. With the increase of doping level, the chiral d-wave su-
perconductivity becomes the main order in the phase diagram.
In the case of intermediate doping level, three competing or-
ders coexist in the low-temperature zone, PDW vanishes with
the increase of doping. For the doping deeply enough, PDW
vanishes even at zero temperature, only the chiral d-wave su-
perconductivity and CDW survive. In summary, there are three
different statuses of competing orders: (I) PDW and CDW for
slight doping limit, (I) CDW, PDW and chiral d-wave super-
conductivity, (I) only CDW and chiral d-wave superconduc-

tivity.
07 I I I nAm
& CDW
0.6 .
PDW,, ,
0.5 v PDW,,
600000,
5 0.4 %
= og v
O 0.3 o g Vo
o vy P og v
0.2 LV
Avave [u]
0.1 o o v
0 ¢ °
0 005 01 015 02 025
Doping

Fig. 8. Phase diagram about coexistence states of chiral d-wave super-
conductivity, CDW and PDW under zero temperature with parameters
Ot/t = 0.05, U = 4t. There are three regions: (I) only CDW coexist
with PDW in the slight doping limit, (I) chiral d-wave superconductiv-
ity, CDW and PDW, (Il) PDW vanishes but CDW and chiral d-wave
superconductivity coexist.

4. Conclusion

We have investigated unconventional superconducting
states in the doped graphene under periodical strain in the
We firstly obtain
the effective t—J model with the help of Gutzwiller approx-

strong electron-electron correlated limit.

imations which satisfies the no-double-occupancy constraint.
The optimal values of effective orders are achieved by solv-
ing the self-consistent equations in the momentum space. The
flat energy bands are included by strain, which is an effec-
tive route to increase superconducting critical temperature 7;,
which is linearly proportional to the microscopic coupling
constant. There are rich phases in the high-temperature su-
perconductor. We show some competing states with different
coexistence states of chiral d-wave superconductivity, CDW
and PDW. Especially, we show a long-sought-after supercon-
ducting state with nonvanishing center-of-mass momentum for

Cooper pairs which are well known as the PDW state.
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