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By adjusting the waveguide length ratio, we study the extraordinary characteristics of electromagnetic waves propagat-
ing in one-dimensional (1D) parity-time-symmetric (𝒫𝒯 -symmetric) two-segment-connected triangular optical waveguide
networks with perfect and broken integer waveguide length ratios respectively. It is found that the number and the corre-
sponding frequencies of the extremum spontaneous 𝒫𝒯 -symmetric breaking points are dependent on the waveguide length
ratio. Near the extremum breaking points, ultrastrong extraordinary transmissions are created and the maximal can arrive
at, respectively, 2.4079× 1014 and 4.3555× 1013 in both kinds of networks. However, bidirectional invisibility can only
be produced by the networks with broken integer waveguide length ratio, whose mechanism is explained in detail from
the perspective of photonic band structure. The findings of this work can be useful optical characteristic control in the
fabrication of 𝒫𝒯 -symmetric optical waveguide networks, which possesses great potential in designing optical amplifiers,
optical energy saver devices, and special optical filters.
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1. Introduction
In the recent two decades, a kind of absorbing artifi-

cial optical structures to control and confine the propagation
of electromagnetic (EM) waves, the 𝒫𝒯 -symmetric systems,
have been widely investigated. In quantum mechanics, the
eigenvalues of observable mechanical quantities must be real
numbers, therefore their operator matrices should be Hermi-
tian ones. Bender et al.[1–4] found in the year 1998 that
for a 𝒫𝒯 -symmetric system, even if its Hamiltonian is non-
Hermitian, when the potential function is smaller than a cer-
tain threshold, all energy eigenvalues are still real numbers.
When the potential function is larger than this threshold, its
energy eigenvalues appear complex numbers. This threshold
is called spontaneous 𝒫𝒯 -symmetric breaking point. In 2007,
El-Ganainy et al.[5–9] introduced the concept of 𝒫𝒯 -symmetry
into optical system through paraxial approximation. Similar to
the 𝒫𝒯 -symmetric mechanical system, 𝒫𝒯 -symmetric optical
systems can produce extraordinary optical features and phe-
nomena near the spontaneous 𝒫𝒯 -symmetric breaking point.
Subsequently, 𝒫𝒯 -symmetric optical systems, such as 𝒫𝒯 -
symmetric optical lattices,[6–10] optical waveguides,[11–29] in-
homogeneous nonlinear optical media,[30] and graphene,[31,32]

have been widely investigated and some extraordinary op-
tical characteristics, for instance, birefringence,[6] unidirec-

tional invisibility,[8,9] ultrastrong absorption,[31] and single-
mode lasing,[33,34] have been found.

Optical waveguide networks (OWNs)[35–52] are another
type of novel artificial optical structures to manipulate the
propagation of EM waves. It is found that they can produce
ultrastrong photonic localization,[31] extreme wide photonic
bandgap (PBG),[38,41,44] interesting comb-like optical trans-
mission spectrum,[45,46] rich photonic attenuation mode,[49]

and so on. However, studies that combine the idea of optical
𝒫𝒯 -symmetry and OWNs are quite rare.

Recently, our research group designed a 𝒫𝒯 -symmetric
aperiodic Thue–Morse optical waveguide network[53] and a
𝒫𝒯 -symmetric periodic ring waveguide network,[54] whose
waveguide length ratios are perfect integer ratios (i.e., 1 : 1,
1 : 2, 1 : 3, . . .). Although seemingly similar, the difference be-
tween 𝒫𝒯 -symmetric optical lattices[6–10] and 𝒫𝒯 -symmetric
optical waveguide networks are fundamental. The former pos-
sesses a pair of gain and loss waveguides which are coupled
perpendicularly to the directional of light propagation; the lat-
ter arranges the gain and loss profiles alternately along the
length, whose waveguide segments and unit cells are all phys-
ically linked and connected.

In the previous studies of 𝒫𝒯 -symmetric optical waveg-
uide networks, it is found that the maximal extraordinary
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transmission of the periodic one is several orders of magnitude
larger than that of the aperiodic one, and the determination of
the extremum spontaneous 𝒫𝒯 -symmetric breaking point is
much simpler for the periodic one than that for the aperiodic
one. Therefore, in this work, we focus on the 𝒫𝒯 -symmetric
periodic waveguide network. Besides, through the study of
dieletric OWNs,[39–46,49,52] it is found that the PBG, photonic
localization, and transmission change dramatically with varia-
tion of waveguide length ratio from perfect to broken integer
ratio. The perfect integer ratio represents the form of 1 : z
with z being a small integer, while the broken integer ratio de-
notes the form of 1 : z− δ with δ being a very small positive
number like 0.1, 0.01, 0.001, . . . With such waveguide length
ratio, a very narrow passband can be created near the center of
the wide stopband and a very narrow stopband can be created
near the center of the wide passband. Hence, when the waveg-
uide length ratios of the 𝒫𝒯 -symmetric periodic waveguide
networks change from perfect to broken integer ratios, do the
optical 𝒫𝒯 -symmetry related characteristics change as well?
Investigations on this question may deepen the community’s
understandings on the 𝒫𝒯 -symmetric optical waveguide net-
works, and may be helpful for controlling and confining the
propagation of EM waves.

In this study, we investigate the propagation properties of
EM waves in one-dimensional 𝒫𝒯 -symmetric two-segment-
connected triangular optical waveguide networks with perfect
and broken integer waveguide length ratios. It is found that the
number and the corresponding frequencies of the extremum
spontaneous 𝒫𝒯 -symmetric breaking points are dependent on
the degree of brokenness δ . Near the extremum breaking
points, ultrastrong extraordinary transmissions are created and
the maxima can arrive at 2.4079 × 1014 and 4.3555 × 1013

in the two kinds of networks, respectively, which are several
orders of magnitude larger than those in the 𝒫𝒯 -symmetric
Thue–Mose waveguide networks[53] and 𝒫𝒯 -symmetric peri-
odic waveguide-ring networks.[54] However, bidirectional in-
visibility can only be produced by the networks with bro-
ken integer waveguide length ratios, whose mechanism is ex-
plained in detail from the perspective of photonic band struc-
ture. The findings of this work can be useful optical char-
acteristic control in the fabrication of 𝒫𝒯 -symmetric optical
waveguide networks, which possesses great potential in de-
signing optical amplifiers, optical energy saver devices, and
special optical filters.

This paper is organized as follows. In Section 2, our de-
signed model, the main theory, and the methods for analytical
deduction and numerical calculation are demonstrated and in-
troduced. In Section 3, we show the distribution of photonic
modes. The numerical and analytical discussions of the ex-
tremum breaking points, the transmission and reflection char-
acteristics of the networks with perfect and broken integer

waveguide length ratios are demonstrated. Section 4 gives the
conclusion of this work.

2. Model and methods
2.1. The optical structure

In this article, the schematic diagram of our designed
structure is plotted in Fig. 1. In this model, every two ad-
jacent nodes of the same unit cell are connected by the two
waveguide segments with the lengths of d1 and d2, respec-
tively, with the shortest segment d1 defined as a unit length
“1”, and the lengths of the other segments are expressed as a
normalized value relative to d1. Hence the waveguide length
ratio is expressed as d1 : d2 = 1 : t, where it is called per-
fect integer ratio when 1 : t = 1 : z and z itself is a small in-
teger; broken integer ratio when a small positive number δ

is subtracted and 1 : t = 1 : z− δ . For example, the waveg-
uide length ratios of d1 : d2 = 1 : 1, 1 : 2 are perfect inte-
ger ratios and d1 : d2 = 1 : 0.999, 1 : 1.99 are broken inte-
ger ratios with corresponding degrees of brokenness δ = 10−3

and 10−2, respectively. In this study, without loss of gener-
ality, the simplest form, the smallest odd and even numbers,
z = 1,2 are used to investigate the transmission and reflection
behaviors in our designed model. In order to measure con-
veniently, d1 is set to be related to the communication wave-
length λC = 1550 nm. In Subsection 3.2, from Fig. 2 one can
see that νGBP ≈ 0.693 = c/d1, where νGBP is the frequency
of the spontaneous 𝒫𝒯 -symmetric generalized breaking point
(GBP) of the networks with d1 : d2 = 1 : 1, therefore we set
νGBP = c/λC, and consequently, d1 = 0.693λC ≈ 1074 nm.
Each waveguide is composed of three subsegments whose
lengths m are all the same for simplicity, as shown in Fig. 1(b),
and the refractive index of each waveguide segment is defined
as follows:

n(x) =

 n1 = nR +nI i, (0 ≤ x ≤ ai j),
n2 = nR, (ai j<x ≤ bi j),
n3 = nR −nI i, (bi j<x ≤ li j),

(1)

1

2

3 5 7

4 6

(a)

(b)

EI EO

d1

aij
lij

bij

ER

nR
nR⇁nIi nR↩nIi

d1

d1

d2

Fig. 1. Schematic diagram of the optical structure. (a) The optical
waveguide network with three unit cells, one entrance, and one exit,
where EI, ER, and EO are, respectively, the input, reflected, and out-
put EM waves. Each black thick dashed line represents two segments
of 𝒫𝒯 -symmetric waveguides with the lengths of d1 and d2, respec-
tively, and the black thick solid curves at the entrance and exit represent
𝒫𝒯 -symmetric waveguides with the length of d1. (b) 𝒫𝒯 -symmetric
waveguide composed of three subsegments, where the lengths of the
three subsegments are the same.
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where nR = nSiO2 = 1.4430,[55,56] the optimal nI value is deter-
mined by the extremum spontaneous 𝒫𝒯 -symmetric breaking
point in Subsection 3.2, and silicon dioxide (SiO2) is chosen to
be the material of the three subsegments. ai j, bi j −ai j, and li j

are, respectively, the lengths of the first sub-segment, the sec-
ond sub-segment, and the whole waveguide segment between
nodes i and j.

2.2. Network equation

In this research, each waveguide in the networks is com-
posed of three materials, therefore, a three-material network
equation is needed to study their photonic modes, transmis-
sions, and reflections. As is known to all, the EM wave func-
tion in 1D waveguide segment between nodes i and j can be re-
garded as a linear combination of two opposite traveling plane
waves

ψi j =


α1 e ik1x +β1 e−ik1x, (0 ≤ x ≤ ai j),

α2 e ik2x +β2 e−ik2x, (ai j<x ≤ bi j),

α3 e ik3x +β3 e−ik3x, (bi j<x ≤ li j),

(2)

with the wave vector ku = ωnu/c (u = 1,2,3). By means of
the continuities of the wave function, its differential quotient
and energy flux conservation, one can deduce the following
three-material network equation:[53]

ψi ∑
j

ABcosEi j +CDcosFi j +BC cosGi j +ADcosHi j

BC sinGi j +ADsinHi j −ABsinEi j −CDsinFi j

−∑
j

ψ j
4k2k3

BC sinGi j +ADsinHi j −ABsinEi j −CDsinFi j

= 0, (3)

where ψi and ψ j are the wave functions at nodes i and j, re-
spectively, 

A = k1 + k2,
B = k3 + k2,
C = k2 − k1,
D = k3 − k2,
Ei j = ai j(k1 −2k2 + k3)+ li jk2,
Fi j = ai j(k1 +2k2 − k3)− li jk2,
Gi j = ai j(−k1 −2k2 + k3)+ li jk2,
Hi j = ai j(−k1 +2k2 + k3)− li jk2.

(4)

In the next section, by use of three-material network equa-
tions (3) and (4), the distribution of photonic modes, transmis-
sions, and reflections of the networks are calculated and plot-
ted.

3. Results and discussion
3.1. Photonic mode distribution

The generalized Floquet–Bloch theorem,[39] ψ𝐾(𝑁 +

T ) = ψ𝐾(𝑁)ei𝐾·𝑇 can be used to assess the photonic mode
distribution. In a periodic optical waveguide network, the
difference between the wave functions of the N-th and the

(N + T )-th unit cell is a phase factor of ei𝐾·𝑇 . When 𝐾 is
real, 𝐾 ·𝑇 is also real. Therefore, the amplitude of the wave
function is kept constant, while the phase changes by a fac-
tor of e i𝐾·𝑇 . This mode is called ordinary propagation mode
(OPM).[49] When 𝐾 = KR + iKI is a complex number, 𝐾 ·𝑇
is also complex. Subsequently, not only the phase changes by
a factor of eiKR·T , but also the amplitude changes by a factor
of e−KI·T . When KI > 0, the amplitude of the wave function
attenuates; when KI < 0, the amplitude gains. These two pho-
tonic modes are called, respectively, attenuation propagation
mode (APM) and gain propagation mode (GPM), which are
the non-propagation modes.

For infinite-unit-cell networks, based on the three-
material network equations (3) and (4), and the generalized
Floquet–Bloch theorem, the following dispersion relation can
be deduced:

cosK = f (ν) =
4M−N

N +2MN
, (5)

where

M =

[
2

∑
q=1

ABcosEi jq +CDcosFi jq +BC cosGi jq +ADcosHi jq

BC sinGi jq +ADsinHi jq −ABsinEi jq −CDsinFi jq

]2

,

N =

[
2

∑
q=1

4k2k3

BC sinGi jq +ADsinHi jq −ABsinEi jq −CDsinFi jq

]2

.(6)

From Eq. (5), it can be found that, for 1D vacuum or
dielectric triangular optical waveguide networks,[47,48] where
the refractive indices of the materials are all real, the disper-
sion function f (ν) must be real. Therefore, for f (ν) being
real and | f (ν)| < 1, from Eqs. (5) and (6) it can be deduced
that the Bloch wavevector K of the structure possesses real so-
lutions, EM waves with the corresponding frequencies propa-
gate as OPM and form passbands. For | f (ν)|> 1, it can be de-
duced that K possesses a pair of complex conjugate solutions.
Mathematically, EM waves within this frequency range oper-
ate simultaneously as APM and GPM. However, in vacuum or
dielectric optical waveguide networks, there exists only atten-
uation but no gain mechanism. Consequently, from a physical
perspective, the corresponding EM waves will propagate only
as APM and create stopbands. This shows that | f (ν)| = 1 is
a critical point for the transition of the photonic modes in vac-
uum or dielectric optical waveguide networks.

For 𝒫𝒯 -symmetric waveguide networks in which the re-
fractive indices are complex, it can be deduced from Eqs. (5)
and (6) that f (ν) is complex in the total range of frequency.
For complex f (ν), K possesses a pair of complex conjugate
solutions. In 𝒫𝒯 -symmetric optical waveguides, there exist
both attenuation and gain mechanisms, and consequently, EM
waves will propagate as APM and GPM simultaneously. It
is reported that 𝒫𝒯 -symmetric breaking points are located at
the boundary between the OPM and non-propagation modes.
However, in our designed model, EM waves only propagate
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as two kinds of non-propagation modes, APM and GPM, si-
multaneously, and they can not be distinguished from each
other at anytime and anywhere. Therefore, spontaneous 𝒫𝒯 -
symmetric breaking points of our designed model can not be
simply determined by APM and GPM.

Recent research found that | f (ν)| = 1 can be chosen to
be the critical value for different photonic modes in 𝒫𝒯 -
symmetric networks. The reason is that from Eqs. (5) and
(6), when | f (ν)| is small, Im(𝐾) might also be small, and
extraordinary transmission with T > 1.0 can not be created.
Only when f (ν) is sufficiently large, can Im(𝐾) be very large
and the extraordinary transmission with T > 1.0 be produced.
Moreover, we define both APM and GPM produced by the
𝒫𝒯 -symmetric waveguide network corresponding to | f (ν)| ≤
1 as weak propagation modes (WPMs), and those correspond-
ing to | f (ν)| > 1 as strong propagation modes (SPMs). By
this condition, spontaneous 𝒫𝒯 -symmetric breaking points of
the networks are defined as the imaginary part of the refractive
index, nI, located between WPM and SPM.

3.2. Extremum spontaneous 𝒫𝒯 -symmetric breaking
point

Generally, extraordinary optical characteristics of the sys-
tem can be found near the spontaneous breaking points, the
boundary between WPM and SPM. We define the extremum
spontaneous breaking points as follows: (i) when | f (ν)| =
1; (ii) the dispersion function f (ν) is continuous and non-
differentiable. From numerical results, the systems will pro-
duce increasing extraordinary transmissions and reflections at
the extremum breaking points, so the optical propagation char-
acteristics near the extremum breaking points are mainly stud-
ied here.

0.3

0.2

0.1

0
0.53 0.70 0.85

Frequency ν/(c/d1)

d1:d2=1:1

SPM
WPM

1.32

n
I/

1
0

-
8n

I

(a)
(b)

Fig. 2. Distribution of photonic modes in the network with d1 : d2 = 1 : 1,
where SPM represents strong propagation mode, and WPM denotes weak
propagation mode. (a) Overall figure; (b) enlarged figure of (a), where GBP
indicates generalized breaking point.

By use of dispersion relation Eqs. (5) and (6), we can de-
termine the photonic modes in the networks with perfect and
broken integer waveguide length ratios. Since there are infi-
nite configurations of networks with integer waveguide length
ratios, for simplicity and without loss of generality, as a rep-
resentative of the minimal odd number and the minimal even

one, we study the networks with, respectively, d1 : d2 = 1 : 1
and 1 : 2, whose photonic mode distributions are plotted in
Figs. 2 and 3, where the yellow and red areas represent WPM
and SPM, respectively. It can be seen from Fig. 2 that at
the frequency of ν = 0.693000694c/d1, there exists one ex-
tremum spontaneous breaking point, where nI = 1.32×10−8.
From Fig. 3, at the frequencies of ν = 0.57750053c/d1,
0.693000694c/d1, and 0.80850075c/d1, there exist three ex-
tremum spontaneous breaking points, where nI = 1.02×10−6,
1.25×10−8, 1.34×10−6, respectively.

d1:d2=1:2

0.53 0.70 0.85

Frequency ν/(c/d1)

0.3

0.2

0.1

0

n
I

(a)

(b) (c)

(d)

1.34 n
I/

1
0

-
6

1.25 n
I/

1
0

-
8

1.02 n
I/

1
0

-
6

SPM
WPM

0.57750053 0.693000694

Fig. 3. Distribution of photonic modes in the network with d1 : d2 = 1 : 2:
(a) overall figure; (b)–(d) enlarged figures of (a).

Through the previous study,[39] it is found that, for vac-
uum or dielectric OWNs, the width of the narrow band is pro-
portional to the degree of brokenness δ in the broken integer
waveguide length ratio. When δ decreases, the width of the
narrow band will shrink and the characteristics of the networks
will change dramatically. Therefore, in this work, we concen-
trate on the networks with δ < 10−2 as an example. However,
there are infinite configurations of networks with broken in-
teger waveguide length ratios. As an extension of the above
two examples of perfect integer ratios, we study the networks
with, respectively, d1 : d2 = 1 : 0.99 and 1 : 1.99 (indicating
δ = 10−2), whose photonic mode distributions are plotted in
Fig. 4.

When d1 : d2 = 1 : 1 changes to 1 : 0.99, the result is plot-
ted in Fig. 4(a). From Fig. 4(a), one can see that the extremum
breaking point near ν = 0.6930c/d1 disappears. When d1 :
d2 = 1 : 2 changes to 1 : 1.99, the result is plotted in Fig. 4(b).
From Fig. 4(b), one can see that the extremum breaking
point near ν = 0.6930c/d1 also disappears. The extremum
breaking points originally located at ν = 0.57750053c/d1 and
0.80850075c/d1 are right-shifted, where ν becomes, respec-
tively, 0.57942376c/d1 and 0.81120487c/d1. Besides, the
values of nI of the extremum breaking points also change from
1.02×10−6 and 1.34×10−6 to 7.20×10−7 and 1.82×10−6,
respectively.
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d1:d2=1:0.99 d1:d2=1:1.99(a) (b)
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Frequency ν/(c/d1)

Fig. 4. Distribution of photonic modes in the networks with (a) d1 : d2 = 1 : 0.99, δ = 10−2; and (b) d1 : d2 = 1 : 1.99, δ = 10−2; (c) and (d)
enlarged figures of (b).

Comparing Figs. 2–4, it is known that within the same fre-
quency range, when the waveguide length ratios change from
perfect to broken integer ratio, not only the number of the ex-
tremum breaking points reduces, but also the frequencies and
the corresponding nI of the extremum breaking points change.
In Subsection 3.3, we will determine the optimal nI according
to the positions of the extremum breaking points, and then cal-
culate the transmission and reflection near the corresponding
frequency.

3.3. Extraordinary transmission and reflection in network
with perfect integer waveguide length ratio

In previous studies of 𝒫𝒯 -symmetric periodic waveguide
ring networks, it is found that the ultrastrong extraordinary
transmission and reflection are produced near the extremum
breaking points, located between the red and yellow areas.
We also find the same characteristics in our designed model
in this study, and the transmission and reflection can reach
maximum when the network possesses one unit cell. There-
fore in Fig. 5, we plot the ultrastrong extraordinary transmis-
sion and reflection at the extremum breaking points in the net-
works with one unit cell, where the blue solid line, thin red
dotted line, thick green dotted line, and brown dashed line
denote the left-incident transmission, left-incident reflection,
right-incident transmission, and right-incident reflection, re-
spectively.

When d1 : d2 = 1 : 1, the results are shown in Fig. 5(a).
From Fig. 5(a), one can see that (i) at the frequency of ν =

0.693000691c/d1, for the left-incident EM waves, the max-
imal transmission arrives at 2.4079 × 1014; (ii) at the fre-
quency of ν = 0.693000695c/d1, for the right-incident EM
waves, the maximal transmission arrives at 1.2074×1013; (iii)
at the frequency of ν = 0.693000693c/d1, for both left- and
right-incident EM waves, the minimal transmission arrives at
9.0025×10−10.
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Fig. 5. Transmission and reflection spectra of the networks with perfect
integer waveguide length ratios at extraordinary point, where the blue
solid line, thin red dotted line, thick green dotted line, and brown dashed
line represent the left-incident transmission and reflection and the right-
incident transmission and reflection, respectively: (a) d1 : d2 = 1 : 1 and
nI = 1.32×10−8; (b) d1 : d2 = 1 : 2 and nI = 1.25×10−8.

When d1 : d2 = 1 : 2, the results are shown in Fig. 5(b).
From Fig. 5(b), one can see that (i) at the frequency of ν =

0.693000685c/d1, for the left-incident EM waves, the max-
imal transmission arrives at 5.2412 × 1013; (ii) at the fre-
quency of ν = 0.693000701c/d1, for the right-incident EM
waves, the maximal transmission arrives at 4.2044×1013; (iii)
at the frequency of ν = 0.693000693c/d1, for both left- and
right-incident EM waves, the minimal transmission arrives at
9.0036×10−10. It means that the networks possess ultrastrong
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extraordinary transmissions and ultrastrong PBG attenuation
characteristics. Obviously, these networks may possess po-
tential in designing optical filters, optical amplifiers, optical
energy saver devices, and so on.

Similar to transmission, for both left- and right-incident
EM waves, the transmission and reflection peaks totally over-
lap, no matter whether d1 : d2 = 1 : 1 or 1 : 2. The difference
between transmission and reflection is that the networks pro-
duce transmission valleys, but no reflection valley. These char-
acteristics are completely different from those in the networks
with broken integer waveguide length ratios shown in Subsec-
tion 3.4. Besides, for both transmission and reflection spectra,
the left-incident curves do not coincide with the right-incident
ones, these networks show typical nonreciprocity of EM wave
propagation.

Regarding the reason why this structure can generate the
extraordinary transmission and reflection, we believe it is a re-
sult of the extraordinary photonic modes mentioned in Section
3 and the gain-and-loss coupling resonant effect. (i) From the
analysis on the photonic modes in Subsection 3.2, it is known
that in our designed models, there exists no OPM, but two
simultaneous non-propagation modes APM and GPM. These
two modes are different from not only the OPM but also the
non-propagation modes in normal dielectric waveguide net-
works. Therefore, in our models, neither passband nor stop-
band can be created, leading to completely different transmis-
sion and reflection spectra from those of dielectric ones. (ii)
In 𝒫𝒯 -symmetric networks, the pure gain and loss effects on
photons of both gain and loss materials are all trivial and in
subordinate roles, which means that they will neither cancel
nor weaken one another, but strengthen and couple with each
other. The gain and loss materials in such structure can be
regarded as that they form a coupling resonant cavity and ex-
hibit strong coupling resonant effect on APM and GPM pho-
tons, which, results in sharp transmission and reflection peak
and valley, whose frequencies are determined inherently by the
network structure as discussed in Section 3.

3.4. Extraordinary transmission and reflection in network
with broken integer waveguide length ratio

In the above subsection, it is found that the networks
with perfect integer waveguide length ratios can produce ul-
trastrong extraordinary transmission and reflection. Do the
networks with broken integer waveguide length ratios possess
the same characteristics? In this section, we discuss and an-
alyze the propagation behavior of the networks with broken
integer waveguide length ratios. In order to obtain increas-
ing extraordinary transmission and reflection, we further re-
duce the degree of brokenness δ to produce an ultra-narrow
photonic band. Without loss of generality, in this section we
choose a very small δ = 10−8 to indicate a situation that the

ratios are near-perfect, and design one-unit-cell networks with
waveguide length ratios of d1 : d2 = 1 : 1− δ and 1 : 2− δ ,
(δ = 10−8), with nI = 1.35× 10−8 and 1.26× 10−8, respec-
tively.

When d1 : d2 = 1 : 1− δ , δ = 10−8, the result is shown
in Fig. 6. From Fig. 6, one can see that (i) at the frequencies
of ν = 0.693000689c/d1 and 0.693000703c/d1, for the left-
incident EM waves, the transmissions arrive at, respectively,
2.3127×1013 and 4.3555×1013; (ii) for the right-incident EM
waves, there is no transmission peak.
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Fig. 6. Transmission and reflection spectra of the network with d1 :
d2 = 1 : 1−δ , δ = 10−8 at extraordinary point, with nI = 1.35×10−8,
where the blue solid line, green dot line, yellow dot line, and red solid
line indicate the left-incident transmission and reflection and the right-
incident transmission and reflection, respectively.

When d1 : d2 = 1 : 2− δ , δ = 10−8, the result is shown
in Fig. 7. From Fig. 7, one can see that (i) at the frequencies
of ν = 0.6930006892079c/d1 and 0.6930006935281c/d1, for
the left-incident EM waves, the transmissions arrive at, respec-
tively, 3.77056×1013 and 3.29120×1012; (ii) at the frequen-
cies of ν = 0.6930006935961c/d1 and 0.693000696363c/d1,
for the right-incident EM waves, the transmissions arrive at,
respectively, 3.88015× 1012 and 6.86564× 1013. Obviously,
the networks with broken integer waveguide length ratios also
produce ultrastrong transmission and reflection, which also
possess the potential in designing high efficiency optical fil-
ters, optical amplifiers, optical energy saver devices, and so
on.

For both left- and right-incident EM waves, the transmis-
sion and reflection peaks totally overlap, no matter whether
d1 : d2 = 1 : 1− δ or 1 : 2− δ . The networks with broken
integer waveguide length ratios not only generate transmis-
sion and reflection peaks, but also produce reflection valleys
which are absent in networks with perfect integer length ra-
tios. From Fig. 6, one can see that there exists a reflection
valley at the frequency of ν = 0.693000721c/d1, for left-
and right-incident EM waves, where the reflections arrive at
3.5966×10−13 and 4.0859×10−13 and the transmissions ar-
rive at 0.99995 and 1.00005, respectively. From Fig. 7, one
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can see that there exists a reflection valley at the frequency
of ν = 0.6930006935551c/d1, for left- and right-incident EM
waves, where the reflections arrive at 3.31537 × 10−11 and
1.59481× 10−13 and the transmissions arrive at 0.99995 and

1.00005, respectively. It means that this kind of networks have
bidirectional invisibility characteristics, which may be useful
in designing structures that are invisible to certain frequencies
of EM waves.
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Fig. 7. Transmission and reflection spectra of the network with d1 : d2 = 1 : 2−δ , δ = 10−8 at extraordinary point, with nI = 1.26×10−8, where
the blue solid line, green dot line, yellow dot line, and red solid line donate the left-incident transmission and reflection and the right-incident
transmission and reflection, respectively.

Comparing Figs. 5–7, it is found that the networks with
perfect integer length ratios can produce reflection valleys
while those with perfect integer length ratios cannot. By use of
dispersion relation Eqs. (5) and (6), we plot the band structure
diagram of one dimensional two-segment connected triangu-
lar optical waveguide networks with uniform SiO2 waveguide
segments in Fig. 8, where d1 : d2 = 1 : 1, 1 : 0.99 (δ = 10−2),
1 : 2, and 1 : 1.99 (δ = 10−2), respectively, to aid the expla-
nation in the case of δ = 10−8. Based on the band structure
diagram, the reflection valleys of the broken integer length ra-
tio networks can be explained.

From Figs. 8(a) and 8(c), one can see that there ex-
ists a wide passband near the point of ν = 0.693c/d1 when
d1 : d2 = 1 : 1 and 1 : 2. When the networks are composed
of uniform SiO2, at the wide passbands, the transmission
generally satisfies 0.01 ≤ T ≤ 1 and changes slightly; the
reflection commonly satisfies 0.01 ≤ R + T ≤ 1 and also
changes slightly. Consequently, the network can not pro-
duce a deep reflection valley. Therefore, when the uniform
SiO2 is replaced by the 𝒫𝒯 -symmetric materials, the net-
works possess no enormously deep reflection valley as well.
From Figs. 8(b) and 8(d), one can see that there exist a narrow
stopband near the point of ν = 0.693c/d1 when δ = 10−2.
The previous research[39,48] found that the width of the stop-
band is proportional to the degree of brokenness δ . There-
fore, when δ = 10−8, we speculate that there exists an ultra-
narrow stopband near the frequency of ν = 0.693c/d1. The
boundary between ultra-narrow stopband and wide passband
can be regarded as ultra-narrow passband for the reason that
their transmission spectra are similar. When the networks
are composed of uniform SiO2, the propagation behaviors

of extremely narrow passband and wide passband are dif-
ferent. Although the transmissions in wide and ultra-narrow
passbands are both in the range of 0.01–1, with the variation
from the ultra-narrow stopband to the ultra-narrow passband,
the transmission changes enormously, therefore, the reflection

Frequency ν/(c/d1)
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Fig. 8. The frequency band structure of one-dimensional two-segment
connected triangular optical waveguide networks with perfect and bro-
ken integer waveguide length ratios: (a) d1 : d2 = 1 : 1; (b) d1 : d2 = 1 :
0.99 (δ = 10−2); (c) d1 : d2 = 1 : 2; (d) d1 : d2 = 1 : 1.99 (δ = 10−2);
(e)–(h) enlarged figures of (a)–(d).
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also changes greatly. When the networks are composed of
𝒫𝒯 -symmetric materials, the resonance coupling effect of the
gain and loss materials cause these changes in reflection to be
magnified. This magnifying effect leads the reflection within
the ultra-narrow passband to be exceedingly small, which re-
sults in an enormously deep reflection valley. It can be seen
that the band structure is not only suitable for the optical
waveguide network of vacuum/ordinary dielectric material,
but also suitable for the 𝒫𝒯 -symmetric optical waveguide net-
work. Due to the same mechanism, similar transmission and
reflection behaviors can be found in networks with a negative
degree of brokenness δ , with the same number of transmis-
sion peaks and valleys and the same amount of spectral shift
in opposite directions.

4. Conclusion
In this paper, we design the one-dimensional 𝒫𝒯 -

symmetric two-segment-connected triangular optical waveg-
uide network and investigate its extraordinary optical charac-
teristics. We obtain the network equation of the general three-
material OWN and then thoroughly investigate the photonic
modes in our designed networks with perfect and broken in-
teger waveguide length ratios based on this network equation
and the generalized Floquet–Bloch theorem. According to the
photonic modes redivided as WPM and SPM, we find the ex-
tremum 𝒫𝒯 -symmetric breaking points in periodic networks
and study the transmissions and reflections near the extremum
𝒫𝒯 -symmetric breaking points.

It is found that: (i) no matter whether the waveguide
length ratios are perfect or broken integer ratios, the networks
possess extremum 𝒫𝒯 -symmetric breaking points. When the
waveguide length ratios change from perfect or broken integer
ratio, some 𝒫𝒯 -symmetric extremum breaking points disap-
pear, the frequencies and nI of the 𝒫𝒯 -symmetric extremum
breaking points change as well. (ii) The maximal transmission
in the waveguide network with integer waveguide length ra-
tio reaches 2.4079× 1014 and the maximal reflection reaches
1.2074×1013. These networks can produce extraordinary ul-
trastrong transmissions and reflections and they may possess
potential application in the designing of all-optical devices,
such as efficient photonic energy storages, optical amplifiers,
optical filters, and so on. (iii) The networks with broken in-
teger waveguide length ratios can not only produce extraor-
dinary ultrastrong transmissions and reflections, but also gen-
erate reflection valleys, where the maximal transmission and
reflection reach, respectively, 3.77056× 1013 and 6.86564×
1013, and the minimal reflection reaches 4.0859× 10−13. It
may be useful in designing structures that are invisible to cer-
tain frequencies of EM waves.

Finally, we explain the phenomena that reflection valleys
appear in networks with broken integer waveguide length ra-
tios based on the band structure diagram of one dimensional
two-segment connected triangular optical waveguide networks
with uniform SiO2. It may deepen the community’s under-
standing on 𝒫𝒯 -symmetric optical waveguide networks.

References
[1] Bender C M and Boettcher S 1998 Phys. Rev. Lett. 80 5243
[2] Bender C M, Brody D C and Jones H F 2002 Phys. Rev. Lett. 89 270401
[3] Bender C M, Brody D C, Jones H F and Meister B K 2007 Phys. Rev.

Lett. 98 040403
[4] Bender C M 2007 Reports on Progress in Physics 70 947
[5] El-Ganainy R, Makris K G, Christodoulides D N and Musslimani Z H

2007 Optics Lett. 32 2632
[6] Makris K G, El-Ganainy R, Christodoulides D N and Musslimani Z H

2008 Phys. Rev. Lett. 100 103904
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