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We theoretically investigate the high-order harmonic generation (HHG) of helium atom driven by bichromatic counter-
rotating circularly polarized laser fields. By changing the intensity ratio of the two driving laser fields, the spectral chirality
of the HHG can be controlled. As the intensity ratio increases, the spectral chirality will change from positive- to negative-
value around a large intensity ratio of the two driving fields when the total laser intensity keeps unchanged. However, the
sign of the spectral chirality can be changed from positive to negative around a small intensity ratio of the two driving fields
when the total laser intensity changes. At this time, we can effectively control the helicity of the harmonic spectrum and
the polarization of the resulting attosecond pulses by adjusting the intensity ratio of the two driving laser fields. As the
intensity ratio and the total intensity of the driving laser fields increase, the relative intensity of either the left-circularly or
right-circularly polarized harmonic can be enhanced. The attosecond pulses can evolve from being elliptical to near linear
correspondingly.

Keywords: high-order harmonic generation, bichromatic circularly polarized laser fields, spectral chirality,
attosecond polarization

PACS: 32.80.Rm, 42.65.Ky, 42.65.Re DOI: 10.1088/1674-1056/ab4176

1. Introduction

High-order harmonic generation (HHG) is a highly non-
linear phenomenon which serves as table-top sources of
coherent, bright, extreme ultravilet (XUV) and soft-x-ray
radiations.[1] The high harmonic can be used to generate iso-
lated attosecond pulses and attosecond pulse trains for prob-
ing electron motion on attosecond time scale.[2] Many studies
have been made to generate the supercontinuum spectrum by
using linearly polarized laser fields which results in typically
linearly polarized attosecond pulses. For example, a static
electric field scheme,[3] the inhomogeneous laser field,[4] the
chirped laser pulse,[5,6] and the two-color field[7–9] have been
used to control the recolliding electron trajectory and smooth
the harmonic spectrum. The HHG and isolated attosecond
pulse generation in a synthesized two-color laser pulse with
a wavelength-adjustable weaker pulse have also been investi-
gated, an almost linearly polarized isolated attosecond pulse
has been generated.[10] The similar coherent control of the
light beams in the sum-frequency polarization beat is subtle.
The polarization beat can be extended to any sum frequency
of energy levels and becomes an ultra-fast process of effec-
tively modulating attosecond pulses, which has been investi-
gated both theoretically and experimentally.[11–13]

Circularly polarized harmonics are generated when the
circularly polarized bichromatic fields interact with gas, which
opens up the possibility and motivation of generating bright
circularly polarized HHG.[14,15] A series of experiments in-
vestigating the ionization processes by changing the rela-
tive strength of the electric fields between the two colors
in the two-color circularly polarized laser fields have been
demonstrated.[16,17] Moreover, the bright circularly polarized
harmonics have been generated by counterrotating circularly
polarized laser fields.[14] Thus, this technique is realizable in
the experiment to shape the polarization properties of the emit-
ted attosecond pulses. The circularly polarized (CP) HHG of
the ellipticity from linear to almost circular can be generated
driven by bichromatic counter-rotating circularly polarized
(BCCP) laser fields. Recently, the circularly-polarized light
and the non-linearly polarized attosecond pulse have been a
hot topic due to their applications of probing chiral-specific
phenomena, such as ultrafast spin dynamics[14] and magnetic
circular dichroism.[15]

The BCCP laser field consists of a circularly polar-
ized fundamental field and its counter-rotating second har-
monic, which results that the total field has the three-fold
symmetry.[18] According to the angular momentum selection
rules, only the harmonics orders 3N + 1 and 3N + 2 are al-
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lowed, while the 3N harmonics are forbidden in a BCCP laser
field. Most recently, the control of the helicity of circularly po-
larized high harmonics has been achieved by changing the in-
tensities of the two fields, and the elliptically polarized attosec-
ond pulse trains (APTs) have been generated.[19,20] In the same
respect, the time delay between the bichromatic laser fields can
be adjusted to control either the right- or left-circularly po-
larized harmonics.[21] The generation of circularly polarized
high-order harmonics has been investigated by controlling the
electron recollisions, a classical trajectory analysis and quan-
tum studies have been presented.[22] A scheme to generate tun-
able chirality of APTs from nearly linear to nearly circular has
been illustrated by using the BCCP laser field, the results show
that the ellipticity of the APTs is sensitive to the relative phase
of the BCCP laser field.[23]

In this paper, we investigate the high harmonics generated
in the two-dimensional (2D) helium atom model by the BCCP
laser fields. The chirality of high harmonics and ellipticity of
the APTs are illustrated by changing the intensity ratio of the
two driving laser fields with different total intensities, and the
ellipticity of the APTs can be varied correspondingly.

2. Theoretical model
We investigate the HHG and attosecond pulse from he-

lium atom interacting with a BCCP laser field based on
the single-electron approximation. The harmonic spectrum
generation can be investigated by numerically solving the
two-dimensional time dependent Schrödinger equation (2D-
TDSE) using the second-order splitting-operator fast Fourier
transform algorithm.[24] The initial wave function is con-
structed by the imaginary time-propagation method. The 2D-
TDSE reads (in atomic units)

i
∂ψ(x,y, t)

∂ t
=

[
P2

x +P2
y

2
+V (x,y)+ xEx(t)+ yEy(t)

]
ψ(x,y, t),

(1)

where V (x,y) =−1/
√

x2 + y2 +a2 is the soft-core Coulomb
potential. We choose soft-core parameter a = 0.2619 so that
the energy eigenvalue of ground state is 0.904 a.u., which is
equal to the first ionization energy of the helium atom.[25,26]

The length of the integration grid is 409.6 a.u. with the spatial
step 0.4 a.u. and the time step 0.1 a.u.

The dipole acceleration can be given according to the
Ehrenfest theorem[27,28]

𝑎(t) = 〈ψ(x,y, t)|−∇(x,y)−𝐸 (t) |ψ(x,y, t)〉

= 〈ψ(x,y, t)|𝑒x

[
−∂V (x,y)

∂x
−Ex (t)

]
+𝑒y

[
−∂V (x,y)

∂y
−Ey (t)

]
|ψ(x,y, t)〉

= ax (t)𝑒x +ay (t)𝑒y. (2)

The HHG spectrum can be obtained by means of Fourier trans-
formation of 𝑎(t)

P(ω) ∼ | 1
T

∫ T

0
[ax(t)𝑒x+ay(t)𝑒y] e−iωt dt|2

= |ax(ω)𝑒x|2 + |ay(ω)𝑒y|2. (3)

The harmonic intensity of the left- and right-polarized har-
monic components can be obtained by

D±(ω) = |a±(ω)|2, (4)

where a±(ω)= 1√
2
(ax(ω)± iay(ω)).

The temporal profile of an attosecond pulse can be ob-
tained by superposing several harmonics

Ix(t) = |axq(t)e iqωt |2, (5)

Iy(t) = |ayq(t)e iqωt |2. (6)

3. Results and discussion
We investigate the helicity of harmonic generation from

helium atom in a BCCP laser field. The BCCP laser field in
the (x, y) polarization plane is given as[29,30]

𝐸(t) =
E0

1+ γE
f (t)[cos(ωt)𝑥̂+ sin(ωt)𝑦̂]

+
γEE0

1+ γE
f (t)[cos(2ωt)𝑥̂− sin(2ωt)𝑦̂], (7)

where E0 is the amplitude of the laser pulse, γE is the intensity
ratio, and ω = 0.05 a.u. is the frequency of the laser pulse.
It is illustrated that the total intensity of the BCCP laser field
expressed in Eq. (7) keeps unchanged for different intensity
ratios. The envelope of the laser pulse f (t) is a 9-optical-cycle
trapezoidal pulse with 2-cycle ramp on, 5-cycle constant, and
2-cycle ramp off.

The spectral chirality can be characterized by the degree
of chiral χ = ILCP−IRCP

ILCP+IRCP
, where ILCP and IRCP are the total inte-

grated signals of the left-circularly polarized (LCP) and right-
circularly polarized (RCP) harmonics for all orders of the har-
monic spectra, respectively. In Fig. 1(a), we present the the-
oretical spectral chirality in helium atom by the BCCP laser
field with different intensity ratios at the total intensities of
E0 = 0.05 a.u. and 0.1 a.u., respectively. From Fig. 1(a),
we can see that the spectral chirality on HHG can be con-
trolled by adjusting the intensity ratio γE . As the intensity
ratio increases, the spectral chiral changes from positive- to
negative-value when the intensity ratio γE equals to 8 and 6
for E0 = 0.05 a.u. and 0.1 a.u., respectively. It is easier to
change the sign of the spectral chirality for E0 = 0.1 a.u. than
the E0 = 0.05 a.u. case. The generation of harmonic spectrum
can be explained by the three steps of ionization, acceleration,
and recombination. The relation between the tunneling ion-
ization rates and the laser intensity is highly nonlinear so that

103204-2



Chin. Phys. B Vol. 28, No. 10 (2019) 103204

the ionization rates are sensitive to the intensity ratios of the
two components of the bicircular field.[31] As the intensity ra-
tio of the BCCP laser field is altered, the process of HHG and
the corresponding spectral intensities of the LCP or RCP har-
monic are altered as well, which results in different spectral
chiralities.
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Fig. 1. (a) Spectral chirality χ = ILCP−IRCP
ILCP+IRCP

as a function of the in-
tensity ratio γE in BCCP laser fields with the same total intensities
E0 = 0.05 a.u. and 0.1 a.u. Lissajous diagrams of BCCP laser fields
with different intensity ratios: (b) γE = 1/2, (c) γE = 2/3, (d) γE = 1.0,
(e) γE = 2.0, (f) γE = 8.0, (g) γE = 10.0.

To further understand the underlying physical mecha-
nisms, we will give a qualitative explanation. The HHG spec-
trum driven by a bichromatic circularly polarized laser field
shows that only the harmonic orders 3N + 1 (left circularly
polarized harmonic) and 3N+2 (right circularly polarized har-
monic) are allowed, while the 3N harmonic orders are forbid-
den. The 3N + 1 order is generated by absorbing (N + 1)ω
photons and (N)2ω photons, i.e., one extra photon from the ω

field. The 3N + 2 order is generated by absorbing (N + 1)2ω

photons and (N)ω photons, i.e., one extra photon from the 2ω

field. As the intensity ratio increases, the right circularly polar-
ized HHG (3N + 2 order) is enhanced by absorbing the extra
photon from the 2ω field. Thus, the spectral chirality of the
HHG will change from positive to negative-value as shown in
Fig. 1(a).

The Lissajous figures of the BCCP laser fields with dif-
ferent intensity ratios (γE = 1/2, 2/3, 1.0, 2.0, 8.0, 10.0) are
demonstrated in Figs. 1(b)–1(g), respectively. For the inten-
sity ratio γE = 1.0, the counter-rotating circularly polarized
laser fields reflect a three-lobed type. For the intensity ratio
γE < 1.0 (such as γE = 1/2, 2/3), the three lobes structure
gradually becomes inconspicuous until it becomes approxi-
mately an equilateral triangle. For the intensity ratio γE > 1.0
(such as γE = 2.0, 8.0, 10.0), the width of the three-lobed
structure is significantly widened until it is close to circularly
polarized. From Fig. 1(a), we can see that the chirality control
of the HHG spectrum can be achieved with a larger intensity
ratio γE (γE = 8, 6) of the BCCP laser field, but it will lead to
a suppression of harmonic emission by such an approximate
circularly polarized laser field.[32] How to change the sign of
the spectral chiral without affecting the HHG efficiency is the
research focus of this paper.

In order to control the spectral chirality effectively, we
reconsider the laser field in the (x, y) polarization plane as

𝐸′(t) = E1 f (t)[cos(ωt)𝑥̂+ sin(ωt)𝑦̂]

+γ
′
EE1 f (t)[cos(2ωt)𝑥̂− sin(2ωt)𝑦̂], (8)

where E1 = 0.05 a.u. is the amplitude of the laser pulse. The
total intensity of the BCCP laser field is dependent on the in-
tensity ratio γ ′E and the other laser parameters are the same as
those given under Eq. (7).

Figure 2 presents the theoretical spectral chirality in he-
lium atom by the BCCP laser field across a range of intensity
ratios and total intensities. From Fig. 2, we can see that the
spectral chirality on HHG is more sensitive to the intensity ra-
tios than the case in Fig. 1(a) due to the change of the total
laser intensities. We observe that the sign of the spectral chi-
rality is not changed and the LCP spectrum keeps the dominant
role for the intensity ratios γ ′E < 1.0. For the intensity ratios
1.25 < γ ′E < 2.0, the spectral chirality decreases with the in-
crease of the intensity ratio and the sign of the spectral chirality
changes from positive to negative. The corresponding helicity
of harmonics changes from LCP to RCP. For the intensity ra-
tios 2.0 < γ ′E < 3.0, the spectral chirality increases with the in-
crease of the intensity ratio and the sign of the spectral chirality
changes from negative to positive. The corresponding helicity
of harmonics changes from RCP to LCP again. And then it
decreases and increases with the increase of the intensity ratio
back and forth until γ ′E = 10.0. The spectral chirality shows
two almost equal negative intensity peaks, which means that
the RCP harmonics dominate for the intensity ratios γ ′E = 2.0
and γ ′E = 7.0. These results indicate that the spectral chirality
can be effectively controlled by the intensity ratio over a range
of total intensities of the driving field.
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Fig. 2. Spectral chirality as a function of the intensity ratio γ ′E in BCCP
laser fields for E1 = 0.05 a.u. with different total laser intensities.

The physical explanation to that the spectral chirality of

the HHG changes with the parameters of the bichromatic laser

fields for the same total intensity as shown in Fig. 1(a) has be

given qualitatively above. However, the physical mechanism

with changing the total intensity as shown in Fig. 2 is more

complicated, we will try to give the qualitative explanations.

From Fig. 1(a), we can see that the sign of the spectral chiral-

ity changes from positive to negative when the intensity ratio

γE equals to 8 for E0 = 0.05 a.u. In this case, the amplitude

difference between the left and right circularly polarized laser

pulses is E0×(γE−1)/(γE +1) = 0.05×7/9 a.u. = 0.039 a.u.

From Fig. 2, we can see that the sign of the spectral chiral-

ity changes from positive to negative when the intensity ratio

γ ′E equals to 1.63 with changing total intensity for E1 = 0.05

a.u. The amplitude difference between the left and right circu-

larly polarized laser pulses is E1× (γ ′E −1) = 0.05×0.63 a.u.

= 0.0315 a.u., which is close to the amplitude difference

0.039 a.u. illustrated in Fig. 1(a). Therefore, the sign of the

spectral chirality can be changed with a smaller intensity ratio

(i.e., γ ′E = 1.63 as shown in Fig. 2, where γ ′E = 2 is located in

the negative intensity peak of the spectral chirality).

Due to the sign of the spectral chirality is more sensitive

to the intensity ratios by the change of the total intensity com-

pared with the case by the same total intensity, we will take

γ ′E = 1.0 and γ ′E = 2.0 (which corresponds to a negative peak

of spectral chirality) as examples to investigate the high har-

monics and ellipticity of the APTs.

Figure 3 shows the harmonic spectra of the left- (red

lines) and right-circularly (blue lines) polarized harmonics

generated from helium atom with the intensity ratios γ ′E = 1.0

and γ ′E = 2.0, respectively. The spectra present the general har-

monic structure in a BCCP laser field where the harmonics ap-

pear in pairs with alternating helicity and the 3Nω harmonics

are suppressed. The ratios of the adjacent 3N + 1 and 3N + 2

harmonic intensities are labeled with red and blue numbers, re-

spectively. When the ratios are larger (red numbers) or smaller

(blue numbers) than 1.0, the LCP or the RCP harmonic spectra
dominate.

Figure 3(a) shows the harmonic spectrum with γ ′E = 1.0,
the result shows that the harmonic spectrum has alternating
helicity before 34th order and the intensities of the LCP har-
monics are higher than those of the RCP harmonics near the
harmonic cutoff. Figure 3(b) shows the harmonic spectrum
with γ ′E = 2.0, it indicates that the cutoff of the harmonic spec-
trum is extended compared with the case in Fig. 3(a). The har-
monic spectrum shown in Fig. 3(b) can be divided into three
parts according to the helicity. The first part is before 28th har-
monic order, the intensities of the RCP harmonics are higher
than those of the LCP harmonics. The second part is between
34th and 55th order, the intensities of the LCP harmonics are
higher than those of the RCP harmonics. The third part is
near the harmonic cutoff, the intensities of the RCP harmonics
are higher than those of the LCP harmonics. The overall har-
monic helicities are dependent on the intensity ratio and the
total intensities affect the cutoff of the harmonic spectrum as
demonstrated in Ref. [19]. Thus, both the harmonic helicities
and the harmonic cutoff are changed when the intensity ratio
is increased to γ ′E = 2.0 compared with the γ ′E = 1.0 case.
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Fig. 3. High-order harmonic spectra of helium atom with the intensity
ratio (a) γ ′E = 1.0 and (b) γ ′E = 2.0. The other laser parameters are the
same as those in Fig. 2. The intensity ratios of the adjacent harmonic
orders (H3N+1/H3N+2) are labeled with red and blue numbers, respec-
tively.

Next, we illustrate the attosecond pulse trains with dif-
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ferent ellipticities obtained from our scheme with different in-
tensity ratios as indicated in Fig. 3. Figure 4 shows the APTs
synthesized by superposing a series of high harmonics for the
cases of γ ′E = 1.0 and γ ′E = 2.0, respectively. By superposing
harmonics from 30th to 40th order for the case of γ ′E = 1.0,
which corresponds to the helicity alternating of harmonics, the
elliptically polarized APTs are generated as shown in Fig. 4(a).
By superposing harmonics from 40th to 50th order for the case
of γ ′E = 1.0, which corresponds to the LCP harmonics, the lin-
early polarized APTs are generated, as shown in Fig. 4(b). As

the harmonic orders are increased, an increase in the relative
intensity of the LCP harmonics is induced. The polarization
of the attosecond bursts evolves from elliptical [Fig. 4(a)] to
near linear [Fig. 4(b)]. Figure 4(c) presents the APTs by su-
perposing the harmonics from 30th to 40th order for the case
of γ ′E = 2.0, which corresponds to the LCP harmonics. Fig-
ure 4(d) presents the APTs by superposing the harmonics from
40th to 50th order for the case of γ ′E = 2.0, which corresponds
to the RCP harmonics. The linearly polarized APTs are gen-
erated for both cases as shown in Figs. 4(c) and 4(d).
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from 40th to 50th order. Attosecond pulse trains with the intensity ratios γ ′E = 2.0 generated by superposing the harmonics (c) from 37th to
47th order and (d) from 60th to 70th order. The other laser parameters are the same as those in Fig. 2.

4. Conclusion
We have theoretically investigated the helicity of har-

monic generation and the attsecond pulse polarization by solv-
ing the two-dimensional time dependent Schrödinger equa-
tion. The results show that the spectral chirality of high har-
monics decreases slowly with the increase of the intensity ratio
between the two driving fields at the same total intensity. The
spectral chirality of high harmonics will change from positive-
to negative-value with a large intensity ratio. We also inves-
tigate the control of the spectral chirality by adjusting the in-
tensity ratio accompanied by the change of the total intensity.
The sign of the spectral chirality can be changed at a small
intensity ratio. At this time, either the right circularly polar-
ized harmonic or the left circularly polarized harmonic is se-
lectively enhanced. The elliptical and near linear attosecond
pulse trains have been synthesized by superposing the proper
harmonics.
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