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The second-order interference of two independent photons with different spectra in a Shih–Alley/Hong–Ou–Mandel
interferometer is studied in Feynman’s path integral theory. There is a second-order interference pattern for photons with
different spectra if the photons are indistinguishable for the employed detection system. The conditions to observe the
second-order temporal beating with photons of different spectra are analyzed. The influence of the response time of the
detection system on the observed second-order interference pattern is also discussed. It is a direct result of that measurement
in quantum mechanics is dependent on the employed measuring apparatus. The results are helpful to understand the physics
of two-photon interference in different schemes.
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1. Introduction

The second-order interference of photons with different
spectra was first reported by Ou and Mandel, in which they
observed beating between nondegenerate parametric down-
conversion photons with central wavelengths at 680 nm and
725 nm, respectively.[1] In the same year, Ou et al. reported a
similar interference experiment with blue and green laser light
beams.[2] The second-order interference of photons with dif-
ferent spectra were further studied with photons generated by
spontaneous parametric down-conversion,[3–11] spontaneous
Raman process,[12] single-photon sources,[13] laser and single-
photon source,[14] and chirped laser pulses,[15] etc. The above
experiments can be categorized into two groups. One group
is that the two light beams of different spectra are incident to
both input ports of a Shih–Alley/Hong–Ou–Mandel (HOM)
interferometer.[1–12,16,17] The other one is that two light beams
are incident to two input ports of an HOM interferometer,
respectively.[13–15] The first group of experiments[1–8,10,12] can
be easily understood in quantum mechanics. By adding more
alternatives, two distinguishable photons can have indistin-
guishable paths to trigger a two-photon coincidence count.[18]

It becomes more interesting for the second group of
experiments.[13–15] Two photons of different spectra, A and
B, are incident to two input ports of an HOM interferometer,
respectively. There are two different paths for them to trigger a

two-photon coincidence count. One is photon A goes to detec-
tor 1 and photon B goes to detector 2. The other one is photon
B goes to detector 1 and photon A goes to detector 2. Since the
spectra of photons A and B are different, these two different
paths should also be distinguishable. However, two-photon in-
terference patterns were observed in these experiments,[13–15]

just like the ones with extra paths.[1–8,10,12] In a recent paper,
Raymer et al. showed that by employing an active, frequency-
shifting beam splitter, one can observe two-photon interfer-
ence between photons of different spectra.[19] In our recent
works, we have employed two-photon interference in Feyn-
man’s path integral theory to interpret the second-order inter-
ference of classical light beams with different spectra.[20–22]

However, there is no systematic study about the influence
of different spectra and the response time of the detection
system on the second-order interference of two independent
single-photons, which is necessary for applications of two-
photon interference.[23] In this paper, we will continue to em-
ploy two-photon interference theory to systematically study
the second-order interference of two independent single pho-
tons with different spectra. The results are helpful to under-
stand the physics of two-photon interference and the applica-
tions of two-photon interference in quantum information.

The remaining sections are organized as follows. We em-
ploy Heisenberg’s uncertainty principle to determine whether
different alternatives are indistinguishable or not in Section 2.
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In Section 3, we will employ Feynman’s path integral theory
to calculate the second-order interference of photons with dif-
ferent spectra in an HOM interferometer. Section 4 includes
the discussions about the physics of two-photon interference in
different schemes. The conclusions can be found in Section 5.

2. Theoretical foundations
The superposition principle is unique in quantum me-

chanics as pointed out by Dirac that “the superposition that
occurs in quantum mechanics is of an essentially different na-
ture from any occurring in the classical theory”.[24] For in-
stance, a wave superposing with itself will obtain a different
wave in classical wave mechanics. However, a state super-
posing with itself will always obtain the same state as itself
in quantum mechanics. Feynman describes clearly how the
superposition principle in quantum mechanics connected with
interference based on different alternatives to trigger an event
is distinguishable or not. If these different alternatives are in
principle indistinguishable, there is interference. Otherwise,
there is no interference.[25]

Heisenberg’s uncertainty principle is employed to show
that photons with different spectra can have indistinguishable
alternatives to trigger a two-photon coincidence count in an
HOM interferometer.[25,26] The scheme for two-photon inter-
ference is shown in Fig. 1. A and B are two independent single
photons with different spectra. BS is a 50 : 50 non-polarizing
beam splitter. D1 and D2 are two single photon detectors. CC
is a two-photon coincidence count system.

CC

D1

D2

BS

A

B

Fig. 1. Two-photon interference in an HOM interferometer. A and B are
two independent single photons with different spectra. BS is a 50 : 50
non-polarizing beam splitter. D1 and D2 are two single photon detec-
tors. CC is a two-photon coincidence count system.

In order to simplify the discussion, photons are assumed
to be linearly polarized and the polarizations of them are iden-
tical. The frequencies of these two photons are νA and νB,
respectively. Photon is usually detected by photoelectric ef-
fect in single-photon detector. It has been proved by Forrester
et al. that the time delay between the photon absorption and
electron release is significantly less than 10−10 s.[27] Hence
the accuracy in time measurement with photoelectric effect is
significantly less than 10−10 s.[28] The energy and time uncer-
tainty principle is ∆E∆t ≥ h,[29] in which ∆E and ∆t are the

uncertainties of energy and time, respectively. With E = hν

for photons, it is easy to get ∆ν∆t ≥ 1, where ∆ν is the fre-
quency uncertainty. For a single-photon detector that can re-
sponse to both νA and νB, these two single photon detection
events are indistinguishable if |νA− νB| is less than 1/∆t. If
∆t equals 0, which means that the detection system is infinity
fast, all photons are indistinguishable for the detection system.
However, it is impossible to have a detector with zero time un-
certainty. If ∆t equals 10−10 s, photons with frequency differ-
ence less than 10 GHz are indistinguishable. Two-photon in-
terference pattern is observed when |νA−νB| equals 6π MHz
in an HOM interferometer.[13] In our recent experiments, we
also observed the second-order temporal interference pattern
when the frequency difference between two independent He–
Ne lasers equals 142.8 MHz.[20] These experiments suggest
that photons with different spectra indeed have indistinguish-
able alternatives to trigger a two-photon coincidence count in
an HOM interferometer.

3. Theory and numerical simulations
In Section 2, we have shown that there is two-photon in-

terference when photons of different spectra are superposed in
an HOM interferometer if the photons are in principle indis-
tinguishable for the employed detection system. In this sec-
tion, we will employ Feynman’s path integral theory to calcu-
late the second-order interference pattern of two independent
single photons in an HOM interferometer. Feynman’s photon
propagator is[30]

K(𝑟, t;𝑟′, t ′) =
∫

d3kdω
1

4π3
1

k2−ω2/c2− iε

× e i𝑘·(𝑟−𝑟′) e−iω(t−t ′), (1)

where (𝑟′, t ′) and (𝑟, t) are the initial and final space-time co-
ordinates of the photon, respectively. 𝑘 is the wave vector and
k equals |𝑘|. ω is the angular frequency and c is the velocity
of light in vacuum. ε is a small and positive number to ensure
causality. The Feynman’s photon propagator in Eq. (1) is the
same as the Green function in classical electrodynamics.[31]

In the paraxial approximation, Feynman’s photon propa-
gator from the source to (𝜌,z, t) can be expressed as[32–34]

K(𝜌,z, t) =
∫

dω d𝜅 f (𝜅,ω)g(𝜅,ω;𝜌,z)e−iωt , (2)

where 𝜌 and z are transverse and longitudinal components of
the space vector, 𝑟. 𝜅 is the transverse component of the
wave vector 𝑘. f (𝜅,ω) is the spectrum distribution function.
g(𝜌,z;𝜅,ω) is the propagation function that propagates the
field of mode (𝜅,ω) to (𝜌,z), which is[33]

g(𝜅,ω;𝜌,z) =
−iω
2πc

e i(ω/c)z

z

∫
d𝜌sψ

(
𝜌−𝜌s,

ω

cz

)
e i𝜌s·𝜅. (3)

𝜌s is the transverse vector in the source plane. ψ(𝜌−𝜌s,ω/cz)
is a Gaussian function, which equals exp(i ω

2cz |𝜌−𝜌s|2).
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CC

D1

D2

BS

SA

O

zB1

zB2

zA2

zA1

lB

lA

SB

Fig. 2. Two single-photon sources in an HOM interferometer. SA and
SB are two independent single-photon sources. BS is a 50 : 50 non-
polarizing beam splitter. D1 and D2 are two single photon detectors.
CC is a two-photon coincidence count system. lA and lB are the trans-
verse sizes of SA and SB, respectively. zA1 is the lenth between SA and
D1 via BS. zA2, zB1, and zB2 are defined similarly.

A more practical scheme shown in Fig. 2 is employed
for calculating the second-order interference of two indepen-
dent photons in an HOM interferometer. SA and SB are

two independent single-photon sources, which will emit sin-
gle photons independently. The lA and lB are the transverse
sizes of SA and SB, respectively. zA1 is the distance be-
tween SA and D1 via BS. zA2, zB1, and zB2 are defined simi-
larly. The probability amplitudes for these two photons to trig-
ger a two-photon coincidence count in Fig. 2 are represented
by KA(𝜌1,z1, t1)KB(𝜌2,z2, t2) and KA(𝜌2,z2, t2)KB(𝜌1,z1, t1),
respectively.[26] KA(𝜌1,z1, t1)KB(𝜌2,z2, t2) is the two-photon
probability amplitude corresponding to that the photon emit-
ted by SA is detected by D1 and the photon emitted by SB is
detected by D2. KA(𝜌2,z2, t2)KB(𝜌1,z1, t1) is the two-photon
probability amplitude corresponding to that the photon emit-
ted by SA is detected by D2 and the photon emitted by SB is
detected by D1. Kα(𝜌 j,z j, t j) is the probability amplitude that
the photon emitted by Sα travels to D j (α = A and B, j = 1
and 2). If these two different ways are indistinguishable, the
two-photon probability distribution in Fig. 2 is[26]

G(2)(𝜌1,z1, t1;𝜌2,z2, t2) =
〈
|e iϕAKA1 e iϕBKB2 + e i(ϕA+π/2)KA2 e i(ϕB+π/2)KB1|2

〉
, (4)

where Kα(𝜌 j,z j, t j) has been written as Kα j for short (α = A and B, j = 1 and 2). ϕα is the initial phase of the photon emitted
by Sα . The phase π/2 is due to the photon reflected by a beam splitter will gain an extra phase comparing to the transmitted
one.[35] 〈· · · 〉 is ensemble average. Equation (4) can be simplified as

G(2)(𝜌1,z1, t1;𝜌2,z2, t2) = 〈|KA1KB2|2〉+ 〈|KA2KB1|2〉− [〈KA1KB2K∗A2K∗B1〉+C.C.], (5)

where C.C. means complex conjugation. The first two terms on the right-hand-side of Eq. (5) represents a constant background
in the second-order interference. The second-order interference pattern is described by the last two terms of Eq. (5). In the same
condition, the first-order interference pattern at D1 is

G(1)(𝜌1,z1, t1) = 〈|e iϕAKA1 + e i(ϕB+π/2)KB1|2〉= 〈|KA1|2〉+ 〈|KB1|2〉+[〈e i(ϕA−ϕB−π/2)KA1K∗Bj〉+C.C.]. (6)

When photons emitted by SA and SB are independent, 〈e i(ϕA−ϕB)〉 equals 0. The first-order interference pattern cannot be ob-
served in this condition. Comparing Eqs. (5) and (6), the second-order interference pattern can be observed with two independent
single-photon sources, while the first-order interference pattern cannot be observed in the same condition.

Equation (5) can be further simplified by taking Feynman’s photon propagator into consideration. We will calculate the
term, 〈KA1KB2K∗A2K∗B1〉, for example. Other terms in Eq. (5) can be calculated in the same way. Substituting Eqs. (2) and (3) into
〈KA1KB2K∗A2K∗B1〉, we have

〈KA1KB2K∗A2K∗B1〉=
∫

d𝜅A dωA fA(𝜅A,ωA)g(𝜅A,ωA;𝜌1,zA1)e−iωAt1

×
∫

d𝜅B dωB fB(𝜅B,ωB)g(𝜅B,ωB;𝜌2,zB2)e−iωBt2
∫

d𝜅′A dω
′
A f ∗A(𝜅

′
A,ω

′
A)g
∗(𝜅′A,ω

′
A;𝜌2,zA2)e iω ′At2

×
∫

d𝜅′B dω
′
B f ∗B(𝜅

′
B,ω

′
B)g
∗(𝜅′B,ω

′
B;𝜌1,zB1)e iω ′Bt1 . (7)

In a two-photon coincidence count event, KA1 and K∗A2 correspond to the photon emitted by SA travels to D1 and D2 simulta-
neously. The photon travels to D1 in mode (𝜅A,ωA) is the same as the one travels to D2 in mode (𝜅′A,ω

′
A) in a two-photon

coincidence count event. Hence it is reasonable to assume the following relations δ (𝜅A−𝜅′A), δ (ωA−ω ′A), δ (𝜅B−𝜅′B), and
δ (ωB−ω ′B) are satisfied.[34,36] Substituting the above relations into Eq. (7), we have

〈KA1KB2K∗A2K∗B1〉=
∫

d𝜅A dωA fA(𝜅A,ωA)g(𝜅A,ωA;𝜌1,zA1)e−iωAt1 f ∗A(𝜅A,ωA)g∗(𝜅A,ωA;𝜌2,zA2)e iωAt2

×
∫

d𝜅B dωB fB(𝜅B,ωB)g(𝜅B,ωB;𝜌2,zB2)e−iωBt2 f ∗B(𝜅B,ωB)g∗(𝜅B,ωB;𝜌1,zB1)e iωBt1 . (8)
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In order to simplify the calculation, we assume zA1 = zA2 = zB1 = zB2 = z and the spectrum distribution function is constant over
the domain,

fα(𝜅α ,ωα) =

{
1, 𝜅α ∈ ∆𝜅α ,ωα ∈ [ωα1,ωα2],

0, otherwise,
(9)

in which [ωα1,ωα2] is the integral domain of ωα (α = A and B). Taking Eq. (9) into consideration, equation (8) can be further
simplified as

〈KA1KB2K∗A2K∗B1〉=
∫

d𝜅A dωAgA1g∗A2 e−iωA(t1−t2)
∫

d𝜅B dωBgB2g∗B1 e iωB(t1−t2), (10)

where we have written g(𝜅α ,ωα ;𝜌 j,zα j) as gα j for short (α = A, and B; j = 1 and 2). Substituting Eq. (3) into Eq. (10), it is
straightforward to have (see Appendix A for detail process)

〈KA1KB2K∗A2K∗B1〉=
∫

dωA

(
ωA

2πcz

)2 ∫
d𝜌SAψ

(
𝜌1,

ωA

cz

)
ψ

(
𝜌2,−

ωA

cz

)
exp
(
−i

ωA

cz
(𝜌1−𝜌2) ·𝜌SA

)
e−iωA(t1−t2)

×
∫

dωB

(
ωB

2πcz

)2 ∫
d𝜌SBψ

(
𝜌1,−

ωB

cz

)
ψ

(
𝜌2,

ωB

cz

)
exp
[

i
ωB

cz
(𝜌1−𝜌2) ·𝜌SB

]
e iωB(t1−t2), (11)

where paraxial approximation has been employed. It is complicate when both temporal and spatial parts are considered together.
We will concentrate on the second-order temporal interference. Hence these two detectors are assumed to be in the symmetrical
positions in the HOM interferometer, i.e., 𝜌1 equals 𝜌2. With this condition and quasi monochromatic light approximation,
equation (11) can be simplified as

〈KA1KB2K∗A2K∗B1〉=C e−i(ωA0−ωB0)(t1−t2)sinc
∆ωA(t1− t2)

2
sinc

∆ωB(t1− t2)
2

, (12)

where

C =

(
ωA0

2πcz

)2(
ωB0

2πcz

)2

∆ωAσA∆ωBσB

is the integral parameter. ωα0 and ∆ωα are the central fre-
quency and bandwidth of light emitted by source α , respec-
tively. σα is the area of source α , which equals π(lα/2)2. z
is the distance between the source and detector planes. ∆ωAB

(= |ωA0−ωB0|) is the difference between the central angular
frequencies of the photons emitted by SA and SB.

In the same way as the one for the calculation of
〈KA1KB2K∗A2K∗B1〉, one can simplify the other three terms in
Eq. (5). With the definition of the normalized second-order
coherence function given by Glauber,[37] equations (5) and (6)
can be employed to calculate the normalized second-order
temporal coherence function,

g(2)(t1− t2) = 1− cos [2π∆νAB(t1− t2)]

×sinc[π∆νA(t1− t2)]sinc[π∆νB(t1− t2)], (13)

where ∆ω = 2π∆ν is employed. The detail calculations can
be found in Appendix A. Three different situations will be dis-
cussed in the following with the help of Eq. (13). Heralded
single-photon source via entangled photon pairs and post-
selection is one of the widely applied single photon sources
in multi-photon interference and the bandwidth of the gener-
ated single photon via this method can be as large as 70 nm.[38]

Assuming a short wavelength laser at 351.1 nm is employed to

pump a nonlinear crystal to generate entangled photon pairs.
The central wavelength of the generated photons can be con-
trolled via phase match condition and the bandwidth can be
varied with different filters.[39] Wavelength, instead of fre-
quency, is employed as the parameter in the following sim-
ulations. The relation, λ = c/ν , is employed to calculate fre-
quency parameters via wavelength parameters.

(I) λA0 = λB0, ∆λA 6= ∆λB

-30 -15 0 15 30

0

0.5

1.0

g
(2
) (
t
1
↩
t
2
)

(t1↩t2)/ps

1:1

2:1

5:1

10:1

Fig. 3. The second-order interference patterns of photons with same
central wavelength and different bandwidths. ∆λAB equals 0 nm, which
means λA0 = λB0. ∆λB equals 1 nm. ∆λA equals 1 nm, 2 nm, 5 nm, and
10 nm in different conditions.

In this condition, single photons emitted by these two
sources have the same central wavelength and different band-
widths, which can be generated by degenerate parametric
down conversion. The central wavelength of single-photon
equals 702.2 nm.[39] The bandwidth is determined by the em-
ployed bandpass filter. Figure 3 shows the theoretical sim-
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ulations for different bandwidths. When the bandwidths of
these two photon beams are the same, g(2)(t1− t2) cannot be
larger than 1, which can be seen from the 1 : 1 line in the fig-
ure. However, other three lines indicate that g(2)(t1− t2) can
be larger than 1 when the bandwidths are different. The full
width at half maximum (FWHM) of HOM dip of photons with
the same central frequency and different bandwidths is mainly
determined by the larger one, which can be clearly seen from
the results in Fig. 3.

(II) λA0 6= λB0, ∆λA = ∆λB

In this condition, single photons emitted by these two
sources have different central wavelengths and same band-
width, which can be generated via non-degenerate parametric
down conversion. Figures 4(a)–4(d) shows the simulated re-
sults when the wavelength difference equals 0 nm, 1 nm, 2 nm,
and 5 nm, respectively. The bandwidths of both photons are
1 nm in the simulation. The central wavelengths of these two
single-photon source should satisfy 1/λA0 + 1/λB0 = 1/λp

due to energy conservation, where λp equals 351.1 nm. When
the frequency difference is less than the bandwidth, the beat-
ing cannot be observed in Fig. 4(a). It is because the beating
period is larger than the width of the temporal dip. When the
frequency difference is larger than the bandwidth, the beating
can be observed in the dip as shown in Figs. 4(b)–4(d). The
larger the frequency difference is, the higher the beating fre-
quency is.

-30 0 30

0

1

-30 0 30

0

1

-30 0 30

0

1

2

-30 0 30

0

1

2

(a) DλAB=0 nm (b) DλAB=1 nm 

(c) DλAB=2 nm (d) DλAB=5 nm g
(2

) (
t
1
↩
t
2
)

(t1↩t2)/ps

Fig. 4. The second-order interference patterns of photons with different
central wavelengths and same bandwidth. ∆λA and ∆λB are both 1 nm. The
central wavelength difference, ∆λAB, equals 0 nm, 1 nm, 2 nm, and 5 nm in
panels (a)–(d), respectively.

(III) λA0 6= λB0, ∆λA 6= ∆λB

When the central wavelengths and bandwidths of the pho-
tons are different, the results are similar as the ones shonw in
Fig. 4 except the FWHM is determined by the photons with
larger bandwidth. Figure 5 shows the simulated results when
∆λB : ∆λA equals 2:1. Beating can be observed when the fre-
quency difference is larger than the bandwidth.

In the simulations of Figs. 3–5, the response time of the
detection system is assumed to be zero, in which the ideal in-
terference pattern is observed. However, it is impossible to
have detection system with zero response time in real experi-
ments. Hence we will discuss how the response time of the de-
tection system influences second-order interference pattern in
the following. Taking the response time into consideration, the
observed normalized second-order coherence function is[40]

g(2)T (t1− t2) =
∫ T

0

∫ T

0
g(2)(t1− t2)S(t1− t2− t0)dt1 dt2, (14)

in which, g(2)(t1− t2) is the normalized second-order coher-
ence function, S(t1− t2− t0) is the window function and as-
sumed to be a rectangular function centered at t0, T is the re-
sponse time of the detection system. The following discus-
sions are based on Eqs. (13) and (14).
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Fig. 5. The second-order interference patterns of photons with different
central wavelengths and different bandwidths. ∆λA equals 1 nm and ∆λB
equals 2 nm. ∆λAB equals 0 nm, 1 nm, 2 nm, and 5 nm in panels (a)–(d),
respectively.
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Fig. 6. Detected HOM dip with different response time. ∆λA = ∆λB = 1 nm
and λA0 = λB0 = 702.2 nm. τc is the coherence time of photons. N is an
positive integer. g(2)T (0) is the observed second-order coherence function
when the response time T of the detection system is taken into considera-
tion. VT is the visibility of HOM dip for response time T , which is defined
as [1−g(2)T (0)]/[1+g(2)T (0)].
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Figure 6(a) shows how the HOM dip varies as the re-
sponse time of the detection system changes. The employed
parameters in the simulations are as follows: ∆λA = ∆λB =

1 nm, λA0 = λB0 = 702.2 nm. When the response time of
the detection system is 0 s, the detected HOM dip is an ideal
dip with 100% visibility and g(2)(0) equals 0. When the re-
sponse time of the detection system equals the coherence time
of photons, τc, the observed HOM dip is almost identical as
the ideal one and g(2)(0) equals 0.007. As the response time
increases, the visibility of the detected HOM dip decreases
and the FWHM of the dip increases. When the response time
of the detection system equals 1000τc, the visibility decreases
to 0.4%, which is impossible to observe in real experiments.
The visibility is calculated via [1− g(2)T (0)]/[1+ g(2)T (0)] and
the same definition is also employed in Fig. 7. The function
g(2)T (0) is the observed second-order coherence function when
the response time T of the detection system is taken into con-
sideration.

Figure 7 shows the influence of response time on the
second-order interference pattern when the central frequen-
cies of these two superposed photons are different. The em-
ployed parameters are ∆λA = ∆λB=1 nm, λA0=701.2 nm, and
λB0=703.2 nm. When the response time varies from 0 to 2τc,
the visibility decreases while the interference patterns keep
similar. When the response time equals 5τc, the interference
pattern changes. The g(2)(0) becomes larger than 1. As the re-
sponse time further increases, the visibility of the interference
pattern decreases as shown by Fig. 7(c). Figure 7(d) shows
the same interference patterns as the ones in Fig. 7(b) except
vertical scales are different.
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Fig. 7. The second-order interference patterns with different response time.
∆λA = ∆λB = 1 nm. λA0 = 701.2 nm. λB0 = 703.2 nm. The meanings of
symbols are similar as the ones in Fig. 6.

In Fig. 6, the observed interference pattern is almost iden-
tical to the ideal one when the response time of the detection
system is less than the coherence time of the superposed pho-
tons. When the frequencies of the superposed photons are dif-
ferent, the response time should be less than the coherence

time of the photons or the inverse of the frequency difference
of the superposed photons, depending on which one is less, to
ensure that the observed interference pattern is similar as the
ideal one. Further more, the response time of the detection
system will change the interference pattern when the central
frequencies of the superposed photons are different, as shown
by the line with response time equaling 5τc in Fig. 7(a).

4. Discussions
As stated in the introduction part, the reported experi-

ments can be divided into two groups.[1–8,10,12–15] The differ-
ence between these two groups can be understood in Fig. 8.
The first group is shown in Fig. 8(a). Even though these
two photons are distinguishable, it is impossible to distinguish
which photon comes from which input port of the HOM in-
terferometer. There are filters before the detectors as shown
in Fig. 8(a), in which the photons with frequency ω j can only
pass the ω j filter. The first way for photons to trigger a two-
photon coincidence count event is photon A with frequency ω1

travels to D1 and photon B with ω2 travels to D2. The second
way is photon B with frequency ω1 travels to D1 and photon
A with ω2 travels to D2. If these two different ways to trigger
a two-photon coincidence count event are indistinguishable in
principle, the second-order coherence function is given by the
same equation as Eq. (4). For instance, Ou and Mandel ob-
served spatial quantum beating between 680-nm and 725-nm
photons generated by parametric down conversion.[1] In their
experiments, although the down-converted photons are distin-
guishable by their wavelengthes, it is impossible to tell which
photon comes from which input port due to their experimental
arrangement. There is two-photon interference.

CC

D1

BS

A

B

CC

BS

A

B

D1

D2 D2

(a) (b)

ω2

ω1

Fig. 8. Two-photon interference in an HOM interferometer. (a) Two
photons are incident to one input port. (b) One photon is incident into
one input port.

The second group of experiments is shown in Fig. 8(b),
in which the input photons are incident to the two input ports
of an HOM interferometer, respectively.[13–15] If filters are put
in front of the detectors as the one in Fig. 8(a) in this con-
dition, there is no interference. For there is only one possible
way for these two photons to trigger a two-photon coincidence
count event, which is photon A travels to D2 and photon B
travels to D1. Only when there are no filters, can beating be
observed in Fig. 8(b) as discussed in Section 3. In Ref. [13],
Legero et al. observed beating between two independent sin-
gle photons with frequency difference of 6π MHz in the ex-
perimental setup as the one shown in Fig. 8(b). In their exper-
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iments, although they only employ one single-photon source,
their experimental arrangement ensures that consecutive pho-
tons with different frequencies travel different paths and then
arrive at the beam splitter simultaneously. Based on the above
discussions, they can observe the second-order temporal beat-
ing when the frequencies of the input photons are different.

In Ref. [14], Bennett et al. observed HOM dip with inde-
pendent photons of different bandwidths. In their experiments,
one photon is emitted from a weak laser with nanoelectronvolt
bandwidth. The other photon is emitted by a quantum dot with
a few-microelectronvolt linewidth. The two different ways for
these two photons to trigger a two-photon coincidence count
event are indistinguishable, there are two-photon interference
in their experiments. Based on the results shown in their ex-
periments (Fig. 3(e) of their paper), the frequency difference
between the photons is less than a few-microelectronvolt, for
there is no beating observed in their experiments. The rea-
son why the visibility of the observed dip cannot reach 100%
is due to the detected two photons may both come from the
laser, which will contribute a constant background. No matter
how weak the laser is, the possibility that two photons both
coming from the laser will never vanish.[35]

In Ref. [15], Kaltenbaek et al. observed high visibility
beating with chirped and anti-chirped laser pulses. The rea-
son why they can observe beating is because they employed
sum frequency generation as two-photon detection system
(Fig. 2(b) of their paper). Due to their experimental arrange-
ment, only photons coming from different input ports will
trigger a two-photon coincidence count event in the nonlin-
ear crystal. There is no two-photon coincidence count when
two photons coming from the same input port. This is the rea-
son why the visibility of the observed beating can exceed 50%
with classical light in their experiments.

5. Conclusions
In this paper, we have employed Feynman’s path integral

theory to discuss the second-order interference of two inde-
pendent photons with different spectra in an HOM interferom-
eter. It is concluded that there are two-photon interference for
photons with different spectra as long as the photons are in-
distinguishable for the employed detection system. The HOM
dip can be observed with independent photons when these two
detectors are in symmetrical positions in the HOM interferom-
eter. When the frequency difference is larger than the band-
width of the superposed photons, the second-order temporal
beating can be observed within the dip. The visibility of the
observed second-order interference pattern is dependent on the
response time of the detection system. When the central fre-
quencies of the superposed photons are different, the forms of
the second-order interference patterns may be different when
the response time of the detection system varies. The con-
clusions are helpful to understand the physics of two-photon

interference and the applications of two-photon interference
in quantum information.

Appendix A: Derivation of normalized second-
order temporal coherence function g(2)g(2)g(2)

In order to calculate the following formula

〈KA1KB2K∗A2K∗B1〉

=
∫

d𝜅A dωAgA1g∗A2 e−iωA(t1−t2)

×
∫

d𝜅B dωBgB2g∗B1 e iωB(t1−t2), (A1)

we can first calculate

ξ =
∫

d𝜅A dωAgA1g∗A2 e−iωA(t1−t2). (A2)

Substituting the propagation function, Eq. (3) into Eq. (A2), it
is straightforward to have

ξ =
∫

d𝜅A dωA

(
ωA

2πc

)2 exp[i ωA
c (zA1− zA2)]

zA1zA2

×| f (𝜅A,ωA)|2
∫

d𝜌SA d𝜌′SAψ

(
𝜌1−𝜌SA,

ωA

czA1

)
×ψ

∗
(
𝜌2−𝜌′SA,

ωA

czA2

)
e i𝜅A·(𝜌SA−𝜌′SA) e−iωA(t1−t2).

(A3)

We first integrate 𝜅A in Eq. (A3). The spectrum of the light
is assumed to be non-zero over the integral domain given by
Eq. (9). Due to |𝜅A| is at the level of wave vector 2π/λ , which
is at the level of 106 m−1. It is reasonable to assume the inte-
gral domain of 𝜅A ranges from −∞ to +∞, thus∫

d𝜅A| f (𝜅A,ωA)|2 e i𝜅A·(𝜌SA−𝜌′SA) ≈ δ (𝜌SA−𝜌′SA). (A4)

The properties of ψ(𝜌,ω/cz) are listed as in the following
expressions,[33] which are helpful in the calculation

ψ

(
𝜌,

ω

cz

)
= exp

(
i
ω

cz
|𝜌|2

)
,

ψ
∗
(
𝜌,

ω

cz

)
= ψ

(
𝜌,−ω

cz

)
,

ψ

(
𝜌1−𝜌2,

ω

cz

)
= ψ

(
𝜌1,

ω

cz

)
ψ

(
𝜌2,

ω

cz

)
× exp

(
−i

ω

cz
𝜌1 ·𝜌2

)
. (A5)

Substituting Eq. (A4) into (A3) and with the properties
given by Eq. (A5), equation (A3) can be simplified as

ξ =
∫

dωA

(
ωA

2πc

)2 exp[i ωA
c (zA1− zA2)]

zA1zA2

×
∫

d𝜌SAψ

(
𝜌1,

ωA

czA1

)
ψ

(
𝜌2,−

ωA

czA2

)
×ψ

(
𝜌SA,

ωA

czA1

)
ψ

(
𝜌SA,−

ωA

czA2

)
104205-7



Chin. Phys. B Vol. 28, No. 10 (2019) 104205

× exp
[
−i

ωA

c

(
𝜌1

zA1
− 𝜌2

zA2

)
·𝜌SA

]
× exp[−iωA(t1− t2)]. (A6)

The above equation can be further simplified when zA1 =

zA2 = z is satisfied, i.e., the distance between SA and the de-
tector planes are equal. In this condition, equation (A6) is

ξ =
∫

dωA

(
ωA

2πcz

)2 ∫
d𝜌SAψ

(
𝜌1,

ωA

cz

)
×ψ

(
𝜌2,−

ωA

cz

)
exp
(
−i

ωA

cz
(𝜌1−𝜌2) ·𝜌SA

)
× exp[−iωA(t1− t2)]. (A7)

When these two detectors are in symmetrical positions, i.e.,
𝜌1 = 𝜌2,

ξ =
∫

dωA

(
ωA

2πcz

)2 ∫
d𝜌SA exp[−iωA(t1− t2)]. (A8)

With quasi-monochromatic light, equation (A8) can be ap-
proximated as

ξ '
(

ωA0

2πcz

)2

∆ωAσA

× exp[−iωA0(t1− t2)]sinc
∆ωA(t1− t2)

2
, (A9)

where circular light source is assumed and σA is the size of the
source. ∆ωA is the bandwidth of light emitted by SA. With the
same method, the second factor of Eq. (A1) can be calculated
as

ξ
′ '
(

ωB0

2πcz

)2

∆ωBσB

× exp[iωB0(t1− t2)]sinc
∆ωB(t1− t2)

2
. (A10)

Hence we have

〈KA1KB2K∗A2K∗B1〉
=C exp[−i(ωA0−ωB0)(t1− t2)]

× sinc
∆ωB(t1− t2)

2
sinc

∆ωB(t1− t2)
2

, (A11)

where

C =

(
ωA0

2πcz

)2(
ωB0

2πcz

)2

∆ωAσA∆ωBσB

is the integral parameter. ωα0 and ∆ωα are the central fre-
quency and bandwidth of photons emitted by source α , re-
spectively. σα is the area of source α , which equals π(lα/2)2.
z is the distance between the source and detector planes. We
have assumed zA1 = zA2 = zB1 = zB2 = z. ∆ωAB = |ωA0−ωB0|
is the frequency difference between the central frequencies of
photons emitted by SA and SB.

With the same method as the one above, we have

〈|KA1KB2|2〉= 〈|KA2KB1|2〉=C. (A12)

When these two detectors are in symmetrical positions, i.e.,
𝜌1 = 𝜌2 and z1 = z2, equation (5) can be simplified as

G(2)(𝜌,z, t1;𝜌,z, t2)

= 2C
[

1− cos∆ωAB(t1− t2)

× sinc
∆ωA(t1− t2)

2
sinc

∆ωB(t1− t2)
2

]
. (A13)

Based on the definition given by Glauber,[37] the normalized
second-order coherence function is

g(2)(𝜌,z, t1;𝜌,z, t2)

=
G(2)(𝜌,z, t1;𝜌,z, t2)

G(1)(𝜌,z, t1)G(1)(𝜌,z, t2)
= 1− cos [2π∆νAB(t1− t2)]

× sinc[π∆νA(t1− t2)]sinc[π∆νB(t1− t2)], (A14)

in which ∆ω = 2π∆ν is employed. Thus equation (13) is ob-
tained.
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