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Stabilized seventh-order dissipative compact scheme for
two-dimensional Euler equations∗

Jia-Xian Qin(秦嘉贤), Ya-Ming Chen(陈亚铭)†, and Xiao-Gang Deng(邓小刚)
College of Aerospace Science and Engineering, National University of Defense Technology, Changsha 410073, China

(Received 6 May 2019; revised manuscript received 26 June 2019; published online 17 September 2019)

We derive in this paper a time stable seventh-order dissipative compact finite difference scheme with simultaneous
approximation terms (SATs) for solving two-dimensional Euler equations. To stabilize the scheme, the choice of penalty
coefficients for SATs is studied in detail. It is demonstrated that the derived scheme is quite suitable for multi-block
problems with different spacial steps. The implementation of the scheme for the case with curvilinear grids is also discussed.
Numerical experiments show that the proposed scheme is stable and achieves the design seventh-order convergence rate.

Keywords: compact scheme, time stability, simultaneous approximation term, interface treatment

PACS: 47.11.–j, 47.11.Bc, 02.60.Cb DOI: 10.1088/1674-1056/ab3f26

1. Introduction
High-order finite difference methods are well suited for

simulations of complex physics as they admit high resolution
properties and save large amount of computational resources.
Typical examples can be found in fluid dynamics.[1,2] Al-
though the derivation of high-order finite difference schemes
in the interior of the computational domain is quite straightfor-
ward, boundary closures often need special investigation[3–5]

to avoid accuracy and stability issues. However, it is not an
easy task to construct suitable high-order boundary closures
to ensure stability.[3]

In our previous work,[6] we showed that a globally
seventh-order scheme is not time stable when boundary con-
ditions are imposed directly with the traditional injection
method. To rectify this issue, we employed simultaneous ap-
proximation terms (SATs)[7] to impose boundary conditions
weakly for a dissipative compact finite difference scheme, re-
sulting in a time stable method with global accuracy of the
seventh order. The method was demonstrated to be effective
for solving one-dimensional (1D) problems, including linear
advection equations and Euler equations. The aim of this pa-
per is to extend the algorithm to solve two-dimensional (2D)
Euler equations.

To this end, we need to make some modifications to the
scheme since SATs involve some subtle issues in the 2D case.
As will be seen in Section 2, around each corner of the 2D
computational domain, there exists a small region where the
boundary schemes involve boundary values from two differ-
ent directions, which is different from the 1D case. Therefore,
it necessitates to specially discuss the SATs in these regions to
ensure stability.

We consider in Section 3 the implementation of the
scheme for multi-block problems. In realistic computations

the whole computational domain is usually divided into sev-
eral subdomains with different grid finess to save computa-
tional resource considerably (compared with global refine-
ment). For multi-block problems, some interface treatment
techniques have to be used.[8–11] Here, the implementation of
SATs provides a convenient interface treatment method,[12–14]

which has been applied successfully to solve various problems
by the summation-by-parts (SBP) community.[15–17]

Since curvilinear grids are often used in practice, we also
discuss in Section 4 the implementation of the scheme to this
kind of problems by focussing on two relevant examples. The
SATs are still used in this case to ensure stability. Finally, con-
clusions are drawn in Section 5.

2. Extension to the 2D case
Consider the following two-dimensional Euler equations

Ut +F(U)x +G(U)y = 0, (1)

where U = [ρ,ρu,ρv,E]T is the conservative variable, F =

[ρu,ρu2 + p,ρuv,(E + p)u]T and G = [ρv,ρuv,ρv2 + p,(E +

p)v]T are the fluxes in different directions. Here the total en-
ergy is set to be E = ρ(u2 + v2)/2+ p/(γ−1) with γ = 1.4
for air.

2.1. Numerical scheme

To extend the seventh-order scheme considered in Ref. [6]
(some details can also be found in Appendix A) to solve
Eq. (1), it necessitates to consider its quasi-linear form[18]

Ut +𝐴(U)Ux +𝐵(U)Uy = 0, (2)

where the Jacobian matrices
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𝐴(U) =
∂F
∂U

=


0 1 0 0

−u2 + 1
2 (γ−1)V 2 −(γ−3)u −(γ−1)v γ−1
−uv v u 0

u[ 1
2 (γ−1)V 2−H] H− (γ−1)u2 −(γ−1)uv γu

 , (3)

𝐵(U) =
∂G
∂U

=


0 0 1 0
uv v u 0

−v2 + 1
2 (γ−1)V 2 −(γ−1)u −(γ−3)v γ−1

v[ 1
2 (γ−1)V 2−H] −(γ−1)uv H− (γ−1)v2 γv

 . (4)

Here V 2 = u2 + v2, and H = V 2/2+ γ p/(γ − 1)ρ is the spe-
cific enthalpy. In addition, the Jacobian matrices can be di-
agonalized as 𝛬A = 𝐾−1𝐴𝐾 = diag{u− a,u,u,u+ a} and
𝛬B = 𝑃−1𝐵𝑃 = diag{v− a,v,v,v+ a}, where a =

√
γ p/ρ

represents the sound speed, 𝐾 and 𝑃 read explicitly as

𝐾 =


1 1 0 1

u−a u 0 u+a
v v 1 v

H−ua 1
2V 2 v H +ua

 ,

𝑃 =


1 1 0 1
u u 1 u

v−a v 0 v+a
H− va 1

2V 2 u H + va

 . (5)

For a computational domain (x,y) ∈ [xw,xe]× [ys,yn], we
denote the discrete coordinates by xi = xw + (i− 1)hx with
1 ≤ i ≤ N and y j = ys + ( j− 1)hy with 1 ≤ j ≤ M, where
hx = (xe−xw)/(N−1) and hy = (yn−ys)/(M−1) are the spa-
cial steps in different directions. Let Ui, j and (Fx)i, j be the ap-
proximations to U(xi,y j) and F(U(xi,y j))x, respectively, and
similar notations for other fluxes and matrices. Then the inte-
rior semi-discrete scheme for Eq. (1) can be written as

d
dt

Ui, j +(Fx)i, j +(Gy)i, j = 0,

5≤ i≤ N−4, 5≤ j ≤M−4, (6)

where the expressions for (Fx)i, j and (Gy)i, j are presented
in Appendix A (see also Ref. [6]). For other points near
boundaries, boundary values are involved, which are imposed
weakly by using SATs. By introducing the notation

Si, j =
d
dt

Ui, j +(Fx)i, j +(Gy)i, j,

the approximations at the four corner regions read

Si, j = (−1)i τi

hx
𝐴̄+

i, j(U1, j−Cw
j )+(−1) j τ j

hy
𝐵̄+

i, j(Ui,1−Cs
i ),

1≤ i≤ 4,1≤ j ≤ 4, (7)

Si, j = (−1)N−i τN−i+1

hx
𝐴̄−i, j(UN, j−Ce

j)

+(−1) j τ j

hy
𝐵̄+

i, j(Ui,1−Cs
i ),

N−3≤ i≤ N,1≤ j ≤ 4, (8)

Si, j = (−1)i τi

hx
𝐴̄+

i, j(U1, j−Cw
j )

+(−1)M− j τM− j+1

hy
𝐵̄−i, j(Ui,M−Cn

i ),

1≤ i≤ 4,M−3≤ j ≤M, (9)

Si, j = (−1)N−i τN−i+1

hx
𝐴̄−i, j(UN, j−Ce

j)

+(−1)M− j τM− j+1

hy
𝐵̄−i, j(Ui,M−Cn

i ),

N−3≤ i≤ N,M−3≤ j ≤M. (10)

For other points, the following semi-discrete approximations
are used:

Si, j = (−1)i τi

hx
𝐴̄+

i, j(U1, j−Cw
j ),

1≤ i≤ 4,4≤ j ≤M−3, (11)

Si, j = (−1)N−i τN−i+1

hx
𝐴̄−i, j(UN, j−Ce

j),

N−3≤ i≤ N,4≤ j ≤M−3, (12)

Si, j = (−1) j τ j

hy
𝐵̄+

i, j(Ui,1−Cs
i ),

4≤ i≤ N−3,1≤ j ≤ 4, (13)

Si, j = (−1)M− j τM− j+1

hy
𝐵̄−i, j(Ui,M−Cn

i ),

4≤ i≤ N−3,M−3≤ j ≤M. (14)

Here τk (1 ≤ k ≤ 4) are penalty coefficients that can be
tuned to stabilize the scheme, Cw

j , Ce
j , Cs

i , and Cn
i stand for

the well-posed west, east, south, and north boundary condi-
tions, respectively. In addition, 𝐴̄±i, j = 𝐾̄i, j𝛬̄

±
A,i, j𝐾̄

−1
i, j with

𝛬̄±A,i, j = (𝛬̄A,i, j±|𝛬̄A,i, j|)/2, where the notation 𝐴̄ represents
the frozen value of 𝐴 at the last time step. Similar notations
also apply for 𝐵̄±i, j. It is observed that the added SATs Si, j in
Eqs. (7)–(14) vanish when the exact solution is switched into
the scheme, meaning that the implementation of SAT method
does not contribute to the truncation error and thus does not
affect the convergence rate of the original scheme.

Intuitively, one may simply choose the penalty coeffi-
cients to be same values as the one-dimensional case, i.e.,
τ1 = τ2 = τ3 = τ4 = 5.[6] To test this choice, we take as an
example the vortex model from Ref. [19], whose solution is
given by

ρ(x,y, t) =
[

1− ε
2 γ−1

8π2 exp( f (x,y, t))
]1/(γ−1)

, (15)

u(x,y, t) = Ma∞− ε
y− y0

2π
exp
(

f (x,y, t)
2

)
, (16)

v(x,y, t) = ε
x− x0−Ma∞t

2π
exp
(

f (x,y, t)
2

)
, (17)
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p(x,y, t) = ρ
γ/γ, (18)

where f (x,y, t) = 1− [(x− x0 −Ma∞t)2 + (y− y0)
2]. Here

the parameters (x0,y0) = (5,0), Ma∞ = 0.5, ε = 1.0, and
γ = 1.4 are used. The computational domain is set to be
(x,y) ∈ [0,10]× [−5,5] and the time step ∆t = 0.1hxhy is
chosen to implement a traditional fourth-order Runge–Kutta
scheme. If not stated otherwise, this time scheme will be used
for other numerical examples presented in this paper. For sim-
plicity, exact solution values are adopted at the boundaries.
One can observe from Fig. 1 that at t = 4.2 the density solution
near the right corners starts to deteriorate, while at t = 6.3 the
vortex is almost broken. This phenomenon indicates that some
modifications for the scheme should be made to dissolve the
non-physical error emerging from the corner regions, where
the SATs from two boundaries overlap; see Fig. 2(a).
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


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(a) t=4.2

(b) t=6.3

Fig. 1. Density contours of the vortex obtained by the scheme of
Eqs. (6)–(14) with penalty coefficients τ1 = τ2 = τ3 = τ4 = 5. Here
N×M = 41×81, the time step ∆t = 0.1hx1 hy1 is chosen to implement
the fourth-order Runge–Kutta scheme. (a) At the moment t = 4.2. (b)
At the moment t = 6.3.

To show how to improve the scheme, we take as an exam-
ple the solution point (x1,yM−1) at the west–north corner; see
Fig. 2(b). The semi-discrete approximation (9) at this point
reads

d
dt

U1,M−1 +(Fx)1,M−1 +(Gy)1,M−1

= −τ1

hx
𝐴̄+

1,M−1(U1,M−1−Cw
M−1)

− τ2

hy
𝐵̄−1,M−1(U1,M−Cn

1). (19)

Here the first penalty term imposes weakly the west boundary
condition, whereas the second one imposes the north boundary
condition. It is noted that the solution point (x1,yM−1) resides
on the west boundary, which means that the second penalty
term is not so important here. In this regard, we adjust the co-
efficient of the first penalty coefficient τ1 to weaken the effect
of the second one, while other coefficients remain unchanged.
The same reasoning applies for other similar points. In this
paper, we choose the penalty coefficients to be

τ1 = 20, τ2 = τ3 = τ4 = 5 (20)

for the scheme of Eqs. (6)–(14), although the choice may be
optimized further.

area affected by
double side SATs

area affected by
single side SATs

interior

north boundary condition

west
boundary 
condition

boundary point 

near boundary point 

↼↪ M↩↽

(a)

(b)

Fig. 2. (a) Illustration of the computational domain. (b) The north–west cor-
ner area, where the solution points are affected by SATs from both bound-
aries.

2.2. Numerical example

Using the scheme of Eqs. (6)–(14) with the penalty coef-
ficients (20), we recalculate the vortex solution of Eqs. (15)–
(18). The new numerical results are presented in Fig. 3, show-
ing good preservation of the vortex. For accuracy test, we in-
troduce the following L∞ norm and L2 norm:

||e||∞ = max
i, j
|Ui, j−U(xi,y j, t)|,

||e||2 =

(
N

∑
i=1

M

∑
j=1

(Ui, j−U(xi,y j, t))
2 hxhy

)1/2

. (21)

The convergence rate is measured by

− log10(e1/e2)/ log10(N1/N2),

where e1 and e2 are the corresponding errors for different num-
bers of grid cells N1 and N2, respectively. The results shown in
Table 1 indicate that the expected seventh-order convergence
rate is achieved approximately.
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Fig. 3. Density contours obtained by the scheme of Eqs. (6)–(14) with the penalty coefficients (20) on a 41× 81 grid. Here the time step
∆t = 0.1hx1 hy1 is chosen to implement the fourth-order Runge–Kutta scheme. (a) At the moment t = 4.2. (b) At the moment t = 6.3. (c) At
the moment t = 10.

Table 1. Numerical test for the vortex solution of Eqs. (15)–(18) at
t = 10. Here the time step ∆t = 0.1hxhy is chosen to implement the
fourth-order Runge–Kutta scheme.

N×M L2 error Order L∞ error Order

41×81 9.51×10−7 – 1.19×10−5 –
61×121 6.02×10−8 6.81 7.93×10−7 6.69
81×161 8.51×10−9 6.80 9.66×10−8 7.32

3. Multi-block problems
In this section we intend to show that the developed

scheme with SATs is well suited for multi-block problems,
which are often used for complex configurations.

3.1. Interface treatment

For simplicity, the computational domain [xw,xe]× [ys,yn]

is only divided into two subdomains with an interface situ-
ated at xk = (xe − xw)/2; see Fig. 4. Denote the conserva-
tive variables in the left and right subdomains by Ui, j with
1≤ i≤ N1,1≤ j ≤M and Vi, j with 1≤ i≤ N2,1≤ j ≤M, re-
spectively. In addition, assume that V1, j are the east boundary

x

y

    

↩

↩





 (a)

(b)

x

y

    

↩

↩







t=0

t=10

Fig. 4. Density contours of the vortex of Eqs. (15)–(18) on the grid con-
sists of two subdomains with 41× 21 and 21× 21 points. Here the time
step ∆t = 0.1hx1 hy1 is chosen to implement the fourth-order Runge–Kutta
scheme. (a) At the moment t = 0. (b) At the moment t = 10.

values for the left subdomain, and UN1, j are the west boundary
values for the right. Then the problem can be solved by using
the scheme of Eqs. (6)–(14) separately for each subdomain.

To verify the scheme, we calculate the vortex convec-
tion problem of Eqs. (15)–(18) on the computational domain
(x,y)∈ [2.5,12.5]× [−2.5,2.5] with the split line x = 7.5. The
grid ratio is set to be 2 : 1 in the x direction. Figure 4 depicts
that the vortex propagates successfully through the interface.
One can also see from Table 2 that the convergence rates in
both the two subdomains are well preserved.

Table 2. Numerical test for the vortex solution of Eqs. (15)–(18) on
two different subdomains with the grid ratio 2 : 1. Here the time
step ∆t = hx1 hy1 is chosen to implement the fourth-order Runge–Kutta
scheme.

N×M L2 error Order L∞ error Order

41×21 1.19×10−6 – 2.79×10−6 –

61×41 7.97×10−8 6.66 1.71×10−7 6.89

81×41 1.10×10−8 6.89 2.34×10−8 6.90

3.2. Junction point

Next we demonstrate that by exchanging information
through penalty terms, the interface technique can naturally
handle grid partition with junction points. This time we di-
vide the computational domain into four subdomains with two
interfaces situated at xk = (xe−xw)/2 and yl = (yn−ys)/2, re-
spectively. Here we still apply directly the scheme of Eqs. (6)–
(14) to each subdomain with the boundary values at interfaces
setting to be those of corresponding adjacent points; see Fig. 5.

U V

W Z
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F↼Z↽

F↼U↽

F↼V↽

G↼Z↽
junction point

interface point

interior point

G↼V↽G↼U↽

Fig. 5. Illustration of information permutation at the junction point.
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Fig. 6. Density contours on the grid consists of four subdomains with 41×41 (U), 41×21 (V ), 21×41 (W ), and 21×21 (Z) points. Here the
time step ∆t = 0.1hx1 hy1 is chosen to implement the fourth-order Runge–Kutta scheme. (a) At the moment t = 0. (b) At the moment t = 5. (c)
At the moment t = 10. (d) At the moment t = 15.

Table 3. Numerical test for the vortex solution of Eqs. (15)–(18) at time t = 10 on four different subdomains with the grid ratio set to be the
same as that presented in Fig. 6. For brevity only the number of solution points in the subdomain U are presented in the table. Here the time step
∆t = 0.1hx1 hy1 is chosen to implement the fourth-order Runge–Kutta scheme.

Subdomain U Subdomain V Subdomain W Subdomain Z

N1×M1 L2 error Order L2 error Order L2 error Order L2 error Order

61×61 5.75×10−8 – 1.60×10−7 – 7.89×10−8 – 2.54×10−7 –
91×91 3.49×10−9 6.91 1.03×10−8 6.78 5.06×10−9 6.77 1.61×10−8 6.80

121×121 4.65×10−10 7.00 1.33×10−9 7.10 6.79×10−10 6.98 2.04×10−9 7.20

Once again we consider the vortex convection problem of
Eqs. (15)–(18) to verify the scheme. Here the computational
domain (x,y) ∈ [2.5,12.5]× [−5,5] is chosen with interfaces
situated at x = 10 and y = 0. It is observed from Fig. 6 that
the vortex propagates through the interfaces smoothly. In ad-
dition, the accuracy test presented in Table 3 shows that the
scheme achieves its design order of accuracy approximately.

4. Discussions on curvilinear grids
In this section, we study how to implement the numerical

scheme for problems with curvilinear grids, which are often
needed in practice for complex configurations. In this case,
we need to consider the problem in the computational coordi-
nates (ξ ,η), where the Euler equations (1) read

JUt + F̂ξ + Ĝη = 0, (22)

where the Jacobian J = xξ yη − xη yξ , F̂ = yη F − xη G, Ĝ =

−yξ F +xξ G. Here, we apply the difference scheme presented
in Appendix A to calculate numerically the metrics xξ , xη , yξ ,
yη , and the Jacobian J. To ensure stability, it still necessitates
to use SATs similarly to the case for Eq. (1) on Cartesian grids;
see e.g., Eq. (19). For convenience of the reader, some neces-
sary formulae of the Jacobian matrices of the fluxes F̂ and Ĝ
are presented in Appendix B to implement the similar scheme
as Eqs. (6)–(14).

4.1. Stationary model

The first example is a model governed by the following
Euler equations with a source term

Ut +Fx +Gy = S, (23)

where the source term is determined analytically by S =

Fx +Gy so that the problem admits the following stationary

104701-5
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solution[20]

ρ = 0.5
[
sin(x2 + y2)+1.5

]
, (24)

u = sin(x2 + y2)+0.5, (25)

v = 0.1
[
cos(x2 + y2)+0.5

]
, (26)

E = 0.5
[
cos(x2 + y2)+1.5

]
. (27)

The numerical test for the stationary model of Eqs. (23)–
(27) is shown in the following Table 4.

Table 4. Numerical test for the stationary model of Eqs. (23)–(27). Here
the time step ∆t = 0.01hx is chosen to implement the implicit Euler
scheme.

N×M L2 error Order L∞ error Order

41×41 2.46×10−7 – 6.15×10−7 –
61×61 2.54×10−8 5.60 7.07×10−8 5.34
81×81 3.43×10−9 6.96 1.00×10−8 6.80

121×121 1.86×10−10 7.18 6.44×10−10 6.77
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Fig. 7. (a) Illustration of a 41× 41 curvilinear grid. (b) Final density
contour obtained on the 41×41 grid.

The curvilinear grid[21] considered here (see Fig. 7(a)) is
generated from the standard computational domain (ξ ,η) ∈
[0,1]× [0,1] by

x(ξ ,η) = −0.5L+L [ξ +µ sin(λπη)] , (28)

y(ξ ,η) = −0.5L+L [η +µ sin(λπξ )] , (29)

where the parameters µ = 0.02, λ = 6, and L= 0.5 are chosen.
The implicit Euler scheme is implemented for time-marching

until the residue reaches machine zero (see Fig. 7(b) for the
final solution).

4.2. Nozzle flow

Consider a channel flow[22,23] governed by the Euler
equations (1). The physical domain (Fig. 8(a)) is bounded
between x = −0.75 and x = 0.75 in the x direction, and is
bounded by

y1(x) = 0.05−0.1×
(

20
9

)2

x2 +0.05×
(

20
9

)4

x4, (30)

y2(x) = 0.95+0.1×
(

20
9

)2

x2−0.05×
(

20
9

)4

x4 (31)

in the y direction. The grid is produced analytically by the
expressions

x = ξ , (32)

y = (1−η)y1(ξ )+ηy2(ξ ), (33)

with ξ and η being partitioned equally.
The initial flow field is set to be the free stream with

Ma∞ = 0.3, ρ∞ = 1, p∞ = 1, u∞ = Ma∞ · a∞, v∞ = 0, where
a∞ =

√
γ p∞/ρ∞ represents the sound speed. The left boundary

is set to be subsonic inflow while the right is subsonic outflow.
Both the top and the bottom are set to be slip-wall boundary
conditions. How to impose the slip-wall boundary condition
weakly is explained in Appendix C.

x

y

↩.  .



.

.

.

.

(a)

y



.

.

.

0.8

1.0 Density
1.008
1.006
1.004
1.002
1
0.998
0.996
0.994
0.992
0.99
0.988
0.986
0.984
0.982
0.98
0.978
0.976

(b)

x

↩.  .

Fig. 8. A grid of the channel with 61× 41 solution points and the cor-
responding numerical result of the density. (a) The 61× 41 mesh. (b)
Final flow field.

We run the calculation on a grid with 61× 41 solution
points until the residue reaches the machine zero. It can be
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observed from Fig. 8(b) that the obtained density contour is
smooth, showing the effectiveness of the scheme. Similar re-
sults can also be obtained on other grids with different finess.
As the focus here is just to test whether the scheme is appli-
cable for the case with curvilinear grids and wall boundary
conditions, the convergence rate will not be discussed, which
depends also on the smoothness of grids and the implementa-
tion of boundary conditions.

In addition, to compare the results obtained by the modi-
fied scheme and the scheme with the same penalty coefficients
as Ref. [6], we show in Fig. 9 the density contours and ve-
locity vectors near the bump at t = 0.054. It is observed that
while the unmodified scheme starts to break up, the modified
one still preserves well, demonstrating again that the modified
coefficients are necessary to ensure stability.

y

.

.

.

.

.

. (a)

x

. . . .

x

. . . .

(b)

y

.

.

.

.

.

.

Fig. 9. Density solutions and velocity vectors near the bump obtained
on the 61× 41 grid at t = 0.054. (a) The unmodified result. (b) The
modified result.

5. Conclusion

In this paper, we generalized the globally seventh-order
dissipative compact scheme with SATs[6] to the 2D Euler
equations. The choice of penalty coefficients for SATs was
reconsidered to stabilize the scheme. It was shown that the
scheme with SATs is very convenient for dealing with multi-
block problems with conformal grids. In addition, the imple-
mentation of the scheme for the case with curvilinear grids
was also discussed, including the slip-wall boundary condi-
tion. Various numerical experiments were performed to verify
the proposed scheme. The extension to Navier–Stokes equa-
tions may be considered in further work.

Appendix A: Spacial discretizations
Here we revisit briefly the spacial schemes presented in

Ref. [6]. For the one-dimensional conservation law

Ut +Fx = 0, xl 6 x 6 xr, (A1)

partition the computational domain [xl ,xr] by using solution
points x j = xl +( j−1)h (1 6 j 6 N) and flux points x j+1/2 =

xl + ( j− 1/2)h (1 6 j 6 N − 1), where N is the number of
solution points, and h = (xr− xl)/(N− 1) is the spacial step.
Let U j and F ′j be approximations to U(x j, t) and F(U(x j, t))x,
respectively. Notations for other variables and matrices intro-
duced in Section 2 are still adopted. The exact left and right
boundary values are given by

U(xl , t) =Cl(t), U(xr, t) =Cr(t). (A2)

Then the derivative of flux can be computed by the following
formulae: for 5≤ j ≤ N−4 (i.e., the interior points),

F ′j =
1
h

[
256
175

(Fj+1/2−Fj−1/2)−
1
4
(Fj+1−Fj−1)

+
1

100
(Fj+2−Fj−2)−

1
2100

(Fj+3−Fj−3)

]
. (A3)

For near left boundary points we use the following difference
schemes:

F ′1 =
1
h

(
12F3/2 +

40
3

F5/2 +
12
5

F7/2

− 49
10

F1−15F2−
15
2

F3−
1
3

F4

)
, (A4)

F ′2 =
1
h

(
− 4

5
F3/2 +

8
3

F5/2 +
4

15
F7/2

+
1

15
F1−

7
6

F2−F3−
1

30
F4

)
, (A5)

F ′3 =
1
h

(
− 64

45
F5/2 +

64
45

F7/2−
1

180
F1

+
2
9

F2−
2
9

F4 +
1

180
F5

)
, (A6)

F ′4 =
1
h

(
− 256

175
F7/2 +

256
175

F9/2 +
1

2100
F1−

1
100

F2

+
1
4

F3−
1
4

F5 +
1

100
F6−

1
2100

F7

)
, (A7)

and the schemes for the right can be obtained by symmetry.
While the values Fj involved in the above difference

scheme can be computed directly by Fj = F(U j), the val-
ues Fj+1/2 = F̃(UL

j+1/2,U
R
j+1/2) are calculated by any approx-

imate Riemann solver (in this paper Roe’s Riemann solver is
adopted). Here UL,R

j+1/2 stands for the left and the right val-
ues obtained by using the seventh-order dissipative compact
interpolation scheme[1]: For the interior flux points ξ j+1/2

(3≤ j ≤ N−3),

104701-7
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4
15

(1−α)U j−1/2 +U j+1/2 +
4
15

(1+α)U j+3/2 =
25
32

(U j+1 +U j)+
5

64
(U j+2 +U j−1)−

1
448

(U j+3 +U j−2)

+α

[
25
64

(U j+1−U j)+
15
128

(U j+2−U j−1)−
5

896
(U j+3−U j−2)

]
, (A8)

where the dissipation constant α = −0.3 is used for the left upwind interpolation, and by setting α = 0.3 the interpolation
becomes right upwind automatically. Due to the limitation of stencil length, the interpolations at near boundary flux points
become

U3/2 =
231

1024
U1 +

693
512

U2−
1155
1024

U3 +
231
256

U4
495
1024

U5 +
77

512
U6−

21
1024

U7, (A9)

U5/2 =−
21

1024
U1 +

189
512

U2 +
945

1024
U3−

105
256

U4 +
189
1024

U5−
27

512
U6 +

7
1024

U7, (A10)

UN−3/2 =
7

1024
UN−6−

27
512

UN−5 +
189

1024
UN−4−

105
256

UN−3 +
945

1024
UN−2 +

189
512

UN−1−
21

1024
UN , (A11)

UN−1/2 =−
21

1024
UN−6 +

77
512

UN−5−
495

1024
UN−4 +

231
256

UN−3−
1155
1024

UN−2 +
693
512

UN−1 +
231
1024

UN . (A12)

Appendix B: Jacobian matrices of fluxes in Eq. (22)
The Jacobian matrices of F̂ and Ĝ in Eq. (22) are

𝐴=
∂ F̂
∂U

= J


0 ξx ξy 0

ξxΦ−uθ1 θ1−ξx(γ−2)u ξyu−ξx(γ−1)v ξx(γ−1)
ξyΦ− vθ1 ξxv−ξy(γ−1)u θ1−ξy(γ−2)v ξy(γ−1)

θ1(2Φ− γe) ξx(γe−Φ)− (γ−1)uθ1 ξy(γe−Φ)− (γ−1)vθ1 γθ1

 , (B1)

𝐵̂ =
∂ Ĝ
∂U

= J


0 ηx ηy 0

ηxΦ−uθ2 θ2−ηx(γ−2)u ηyu−ηx(γ−1)v ηx(γ−1)
ηyΦ− vθ2 ηxv−ηy(γ−1)u θ2−ηy(γ−2)v ηy(γ−1)

θ2(2Φ− γe) ηx(γe−Φ)− (γ−1)uθ2 ηy(γe−Φ)− (γ−1)vθ2 γθ2

 , (B2)

where J is defined in Eq. (22), Φ = (γ−1)(u2 + v2)/2, θ1 = ξxu+ξyv, θ2 = ηxu+ηyv.

Diagonalizing 𝐴 yields 𝛬A =𝐾−1𝐴𝐾 = Jdiag[θ1,θ1,θ1− k1a,θ1 + k1a], where k1 =
√

ξ 2
x +ξ 2

y , a =
√

γ p/ρ ,

𝐾 =


1 0 χ1 χ1

u ξ̄y χ1(u−aξ̄x) χ1(u+aξ̄x)

v −ξ̄x χ1(v−aξ̄y) χ1(v+aξ̄y)
u2+v2

2 ξ̄yu− ξ̄xv χ1(H−aθ̄1) χ1(H +aθ̄1)

 , (B3)

𝐾−1 =


1−Φ/a2 (γ−1)u/a2 (γ−1)v/a2 −(γ−1)/a2

ξ̄xv− ξ̄yu ξ̄y −ξ̄x 0
χ2(Φ +aθ̄1) −χ2[ξ̄xa+(γ−1)u] −χ2[ξ̄ya+(γ−1)v] χ2(γ−1)
χ2(Φ−aθ̄1) χ2[ξ̄xa− (γ−1)u] χ2[ξ̄ya− (γ−1)v] χ2(γ−1)

 (B4)

with χ1 = ρ/(
√

2a), χ2 = 1/(
√

2ρa), ξ̄x = ξx/k1, ξ̄y = ξy/k1 and θ̄1 = θ1/k1.

Similarly, we have 𝛬B = 𝑃−1𝐵̂𝑃 = Jdiag[θ2,θ2,θ2− k2a,θ2 + k2a], where k2 =
√

η2
x +η2

y ,

𝑃 =


1 0 χ1 χ1

u η̄y χ1(u−aη̄x) χ1(u+aη̄x)

v −η̄x χ1(v−aη̄y) χ1(v+aη̄y)

(u2 + v2)/2 η̄yu− η̄xv χ1(H−aθ̄1) χ1(H +aθ̄1)

 , (B5)

𝑃−1 =


1−Φ/a2 (γ−1)u/a2 (γ−1)v/a2 −(γ−1)/a2

η̄xv− η̄yu η̄y −η̄x 0
χ2(Φ +aθ̄2) −χ2[η̄xa+(γ−1)u] −χ2[η̄ya+(γ−1)v] χ2(γ−1)
χ2(Φ−aθ̄2) χ2[η̄xa− (γ−1)u] χ2[η̄ya− (γ−1)v] χ2(γ−1)

 (B6)

with η̄x = ηx/k2, η̄y = ηy/k2 and θ̄2 = θ2/k2.
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Appendix C: Slip-wall boundary condition
Here we introduce for the two-dimensional Euler equa-

tions the slip-wall boundary condition imposed through SATs
proposed in Ref. [24]. Consider a Cartesian grid and sup-
pose that we are considering a point (1, j) situated on the wall
boundary. Taking Eq. (11) as an example, i.e.,

d
dt

U1, j +(Fx)1, j +(Gy)1, j =−
τ1

hx
𝐴̄+

1, j(U1, j−Cw
j ) (C1)

with 𝐴̄+
1, j = 𝐾̄1, j𝛬̄

+
1, j𝐾̄

−1
1, j . What we need to do is just to set

the normal velocity (here on the Cartesian grid refers to u) as
zero, i.e., 𝛬̄+

1, j = diag[0,0,0,a]. Then the wall boundary value
Cw

j is constructed by subtracting the normal velocity from U1, j

(see Ref. [24] for more information). The implementation of
the slip-wall condition for the case with curvilinear grids is
similar. Hence the description is omitted here.
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