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We theoretically investigate the exact solutions for generalized parity—time(7P7 )-reversal-symmetric Rabi models
driven by external fields with monochromatic periodic, linear, and parabolic forms, respectively. The corresponding exact
solutions are presented in terms of the confluent Heun equations without any approximation. In principle, the analytic
solutions derived here are valid in the whole parameter space. Such a kind of study may offer potential coherent control

schemes of the P77 -symmetric two-level systems.
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1. Introduction

In the past twenty years, the special non-Hermitian sys-
tems with P77 symmetry have received widespread attention
in several research fields since they were proposed firstly by
Bender.!"?! Such systems may exhibit exotic properties in cer-
tain conditions, for example, the non-Hermitian symmetric
system has real eigenvalues. In order to carry out experi-
mental research, one has to utilize other platforms to simu-
late PT -symmetric systems because they do not exist in na-
ture. The platforms based on optical waveguide or optical
waveguide arrays with balanced gain and loss have become
an important alternative candidate. As we know, under the
paraxial approximation the equation of a laser beam propagat-
ing in a waveguide can be approximated as the Schrodinger
equation which is the same as the equation of quantum me-
chanics. This induces that the optical platforms take a natural
advantage in quantum simulations. If the laser beam propa-
gates along the z axis and the complex refractive index n(x,z)
of the media satisfies the following P7 -symmetry distribu-
tion: n*(x,z) = n(—x, —z),38 a PT-symmetric Schrodinger
equation is then achieved. A series of optical experiments
to investigate the P77 -symmetric quantum systems have been
performed. (%101

The two-level system driven by an external field''! is one
of basic models in quantum optics, which is usually used to
describe the coherent interaction between classical radiation
and matter. For a weak monochromatic driving field and in
the resonance case, the population on these two levels is to

transfer with sinusoidal periodicity, which is termed as Rabi

DOI: 10.1088/1674-1056/ab457b

oscillations. Such the driven two-level system is well known
as a Rabi model, which has been applied in different fields of
physics. It should be pointed out that the two-level model was
not only used to describe the Rabi oscillation, but also to de-
pict other physical quantities equivalent to population, such as
the energy oscillation in two coupled optical waveguides.!'?!
As the field strength increases, periodic level avoided cross-
ings are associated with the process of population transfer. ']
That phenomenon happens only in the strong coupling regime.
Although the Rabi model is very simple in form, it is very dif-
ficult to obtain its analytical solution. Many efforts are devoted
to obtaining the analytic solutions for the Hermitian two-level
models. [!+23]

The two-level model mentioned above is Hermitian.
With the in-depth study of non-Hermitian quantum systems,
more and more researchers are turning their attention to non-
Hermitian two-level systems. The characteristics of the time-
periodic-driven two-level system with P77 symmetry were
studied and the corresponding phase diagram as a function of
the perturbation strength and frequency was obtained.?+2°]
The time evolution of the two-level system with a time-
dependent non-Hermitian Hamiltonian without P77 symme-
try was investigated and showed that the system was in
general unstable with exponential growth or decay.’”! Re-
cently, the analytical results for the parity—time-symmetric
two-level system under synchronous combined modulations
was studied.3!! To the best of our knowledge, an exact ana-
lytic solution for the P77 -symmetric Rabi model is still lack-
ing up to now. In this article, we will focus on how to obtain
the analytic solutions for P7 -symmetric Rabi models. These
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analytic solutions are beneficial to mastering the dynamic be-
haviors of non-Hermitian two-level systems.

The rest of the paper is organized as follows. At first,
the mathematical model of a generalized Rabi model is for-
mulated. The following three parts present three different
driving-field cases, such as monochromatic periodic, linear,
and parabolic forms, respectively. Here the corresponding
analytic solutions are shown in terms of the confluent Heun

§[17-20,32,33]

function as well. Finally, a conclusion is given at

the last section.

2. Generalized PT -symmetric Rabi model

Our discussion starts from the following Hamiltonian

H= fiZAcos(wz)Ger%Gx. (1)

Here o, 0y, and o; are the Pauli spin matrices. In principle,
such a system can be constructed by parallel dimer waveg-
uides where the distribution of gain (or dissipation) is mod-
ulated with the amplitude 24 and period @ and satisfies PT
symmetry. The laser beam is set to propagate in this dimer
waveguide and along the z direction. The @y/2 denotes the
coupling strength (corresponding to the tunneling coefficient)
and depends on the distance between the parallel waveguides.

Introducing the unitary rotating matrix
2
U V2 11 7
2 -1 1

this unitary transformation yields[?*

H = UHU' = %GZ—&-Zilcos(a)z)Gx. @)

This equation might be named as the standard P77 -symmetric
Rabi model and its form is similar to the standard Hermitian
Rabi model.3*! In the above form, the periodic ‘driving field’
[2iA cos(wz)] is considered. The corresponding instantaneous

eigenvalues are given by the diagonal form of Eq. (2)

£i(z) = i\/(a;)z —[2A cos(wz)]*. 3)

Inspecting Eq. (3), we can find that the eigenvalues with the
respect to z are always real when A < @y/4, which is corre-
sponding to the unbroken P77 symmetric phase. On the con-
trary, when A > ay/4, the system has complex eigenvalues
and is in the broken P7 symmetric phase. As an illustration,
figure 1 shows the instantaneous eigenvalues expressed as the
above formula under different parameter conditions. All the
parameters of the simulations in Fig. 1 have been given out in
its caption. The solid and dash lines correspond to the cases
for the real and imaginary parts of the instantaneous eigen-
values €(z), respectively. It is easy to get that the imaginary

parts of the instantaneous eigenvalues are not equal to O when
A > /4 (see Fig. 1(b)). For such a case, the dynamical be-
haviors with exponential growth (or decay) appear. The cases
for different P77 symmetric phases will be investigated in the
following parts.

Eigenvalue e(z)

0

Real part
Imaginary part

4

o

Real part

|
—

maginary par
Imaginar; t

[e=]
ot
=L
=]
—_
ot

Fig. 1. The real (solid line) and imaginary (dash line) parts of the instanta-
neous eigenvalues £(z) with respect to z for different cases. (a) wy = 2.0;
=10, =0.4, and z € [0.0,15.0]; (b) the parameters are the same to the
former except for A = 0.6. Panels (a) and (b) belong to the unbroken and
broken P77 symmetric phases, respectively.

In fact, the criterion of P77 symmetric phase is dependent
on the carrier wave frequency @ of the driving field. When
A < @y/4 (the perturbation theory is valid here) and @y ~
o (corresponding to single-photon resonance), the Hamilto-

nian (2) can be approximated and read as

;[ @/2 il
Happ_( i —a)o/2+a)>7 @

24351 and rotating-

where the Salwen’s perturbation theory!
wave approximation are used. At the same time, the above
Hamiltonian is derived on account of the lowest order approx-

imation. It is easy to get the corresponding eigenvalues:

0t/ (0—ap)>—4A?
- 5 ,

&+

Inspecting the eigenvalue expression, one sees that the above
two-level system is in the broken P77 symmetric phase when
|A] > |@ — @p|/2. This indicates that the above system driven
by an external field with arbitrary strength is always in the
broken P77 symmetric phase when @ = @y. Our numerical
simulation results also show that the criterion depends on ®.
Whether or not the instantaneous eigenvalues are real cannot
be used to arrive this point. In order to get the more exact cri-
terion, we derive an explicit analytical approximated Hamilto-
nian for the Bloch—Siegert shift'36-38! of the Rabi model which
is valid over the entire driving-strength range.*"!

Utilizing the transformation |¥'(z)) = exp[S(z)]|¥'(z))
with §(z) = — (21 /)& cos(wz) Oy, one obtains a new Hamil-

tonian as follows:

114202-2
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- 7e7
dr
oy 4Ai wy . [4Ai
=~ cos [a)é cos(a)z)] 0+ —-sin [wécos(wz)] oy
+2iA(1 — &) cos(wz) oy (5)

Here parameter & is to be determined. Taking advantage of the
identities

c>+zi Ia(0)

ZZJzn 1

with the n-th-order Bessel function of the first kind J,(-) and
§ = (4Ai/w)& and neglecting the higher-order Bessel func-

cos({sinB) = cos(2n0),

sin({'sin0) )sin[(2n—1) 6]

tions, we then have the following approximated expression:
o 42 ) 42 .
=51 (46) o ian (26 )sintor)o
+2iA(1 —&)cos(wz)o. (6)

Here we have used J,(i{) = i"L,({) with the n-th-order
Bessel function of the second kind. The above approxima-
tion is reasonably since the higher-order harmonic terms in-
troduced by the higher-order Bessel functions can be neg-
ligible over a wide range of parameter space.[*0 If setting
w1y [(4A/w)E] =2A(1 — &), the above Hamiltonian is sim-
plified as

H, ~ %IO (ijé) 0, +2iA(1—&)exp(iwz)oy.

So we may obtain the following criterion of the unbroken P7T
symmetric phase:

a)o 42

P ()~ 5| ma-gl @

()

It needs to be emphasized that the constraint condition
w1 [(44/0)E] =2A(1 —&) should be considered at the same
time. Hereto we have obtained the criterion of the unbroken
PT symmetric phase.

The model (1) may be generalized as the following ex-
pressions

Wo
50 (82)

Hy=U'H)U = —i f(z)o. + %cx. (8b)

Hy = if(2)o, +

The above equations may be called as generalized P7T -
symmetric Rabi models. These generalized models may be

constructed in experiment with current optical technologies.

U +
1t ((P

5*—>ut—|—{q)” < 5*_*> (pl
g ¢ 8/ 9

The parameter @) /2 can be controlled by setting the distance
between adjacent waveguides. The f(z) corresponds to the
gain (or loss) coefficients of each waveguide, which can be
achieved by proper doping.!'%! If such special waveguids are
well designed and arranged, one may achieve the generalized
‘PT -symmetric Rabi model. In this article, we have not con-
sidered the effects of optical nonlinearity. With the increase of
laser intensity in optical waveguids, nonlinear optical effects
should be included, such as Kerr effect. The P77 symmetric
phase transition for such cases will rely on nonlinear optical
effects.

With the help of Hamiltonian (8a), the equations of mo-
tion for the amplitudes c¢; and ¢, can be derived from the

Shrodinger equation i|¥) = Hy|¥) where |¥) = (c2,¢1)":
d
id—zcz = —if(z)cz—k%q (9a)
e = %62 +if(z)er (9b)

Introducing the transformation C = exp[0/2]c; and C| =
exp[—8/2]c; with 6(z) = [;2f(z')dZ, the time evolution of
the population amplitudes Cj » can be obtained (g = @y /2)

d
i—C, = gexp[8]Cy,

B (10a)

iicl :gexp[—S]Cz (lOb)

dz

By means of elimination of C; (or (), the second-order dif-
ferential equation for C; (or Cy) can be derived

d%c, dc,

Y (N S 4 +¢°C, =0 11
de + ( Z g ) dZ g 2 ) ( a)
d2c dc

721 +(5z—gz> —L 1 gc =0, (11b)
dz g dz

where and hereafter the lowercase Latin index denotes the dif-
ferentiation with respect to the corresponding variable.

By assuming that C>(z) has the following form C;(z) and
introducing a set of auxiliary variables ¢ for g*(r) and 6*(¢),
one can solve Eq. (11a) for the field-configuration defined as

=g =80T a2

for arbitrary complex-valued function #(z).[*!! By using the

@(1)ut) to-

gether with expression (12), one may see that equation (11a)

transformation of the independent variable C, =

is reduced to the following equation for the new dependent
variable u(z):

g*z] u=0. (13)

114202-3
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The analytic solutions of the above equation can be
achieved by recognizing whether a given equation is of the
confluent Heun function type.3>33! The confluent Heun equa-

tions under consideration can be written in the following form
P(t)uy + (a2 +art +aot®) uy + (bit —bo)u=0, (14

where P(t) = 2, ¢, and 1 for the double-, bi-, and tri-confluent
Heun equations, respectively. It is easy to obtain that equa-
tion (13) has the one type of the above confluent Heun equa-

tions if
(08 . & a2+a1t+a0t2
2= 5L = 15
TR TR o
Pu (—6* - gf) P Db gy,
¢ g P(1)

Though these are a set of over-determined equations for g*(¢),
0*(t), and ¢(¢), the corresponding solutions are not known.
In principle, a serial of special particular solutions can be ob-
tained by starting from some guessed ansatz. Our main aim
is to formulate a general theory which would overcome the
deficiencies of the analytic solutions for the generalized PT -
symmetric model. It should be emphasized that C; has a simi-
lar analytic solution for C,. According to Egs. (11a) and (11b),
one can find that the solution for C; can be achieved by chang-
ing 8, to be —J,. Because of this reason, only the analytic
solutions for C; is expressed. Hereto we have derived the gen-
eral equations of motion for the population amplitudes Cy ». In
the following sections, we will present several exact solutions
with the help of the above method.

3. Three different driving-field cases

In this section, we will present several exact solutions
with the help of the above method.

3.1. The case of periodic driving fields

Firstly we consider the dynamics of the P7 -symmetric
Rabi model driven by periodic external fields. For this case,
the driving field is set as i 24 cos(®z). In this section, we will
derive the corresponding analytic solutions.

By setting P(¢) = t*> and assuming that

P *_ﬁ_QZ a

26—61‘ g* —tfz+7+a0, (163)
Pt « &\P .o b b

—_— — —_ | — = — — — 1
(p+( 5 g*>(P+g Lo a6

one can obtain the double-confluent Heun equation as follows
[see Egs. (15a) and (15b]:

a ai bit — by
(4 5wt 255

u=0. (17)

Here we suggest their particular solutions in the following
form: @ = 11 e0'=2/" g* = girk and §* = & /1> + 81/t + &.
It is easy to check that & is an integer or half-integer obeying
the inequalities 0 < 2k +4 < 4.141:42] This yields that k = —2,
—3/2, =1, —1/2, 0. According to Egs. (12), the actual field
configurations for the periodic-driven two-level system can be

written in terms of the double-confluent Heun function:

_ ik dr
8(z) = got &

. 32 51 dt
5t(Z)—(t2+t+50) CTZ7

where the parameters g; and 60,1,2 are complex constants and
should be chosen so that the functions g(z) and 0(z) are real
for the chosen complex-valued #(z). The solution of such a

two-level system (11a) is explicitly written as
Cr =112 Hy (ay, ay,a0; b1, bost), (18)
where the parameters ay, ay, ao, by, by are given as

ag=2co— 0, ay=2c;—k+96,

@ =2c—8, c§—cod+0W(0)/41=0,
0=—c18 —c2(2+k+8 —2¢1)+0'(0),
0=c3—c28+0(0),
bo=c1(l4+k+ 68 —c1)—coar+c28 —
by = crap — co(k+ &) + 0¥ (0)/3!.

0"(0)
2 )

Here Q(t) = gi2t?k+4,

Setting f(z) = 2A cos(wz) and according to the coeffi-
cient expressions in Egs. (10a), one gets the following expres-
sion:

v 4t
dz’
4
6(z) :/ [4A cos(o7')] dZ,
0

8§=>5 =40

S, =4Acos(wz) = <?22 + ? +50> j—;

One may identify that equation (11a) is equal to the double-
confluent Heun equation if setting #(z) = el fp=_1a =
—&, a1 =138, a0=—8, by =0, by = —g3%, co12 =0,
g6 =—1i(m/2w), 6y =0, and & = & = —i12(A/w). The an-

alytic solutions for the case of periodic driving fields then are

read as
21 24w
Cy=Hp (1=, 1,i==:0,—5:e'™ 19
2 D (1 a)a 51 © 34(02 € > ( )
In the same way, C; can be obtained as follows:
20 20 o .
C — H I St 1 .7;0770; 10z 20
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It is worth noticing that there is no approximation used.
Our analytic solutions are valid for the population dynamics
of the general periodic-driven system with arbitrary strength.
As an example, the population dynamics driven by a periodic
field is shown in Fig. 2. In the caption, we have shown the
parameters in our simulations. For the case of Fig. 2(a), the
two-level system is in the unbroken P7 symmetric phase be-
cause of A < @y/4. One obtains that the population is oscillat-
ing as expected. The system would exhibit the characteristics
of the broken P7 symmetric phase when A > @y /4, which is
illustrated in Fig. 2(b). Inspecting that figure, one sees that the
population is exponential increasing. Until now, the former

discussion focuses on the case of periodic driving fields.

— |G,

g7 - o
s \
5 1
g
= 0\ \/ /\
- — |G,
§ 20 (b) —-\CTP
g
=
2 10f
[e)
[al)

0 -

0 2 4

z

Fig. 2. The evolution of the population |C;|? for the P77 -symmetric Rabi
model driven by a periodic field. (a) @y =2.0, @ = 1.0, A = 0.2, z90 =0,
and z € [0.0,20.0]; (b) the parameters are the same to the former except for
A = 0.6 and z € [0.0,4.0]. The solid and dash lines correspond to |C,|? and
|Cy \2 , respectively. The cases in panels (a) and (b) belong to the unbroken
and broken P77 symmetric phases, respectively.

3.2. The case of linear driving fields

The common two-level model with a time-dependent
Hamiltonian where the energy separation of the two states
is a linear function of time is used to investigate the popula-
tion transition dynamics near an avoided crossing. This is the
well-known Landau—Zener transition.*>#* It should be men-
tioned that the avoided crossing could not happen in the gen-
eralized P7 -symmetric Rabi model [see the eigenvalue ex-
pression (3)]. The aim of this section is to derive the analytic
solution of the non-Hermitian two-level system with the driv-
ing field [f(z)
Such a driving field can be considered as the first-order Taylor

= 2Az] and try to study the dynamical behavior.

series expansion of cos({) around { = /2 + nx with integer
n.
By setting P(¢) = ¢, and

(Pt 5*——*—a—2+a1+aol,
(P g t

b
%+(_5t*—*> P gt =b -2,
¢ 8/ ¢ t

one can obtain the double-confluent Heun equation as follows:

bit — by

a
u,ﬂr(?z +a1+a0t> ur + u=>0. 21)

Using the same procedure as in the former section, one may
obtain the the solutions of these equations in the following
form: @ = (€2 eC11+e0*/2 ¥ — got*, and 87 = &/t + & + &ot.
In the same way, one can find that & is an integer or half-integer
obeying the inequalities 0 < 2k+2 < 4. This leads to k = —1,
—1/2,0,1/2, and 1. In the light of Egs. (12), the actual field
configurations for the linear two-level system can be written

in terms of the bi-confluent Heun function:

dt

&
t—

g() 80 dz’

5.(2) = (52 +8 +50t> dr

Here the parameters g and 0p,1,2 are complex constants.
The corresponding solution of the two-state systems (11a)
is explicitly written as

Cy = 120 2Hy (ay ay ag; by, bost), (22)

where the parameters ay, ag, ag, by, and by are given as

ag=2co— 0, aj=2c1—908, ax=2c—k—5,
¢ —codo + 0 (0) /41 =
crap —cod + 03 (0)/31 =0

3 —c28 —cr—cok+Q(0) =0

bo = 281 +c1(k+ 8 —2c2) — Q'(0),

by =co(1—k—8+2c) +ci(c1 — ;) — 28+ Q" (0) /2.
Here Q(r) = gi212+2

in Egs. (12), one achieves

. According to the coefficient expressions

o «x dt
= — " —
8 2 =80 dZ7

§(z) = /0 "laAz] a7,
5. = dhz— (62 —|-51+50t) di

One may find that equation (11a) is equal to the bi-confluent
Heun equation if setting 1(z) =z, k =0, ap = — &, a; = — 6,
ag = —&, by = g2, by = =0, g5 =w/2, 6, =0,
6; =0, and &y = 4A. The analytic solutions for the case of
linear driving fields then are read as

0, co12

C, = Hg(0,0,—4A; 03 /4,0;z). (23)

With the help of the same procedure, C; can be obtained

as follows:

C; = Hg(0,0,44; 03 /4,0;2). (24)
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As an illustration, the population dynamics driven by a
linear field is shown in Fig. 3. In the caption, the parameters
of our simulation have been shown. For the case of Fig. 3, the
two-level system is in the unbroken P77 symmetric phase be-
cause of A|z| > @y/4. According to the parameters used here,
the two-level system approaches in the broken P77 symmetric
phase when |z| > 2.5. At the same time, one can obtain that
the driving field is zero when z = 0. In the Hermitian two-level
system, the level avoiding crossing happens at z = 0 and the
population varies fast due to the Landau—Zener tunneling. But
we cannot observe a similar phenomenon in the case of the
non-Hermitian two-level system (see the curve near z = 0 in
Fig. 3). The level avoiding crossing is the fundamental reason
of dynamical tunneling in quantum systems. The rapid change
of population does not exist in our P77 -symmetric Rabi mod-
els because such a phenomenon on level avoiding crossing

does not appear.

20 f - - o

Population

—-3.0

Fig. 3. The evolution of the population |C;|? for for the P77 -symmetric Rabi
model driven by a linear field [f(z) = 2Az]. Here the parameters are chosen
as the following: @y =2.0, A = 0.2, and z € [-3.5,3.5].

3.3. The case of quadratic nonlinear driving fields

In this part, we try to search the analytical solutions for
the non-Hermitian two-level systems driven by external fields
with a quadratic form [f(z) = 24z%]. Such a kind of field can
be thought of as the second-order Taylor series expansion of
the periodic field cos(§) around { = nm with integer n. As
in the former case of linear driving fields, there is no avoid
crossing.

By setting P(¢) = 1, the tri-confluent Heun equation can

be obtained according to Eq. (14) and written as
2 —
un—|—(a2 +ait+aot )u,—|—(b1t—bo)u—0. (25)

It is obviously that one can obtain analytic solutions with tri-
confluent Heun function forms if the following two equations
can be established

Zﬂ—gt*—% :a2+a1t+a0t2, (26a)
¢ 8

O ( * g?) % *2

— 4| =8 ==L | =+ g" =bir—by. (26b)
P t g* ® 1 0

Using the same procedure as that used in the former section,
one may find the solutions of these equations in the following

form

eCzt+clt2/2+cot3/3 *
)

o= g = 80

8 = 8 + Syt + 8ot

The field configurations for the solution written in terms of the

tri-confluent Heun functions are given as

L di
8 :godiza

8.(2) = (82 + 811 + &) %

where the parameters g, and & | » are complex constants.
The analytical solution of the two-state system (11a) is
explicitly written as (c2,10 = {0,0,0})

Cy = Hr(az,ay,a0;b1,bo;t), (27)
where the parameters as, ai, ag, b1, and by are given as

{a27al 7a07bl ,b()} = {_827 _61 ) _60707 _ggz}'

In this case, the coefficients in Eqgs. (11a) may be ex-
pressed as

_ ™ _ .4z
8= 2 _god[,

4
§5(z)= [ [4AZ?] dZ,
(z) /o[ 7% dz
d
61:47LZ2=(52+51I+50t2)d—;

One may find that equation (11a) is equal to the tri-confluent
Heun equation if setting #(z) =z, k=0, ay = —&,, a; = =6,
ap = —80, b1 = g>, bo =0, co12 =0, gj = /2, & =0,
01 =0, and & = 4A. The solution can be explicitly written as
follows:

C> = Hr(0,0,—42:0, -0 /4;2). (28)

By the same procedure, C; can be obtained in the follow-

ing
Cy = Hr(0,0,42;0, — 5 /4:2). (29)

The evolution of the population for the P7 -symmetric
Rabi model driven by a quadratic nonlinear external field is
depicted in Fig. 4. As the case in Fig. 3, we cannot observe
the avoiding crossing or level-glancing phenomena which ex-
ist in the Hermitian two-level systems driven by external fields
with parabolic forms.?#!1 So far we have discussed the ex-
act analytic solution of the generalized P7 -symmetric Rabi
model with different driving fields.
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Fig. 4. The evolution of the population |Cj|? for the P77 -symmetric Rabi
model driven by a quadratic nonlinear external field [f(z) = 2Az?]. Here
the parameters are chosen as the same to those in Fig. 3, except for z €
[-2.5,2.5].

4. Conclusion

In conclusion, the exact analytic solutions of the general-
ized PT -symmetric Rabi model in different cases were given.
By comparing the second-order differential equation for the
population and the form of the confluent Henu equations, we
obtained three kinds of analytically solvable models and pro-
vided the corresponding explicit analytic formulas. Accord-
ing to our knowledge this is the first report on the exact ana-
lytic solutions for the generalized P77 -symmetric Rabi model.
We have provided a powerful tool to study the population dy-
namics of the generalized P7 -symmetric two-level model and
coherent control in non-Hermitian quantum systems with two
states involved. Finally, it needs to be emphasized that the
three types of confluent Henu functions used in this article
can be calculated with the help of the well-defined functions
Heun/ (I = D,B,T) in Maple.?"]
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