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Boundary states for entanglement robustness under
dephasing and bit flip channels”

Hong-Mei Li(ZE£LH§), Miao-Di Guo(¥F1#iit), Rui Zhang(7Kk#t), and Xue-Mei Su(75 55 )
College of Physics, Jilin University, Changchun 130012, China
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We investigate the robustness of entanglement for a multiqubit system under dephasing and bit flip channels. We
exhibit the difference between the entanglement evolution of the two forms of special states, which are locally unitarily
equivalent to each other and therefore possess precisely the same entanglement properties, and demonstrate that the dif-
ference increases with the number of qubits n. Moreover, those two forms of states are either the most robust genuine
entangled states or the most fragile ones, which confirm that local unitary (LU) operations can greatly enhance the entan-

glement robustness of n-qubit states.
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1. Introduction

Quantum entanglement is one of the most intriguing
features of quantum mechanics.['"?! Tt is a major resource
for quantum information processing (QIP), such as quan-
tum computation, >*! quantum teleportation,>*! quantum key

[7-91 and distributed quantum learning.!'"1 Re-

distribution,
cently, much attention has been paid to the unavoidable
degradation of entanglement due to decoherence in realistic
environment.!! =131 The entanglement of a bipartite quantum
system can decay to zero abruptly under the effect of local
environment, which is a well-known decoherence phenom-
ena named as entanglement sudden death (ESD).["*~17] Tt was
shown that the ESD is related to the type of initial state.[1%1°]

There are many excellent papers have been devoted
to the study of the robustness of various bipartite!?-?!]
and multipartite entangled states under different decoherence

models. 2226

1 Tt is possible to calculate the exact value of
the geometric measure of entanglement for special states un-
der collective dephasing./??! In addition, the robustness of en-
tanglement for some highly entangled multiqubit pure states
against various decoherence is obtained.>’) To make a thor-
ough understanding about the robustness of a specific state, it
is useful to compare it with random states.>*! For a two-qubit
system under decoherence, *°! we find that the Bell-like states
are always the most robust ones; for the three-qubit system, [27]
we investigated the entanglement robustness under amplitude
damping, dephasing and bit flip channels, respectively, and
found the most robust genuine tripartite entangled states and
the most fragile ones.

The entanglement robustness for the case of n-qubit states

DOI: 10.1088/1674-1056/ab3e67

has been extensively analyzed.[?>?%°] By studying the disen-
tanglement dynamics of the generalized N-qubit GHZ states
under the amplitude-damping channel, some authors affirm
that the entanglement robustness can be enhanced by local uni-
tary (LU) operations though the amount of entanglement itself
cannot.”8! However, they did not discuss to what extent the ro-
bustness of entanglement can be enhanced. It is of theoretical
interest and has potential application in accomplishing some
quantum task.

In this paper, we investigate the robustness of n-qubit
states under the dephasing and the bit flip channels. Nega-
tivity corresponding to the partitions “the first qubit versus the
rest” will be used as the entanglement quantifier. We show
how the entanglement evolution of two forms of special states,
which are local-unitarily equivalent to each other and there-
fore possess precisely the same amount and type of entangle-
ment in absence of decoherence, is influenced by the number
of qubits n. We also find that the two forms of states exhibit the
most significant different robustness by comparing with ran-
dom states, which further confirm the important fact that the
entanglement robustness of an n-qubit system can be greatly
enhanced by LU operations.

The paper is organized as follows. In Section 2 we briefly
introduce our environment models and entanglement measure
for some special multiqubit systems. In Sections 3 and 4 we
investigate the robustness of entanglement under the dephas-
ing and the bit flip channels, respectively. Finally, we summa-

rize our conclusions in Section 5.
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2. Noise models and entanglement measure

We consider a multi-qubit system interacting with de-
phasing and bit flip channels, respectively. We assume that
each qubit in the composite system is coupled to its own noisy
environment and there is no interaction between qubits. That
is, all qubits are affected by the same decoherence process.
The dynamics of a single qubit is governed by a master equa-
tion that gives rise to a completely positive trace-preserving
map (or channel) € describing the corresponding evolution: >3]
pi(t) = €(¢)p;i(0). In the Born—-Markovian approximation, the
channel can be described by a set of Kraus operators2330-311

as

(pi(0)) =

™=

Eji(t)pi(0)E]i (1), (1)
1

J

where E;(t) (j =1,...,M) are the Kraus operators needed to
completely characterize the channel which fulfill the normal-
ization condition Y ; E]T (HE;() =1

We start by discussing the dephasing channel, which can
be also regarded as a phase flip channel. It describes the loss
of quantum coherence without any exchange of energy. The
Kraus operators for the dephasing channel are

1 0 0 0
a-(outm) o-(0m) @

Another type of environment to be dealt with is bit flip
channel. The corresponding Kraus operators can be given by

ae T H (). - E ().

The parameter pq, ppr in channels (2) and (3) can also be inter-
preted as the degree of decoherence of an individual particle
in multiqubit system with pg, pur € [0,1], where pg, ppr = 0
means no decoherence and pq, ppr = 1 complete decoherence.
The factor of 2 in Eq. (3) guarantees that at pyr = 1 the igno-
rance about the occurrence of an error is maximal, and as a
consequence, the information about the state is minimal.[3!
To examine the bipartite entanglement dynamics for n-
qubit states, we use negativity A'(p)!3?734 as the measure of
entanglement between the first qubit g; and the rest ones Q,,—|
(hereafter denoted by ¢1|Q,—1). Negativity is extensively used
in study of the multipartite entanglement dynamics, though it
cannot detect the positive partial transpose (PPT) entangled
states. Based on the trace norm ||p™4||; of the partially trans-
posed density matrix p™4 of a mixed state p, the entanglement

can be written as3+3]

N(p)=|p™ | —1. 4)

The trace norm of any Hermitian operator A is ||A]|; = trVATA,
which is equal to the sum of the absolute values of the eigen-
values of A. The partial transpose density matrix has negative

eigenvalues u; < 0 and positive eigenvalues p; > 0, it satis-
fies tr[p™] = ¥, u; + Yju; = 1, thus its trace norm reads in
general [|p"4 |y = [ il + X, 15 = 1 +2|X | = 1+ N (p).
Therefore, the negativity N'(p) is defined as twice the absolute
value of the sum of the negative eigenvalues of pT4.

3. Robustness of entanglement under dephasing
channel

3.1. Evolution of special states under dephasing channel

The dephasing channel reflects the decay of non-diagonal
elements of density matrix with time. In this channel, we focus
first on the n-qubit system in the form of pure states

1 ~
" L T .
|‘P > = m(cosG|O>®2i Pl\lz,l3,~-~aln>

+isine|1>®2ﬁjjz,jg,...,jn>), 5)
Pj

where 6 € [0,7/2]. i, jx =0,1 and k = 2,3,...,n with odd
numbers of {i;} and even numbers of {j;} taking 1, respec-
tively. P means all possible permutations of {it} and {ji}.
The initial entanglement of the above states (5) can be simply
derived as Ny = sin26.

In the following, we take the example of a four-qubit sys-
tem in the pure state |¥'*) to calculate its negativity under the
dephasing channel. We note that the negativity of the states (5)
with n = 4 is determined by the partial transposed density ma-
trix p,},ﬁ} (¢). The nonzero diagonal matrix elements of p;ﬁ (1)
are given by

2
S0 ith m=2.3.5.8:
pmm(t) = .2 (6)
sin” 0 .
,  with m=9,12,14,15;
and the nonzero off-diagonal terms are given by
2
6
O ¥ withm,n=2,3,5,8,and m # n:
4
Pmn(t) =14 . 29 @)
%s, with m,n = 9,12,14,15,and m # n;
.sinBcos O
pmn(t) = p;:m(t) =1 4 S, (8)

withm=1,4,6,7,n=10,11,13,16, and n # 17 — m; and
. .sinBcos O
Pun(t) = Pan(t) = 1=+, ©)
with m = 1,4,6,7, n = 17 — m. Hereafter, s = 1 — pq (or pps)
in the partially transposed density matrix.
The negativity corresponding to the bipartition g1|Q;—1
for the state |#) can be readily calculated as
@ _ 1
N =3 (1=pa)(2+ pa)No- (10)
Similarly, the negativities for the states [™) withn=2,3,5,6,
and 7 are given by

N@ = (1-pag)No,
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NG = NO NG = @) with

1
NO = (1= pa)(8+4pa+3p2)No, 1 /1 1 1 11

8( pa)(8+4pa+3pg)No H1=(11>, H2:(11>’ (15)
N — A6 (11) V2 V2

which are both the Hadamard matrices. That is, |®") are
From Eq. (11), with the same N, the entanglement for the LU-equivalent to |¥"). Therefore, these two special forms
states ") in Eq. (5) does not decrease with n, namely, of states possess precisely the same amount and type of entan-

N = N < & = A6 < A0 = /(D) (12)

glement in absence of decoherence. Specifically, the bipartite
entanglement of the initial states (13) can also be expressed as
Np = sin26.

In other words, the entanglement of |¥") does not become ) ] . T
The partial transposed density matrix pgn(f) under the

more fragile when the size of system increases.

Next, we discuss the other form of pure states for an arbi- dephasing channel is given by

_qubi T 1 A\ A\ : @
trary n-qubit system pq,’i(t) — 1 Z {(|1)(l\)®"+|l><l|®(|l—l}(l—l|)®(” 1)
i=0,1
eif
@) = —=(10)7"+[1)7") + [|i><1—i|®(\1—i><i|)®<"—1>+(|i><1—i|)®”}s"/2
o—if - o 219{ . . . _n\®(n—1) 1/2
+= (0)[1)E=D 41y |0y =1)) - (13) +e (1 —il@ ([1 =i {1 —if) s
iyl @ (i) (1 =)= VstV 4 ne b, a6
where 0 € [0,7/2]. These states are related to the states |¥") i@ (i1 =i) (16)
; ere h.c. represents the hermitian conjugate of the previous
by an LU transformation as here h he hermiti j f th i
terms. The matrix has only one negative eigenvalue which is
=H " '®H, , etermine the following 4 x 4 matrix:
") =H") @ Hy " (14) d d by the following 4 x 4
|
1 Q2i0(n=1)/2  o-2i61/2 §/2
1] e—2i04n-1)2 1 /2 02i01/2
pr() =7 210 1/2 n/2 —2i0 (n-1)/2 |- an
4 205!/ s/ 1 e =1/
§/2 e—2i041/2 G206 g(n—1)/2 1

The negativities corresponding to the bipartition ¢;|Q,—_; for the states in Eq. (13) can be expressed as

1
N = max {o, [0 pa NG 20 pa 4 (1 pay 1 p 1] } ()
\
Contrary to the case of [¥™), the negativities of |@") do not 1.0 S dephasing | 7 — a7
increase with n according to Eq. (18), namely, LR N N ——|WB) — — |B)
\ NN
081 s AN — ) = =12
(1) < AF) WON XN e
N <NW, (19) I NS NN W) — — |&5)]
= DN N AR\ N - - e
\ N \\\‘.

It indicates that, unlike |¥"), the entanglement of |®") which 0.4 AN \\ N A NN\ 1
can be transformed into |¥"") by local operations, does not be- AN NN \‘5{:‘_
come more robust with the increase of #. For comparison, with 0.2 o e \‘\~;-\\ |
0 = /4, we display in Fig. 1 the entanglement evolutions of . NSNS \\. N\
|} with solid lines or dashed dot dot lines and |®P") with % 0.2 0.4 0.6 0.8 1.0
dashed lines for the systems withn =2,3,...,7 , respectively ba

(shown with gray, pink, blue, green, orange, black curves, re- Fig. 1. Negativities of bipartition g;|Q,—1, as a function of py, for the
states |P") (solid lines or dashed dot dot lines) and |®") (dashed lines)

spectively), under the local dephasing channel. From Fig. 1, with @ = /4 under the local dephasing. The systems with n =2,3,...,7
one can see clearly that the entanglement evolutions of both are shown with gray, pink, blue, green, orange, black curves, respectively.

the two forms of states change with n and so do the differences . .
3.2. Robustness of multiqubit pure states under the de-

of entanglement evolutions between the two forms. Further- ]
phasing channel

more, it suggests that LU operations which do not change the
entanglement properties of a state can enhance the robustness In our previous work,?’! we found that the state |¥3) in
of an n-qubit system against decoherence. Eq. (5) is the most robust entangled state, and the state |®3) in
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Eq. (13) is the most fragile entangled one under the dephasing
channel. Now, we turn to the decoherence process of all n-
qubit pure states under the dephasing channel with numerical
calculation. The remaining negativity A/ of a state which is af-
fected by the fixed decoherence noise is used as the quantifier
of robustness. By taking a four-qubit system as an example,
we sample 3 x 10* random four-qubit entangled pure states
with the Haar measure!*®! and compute their remaining entan-
glements with py taking the values 1/8, 2/8, 3/8, and 4/8,
respectively. The corresponding remaining negativities A/ are
plotted in Figs. 2(a)-2(d) with gray solid dots. In addition, ac-
cording to Eq. (10) and Eq. (18), one can easily get the relation
between A/ and Ay with the same values of py corresponding
to the state |¥*) in Eq. (5) and the state |®*) in Eq. (13). In
Figs. 2(a)-2(d), the remaining negativities are depicted with
red solid lines for state |¥*) and olive dashed lines for state
).

0.8F (a) - random pd=1/|8
)

—— |o)

0 0.2 0.4 0.6 0.8 1.0
No

Fig. 2. The remaining negativities N versus the initial entanglement N for
a four-qubit system in the 3 x 10* random sampled pure states (gray solid
dots), special states |[¥#) (red solid lines) and |®*) (olive dashed lines) under
the dephasing channel. We plot the remaining negativities characterizing ro-
bustness of the state when the dephasing noise pg = 1/8,2/8, 3/8, and 4/8
in panels (a), (b), (c), and (d), respectively. The same behavior is displayed
for all other noise parameters and for systems with n =2,3,5,6, and 7.

In Fig. 2, the remaining negativities A/ of 3 x 10* ran-
dom four-qubit pure states display ribbon distributions. The
red solid lines are the upper bounds; while the olive dashed
lines are the lower bounds. In other words, state |¥*) is the
most robust entangled state, while state |@*) is the most frag-
ile one for the four-qubit system during decoherence under the
dephasing channel, although they are LU-equivalent with each
other. The results imply that the suitable LU operations can en-
hance the robustness of entanglement to the max. We also ex-
plored the dephasing process of another multiqubit pure state
with n =2,5,6, and 7, and obtain the same result. Therefore,
we suppose that the conclusion is universal for n-qubit entan-
glement corresponding to the bipartition ¢;|Qp—1-

4. Robustness of entanglement under bit flip
channel

4.1. Evolution of special states under bit flip channel

The bit flip channel is the same as the dephasing channel
under the local rotational transformation. It flips the state of a
qubit between |0) and |1) with a certain probability and each
qubit is affected by the noise correspondingly. The states |P")
in Eq. (13) and [¥") in Eq. (5), which can be transformed into
each other by local operations and manifest the most signifi-
cant difference in robustness under the dephasing channel, are
worth to be investigated further for this channel. Similarly,
we also take the example of the pure states |®*) and |¥*) to
calculate the negativities under the bit flip channel. We need
to write the nonzero elements of the partial transposed den-
sity matrix p;ﬁ (¢) and p,},ﬁ} (¢) during the evolution, which are
given in Appendix A. Here the negativities expressions of |®")
withn=2,3,...,7, are straightforwardly provided as follows:

N@ = (1 - ppr)® N,

NG — N(2)7

N@® = %(1 — poi)” (24 2pvi — pie) N,

NG = N(4),

N = %(1 — por)” (8 -+ 8poe + 8pp¢ — 12pie + 3pise) N,
N = N6), 20)

The negativities between the bipartition ¢|Q,— for the states
|¥") under the bit flip channel are given by

N :max{O, %[—l—l—(l—pbf)”

+ \/4N02(1 —por)"+ [1—por— (1 —be)"]z] } (1)

With the same N, the entanglement evolutions of |P")
and |") for the systems with n = 2,3,...,7 under the bit flip
channel have the same features as Eq. (12) and Eq. (19), re-
spectively. When 6 = m/4, the curves of negativity versus
pot are plotted for |@") with solid lines or dashed dot dot
lines and for |¥") with dashed lines in Fig. 3 for the systems
withn =2,3,...,7, respectively (shown with gray, pink, blue,
green, orange, black curves, respectively). From the figure,
one can see obviously that there are differences in the evolu-
tion of entanglement, although the corresponding two forms
of states are LU-equivalent, and the difference increases with
qubits n. Furthermore, the states |®") are more robust than the
states |¥"") under the bit flip channel.
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1.0 T T T T

N bit flip —— |92 - -|%)
0.8Fw o) - o)

N —|BY) - — [T

w R A N /)
o6l \\\\\\\ \G) [#5) |

: Wbt — 2% - - |¥%)

> NN , o)

W --— )07y - |
Wy
0.4 Wl 1
\\\ \\ N \\
\\\\ \ \\ \
0.2F [ R E
Wiy Y
N TN
\ N
0 N o A S L
0 0.2 0.4 0.6 0.8 1.0
Dot

Fig. 3. Negativities of bipartition ¢1|Q,_1, as a function of pyy, for the
states |@") (solid lines or dashed dot dot lines) and |¥") (dashed lines)
with 6 = /4 under the bit flip channel. The systems withn=2,3,...,7
are shown with gray, pink, blue, green, orange, black curves, respec-
tively.

4.2. Robustness of multiqubit pure states under the bit flip
channel

The decoherence process of all multiqubit pure states un-
der the bit flip channel is also explored similar to the case of
the dephasing channel. We plot the remaining negativities N
for the state |@*) in Eq. (13), the state |¥*) in Eq. (5), and
random sampled states when the degree of bit flip ppr = 1/8,
2/8,3/8, and 4/8 with olive dashed lines, red solid lines, and
gray solid dots in Figs. 4(a)—4(d), respectively.

(a) ° random por=1/8

0.8 : — e
0.4F —I¥)

0 02 04 0.6 0.8 1.0
No

Fig. 4. The remaining negativities A versus the initial entanglement N for
a four-qubit system in the 3 x 10* random sampled pure states (gray solid
dots), special states |@*) (red solid lines) and [¥**) (olive dashed lines) un-
der the bit flip channel. We plot the remaining negativities characterizing
robustness of the state when the bit flip noise pyr = 1/8, 2/8, 3/8, and 4/8
in panels (a), (b), (c), and (d), respectively. The same behavior is displayed
for all other noise parameters and for systems with n =2,3,5,6, and 7.

From the figure, one can see that there is a ribbon distribu-
tion for A/ of 3 x 10* random four-qubit pure states. Since the
same unitary operation also connects the bit flip channel with
the dephasing channel, the state |@*) is the most robust entan-
gled state, while the state |[¥#) is the most fragile one under
the bit flip channel. For the cases of n = 2,3,5,6,7, we have

the same results. We suppose that the conclusion is univer-
sal for n-qubit entanglement corresponding to the bipartition

QI|Qn—1-

5. Conclusion

In summary, we have investigated the robustness of en-
tanglement for a multiqubit system under the dephasing and
the bit flip channels. We explore the entanglement evolutions
of two forms of special n-qubit states |¥") and |®") which
are LU-equivalent to each other and therefore posses precisely
the same amount and type of entanglement. For the dephasing
channel, with n =2,3,...,7, the robustness of the states |¥")
does not decrease with n, while for the states |®"), the ro-
bustness does not increase with the size of system. The larger
number of qubits a system has, the greater distinction the en-
tanglement evolution of those states manifests. Moreover, by
comparing the remaining negativities of the special quantum
states with that of random pure states, we find that the states
|™") are the most robust states and the states |P”") are the most
fragile ones.

Similarly, for bit flip channel, the states |@") and |¥")
also exhibit the most significant difference in robustness, but,
contrary to the case of the dephasing channel, the states |®")
are the most robust states, while the states |P") are the most
fragile ones. Remarkably, our results suggest that the robust-
ness of an arbitrary n-qubit system under decoherence can be
greatly enhanced by LU operations. It might provide a possi-
ble way in protecting the robust n-qubit states against decoher-
ence through appropriate LU operations.

Appendix A: Special states |®4) and |¥*) under
bit flip channel
The nonzero elements of the partial transposed density

matrix p;ﬁ (t) of the state |®*) in Eq. (13) under the influence
of bit flip channel can read as follows:

1
pn(t) = 7 (1435%) (AD)
with m,n = 1,16 and m,n = 8§,9;
1
Pun(t) = — (1—-57) (A2)
16
withm=2,3,...,15,m# 8,9;n =m, 17 —m; and
. cos20  3e?%s 4 isin20s*

where m=1,n=8, m=8n=16,m=9,n=1, and m =
16,n =9, and

N c0s20 e 21952 1 isin20s*

(A4

where m =2.,3,...,15, m # 8,9, and corresponding n = 7, 6,
12,4, 14, 15,2, 3, 13, 5, 11, and 10, respectively.
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The nonzero elements of the partial transposed density [7]
matrix p;ﬁ (t) of the state |¥*) in Eq. (5) under the bit flip (8]
channel can read as follows: [1[3}

l(1—s2) (1+cos20s+s?), [11]

16
with m,n=1,4,6,7; [12]
1
T [1+cos20(s+s°) +s%], Hﬂ
with m,n=2,3,5,8; [15]
Pan(t) = 1 (AS) [16]
e [1—c0s20(s+53) +s%], [17]

with m,n=9,12,14,15; (18]

1—16 (1—5%) (1—cos20s+s?),

with m,n = 10,11,13, 16;

[19]

[20]
[21]

Prnn(t) = P () gg
icosesine (s+s3) 7

8 [24]
with m=1,4,6,7; n=10,11,13, 16, [25]
- ) (A6)
.cos0sin0 3 [26]
e (S - ) ) [27]
with m=2,3,5,8; n=9,12,14,15. (28]
[29]
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