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We give the bilinear form and n-soliton solutions of a (2+1)-dimensional [(2+1)-D] extended shallow water wave
(eSWW) equation associated with two functions v and r by using Hirota bilinear method. We provide solitons, breathers,
and hybrid solutions of them. Four cases of a crucial ¢(y), which is an arbitrary real continuous function appeared in
f of bilinear form, are selected by using Jacobi elliptic functions, which yield a periodic solution and three kinds of

doubly localized dormion-type solution.

The first order Jacobi-type solution travels parallelly along the x axis with

the velocity (3k7 4+ a,0) on (x,y)-plane. If ¢(y) = sn(y,3/10), it is a periodic solution. If ¢(y) = cn(y, 1), it is a
dormion-type-I solutions which has a maximum (3/4)k; p; and a minimum —(3/4)k; p;. The width of the contour line is
In[(24+V6+v2+v3)/(2+V6—v2—/3)]. If ¢(y) = sn(y, 1), we get a dormion-type-II solution (26) which has only
one extreme value —(3/2)k py. The width of the contour line is In[(v/2 +1)/(v2 — 1)]. If ¢(y) = sn(y, 1/2) /(1 +¥?), we
get a dormion-type-III solution (21) which shows very strong doubly localized feature on (x,y) plane. Moreover, several
interesting patterns of the mixture of periodic and localized solutions are also given in graphic way.

Keywords: (2+1)-dimensional extended shallow water wave equation, Hirota bilinear method, dormion-type

solution
PACS: 02.30.1k, 02.30.Jr, 05.45.—a

1. Introduction

Nonlinear phenomena are ubiquitous in fields of engi-
neering, physics, and even in social sciences. A wide vari-
ety of processes in physics can be described by nonlinear par-
tial differential equations (PDEs). In recent decades, nonlin-
ear science has been highly developed and applied in many
areas. Integrable nonlinear systems have been interested in
many mathematicians and physicists. One important task is to
look for exact wave solutions of nonlinear evolution equations.
These exact solutions are conducive for us to understand the
physical mechanism of nature, such as solitons propagating
with finite speed. Thus, in recent years, various approaches
have been established to construct the exact solutions in closed
form of the nonlinear PDEs, including Lie group method,!-!
inverse scattering method, ! Hirota bilinear method, 7! the
tanh-function method, 8! Darboux transformation, ®~12! the Ja-
cobi elliptic function expansion method, 3! extended Jacobi
elliptic function expansion method, 46! and so on. Among
these famous methods, the Hirota bilinear method is a direct
approach to solve nonlinear PDEs. Its advantage is that if we
obtain the corresponding bilinear form of the equation, the
multi-soliton solutions can be constructed in a simple and al-
gebraic way.

The shallow water wave (SWW) equation is applied to
study the surface wave in shallow water. The SWW equations
are well known as a flow of shallow water at the free surface
under gravity, or below the surface of horizontal pressure in
a fluid.['-191 Stokes, a pioneers of hydrodynamics, derived
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the equation of motion of an incompressible inviscid fluid un-
der constant vertical gravity.l'”) From these basic equations,
various shallow water wave models can be obtained by fur-
ther simplifying assumptions. These shallow water models are
widely applied in oceanography and atmospheric science.

The (1+1)-dimensional SWW equation!?>?! arises from
the Boussinesq approximation is in the form

ey

Uy + OLul; + ﬁuxﬁxflu, —u; —uy =0,

where o and B are arbitrary nonzero constants. By taking
uy = v, equation (1) can be written as

(@)

In the case o = 2f3, equation (2) becomes SWW-Ablowitz—
Kaup—Newell-Segur (SWW-AKNS) equation,?!! while in
the case o = B it becomes SWW-Hirota-Satsuma (SWW-
HS) equation.?°! Both these two equations are completely in-
tegrable and exist Lax pair.l?’->?! The (2+1)-D SWW equation
which is a (2+1)-D generalization of the shallow water wave
equation!??! has the form

Viext T OVxVxr + ﬁvxxvt — Vg — Ve =0.

Uyy + Uygry — Slyxlty — 3ttty = 0.

3

This is formulated as a nonlocal Riemann—Hilbert problem. A
set of studies about Eq. (3) has been done in Refs. [24]-[26].
In addition, several generalized equations about the (2+1)-D
SWW equation have been studied, such as the generalized
(2+1)-D SWW equation. [>!

*Project supported by the National Natural Science Foundation of China (Grant Nos. 11671219 and 11871446).

fCorresponding author. E-mail: hejingsong @szu.edu.cn
© 2019 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

100202-1


http://dx.doi.org/10.1088/1674-1056/ab3e65
hejingsong@szu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B Vol. 28, No. 10 (2019) 100202

In this paper, inspired the above results of shallow wa-
ter wave equations, we study a new integrable nonlinear equa-
tion, namely a (2+1)-D extended shallow water wave (eSWW)
equation,?® and further discover new patterns of nonlinear
waves due to the appearance of an arbitrary function. This
newly introduced eSWW equation?®! is given by a form as

Uyy + 3lhyiry — Sttty — 3Uyltyy + Aty = 0. )

If setting x =y, v=r, and & = 0, equation (4) can be reduced
to KdV equation.*! In Ref. [28], exact periodic wave solution
of eSWW equation was constructed by using the generalized
Dj -operator*” and Riemann theta function!! in terms of the
Hirota bilinear method. In Ref. [32] Wronskian, Pfaffian, and
periodic wave solutions of Eq. (4) has been given. Letting

r:l'tX7 (5)

V=1,
then the eSSWW equation is written as
Vit Vo —3(rV)x+avy =0, 1y =y, 6)

which will be studied in the following context to get four kinds
of solutions including soliton, breather, hybrid, and Jacobi-
type solutions.

This paper is organized as follows: In Section 2, we
give the bilinear form and n-soliton of eSWW equation,
i.e., Eq. (6), and analyze the amplitudes and extreme val-
ues of bright soliton and dark soliton. In addition, we ob-
tain the breathers and hybrid solutions by the complexification
method.33-3%1 In Section 3, we get new periodic solution and
three kinds of dormion-type solution by setting an arbitrary
function ¢ (y) as a Jacobi elliptic function. Note that ¢ (y) is
appeared in the f for the bilinear form of the eSSWW equation.
Finally, we conclude this paper in Section 4.

2. Bilinear form and n-soliton solution

As we know, the Hirota bilinear D-operator plays a very
important role in Hirota bilinear method which is defined as“!

DfD;nD;ff(xayJ)'g(x)yJ)
= (9 —9)'(9x = 3u)"(dy — )"
X f(xuyvt)g(x7y7t)|t’=t,x’:x,y’:y~

Through the dependent variable transformation

u=—6(Inf)y, (7

equation (4) is transformed into a bilinear form
Dy(D; +aD,+3D})f- f =0. (8)

Here f is a real function of x, y, and t. The N-soliton solution
of Eq. (8) is expressed as

N N
M=% exp (Z HitjAij + Zuﬂh) ’ ©)
i=1

u=0,1 i<j
where
(ki —k;)(pi — p;)
(ki+k;)(pi+pj)’
i = kix+ piy — ot + 1y,
w; = 3k} + ak;, (10)

a;j 2 exp(Aij) =

and k;, pi, T]io are constant. And then we obtain the N-soliton
solution of Eq. (6)

M = —6(In(FM)),,,
N = —6(In(fM)),.. an

2.1. Soliton solutions

In order to obtain one-soliton solutions, we gain f (1] =
1+ ekivtpiy=Gki+ak)n] by substituting N = 1 into Eq. (9).
Then we gain the solution from Eq. (11) as follows:

3 0
[1] 6k1p1 ek1x+p1y—(3kl+ak1)t+nl
vl =—

(1+ ekix+piy—(3ki +ak )z+n?)2’

6k% ek1x+p1yf(3k?+txk1 )t+n?

- _ . 12
r (1+ ek1x+p1y7(3k%+ak1)t+n?)2 (12)

It can be seen from this formula that v[!/ and ! have the
same extreme line kjx+ p1y — (3k? + aky )+ n? =0, but dif-
ferent amplitudes. The amplitude of v[!! is (3/2)k;p, but
the amplitude of r!!l is —(3/2)k?. Thus v is a dark soli-
ton when kip; > 0 (Fig. 1(a)) and a bright soliton when
kip; < 0 (Fig. 1(b)). However, rli] generates only a dark
soliton as shown in Fig. 1(c). In addition, vl and A1
have the same velocity on (x, y)-plane, which is given by
(33 + atkr)k1 /(K3 + p3), (3K + aky ) p1 /(K3 + p?)).

Fig. 1. One-soliton equation (12) with a = 1, n? =0, =0. (a) Bright soliton ylil: ki = —3/4, p1 = 1; (b) Dark soliton i1l ki =3/4,p1=1;

(c) Dark soliton rll: k; =3/4, p; = 1.
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In the same way, we obtain two-soliton solution by setting N = 2 in Eqs. (9) and (11). Two formulas of the solutions are

given by

2 _gkipie™ thkopae™ +2(ki —ka)(p1 — p2)e™ ™ +aua(kipre™ +kppre™ e

(1 +eM4eMm+ oy en1+n2)2

0 _6k%en1 _|_k%enz + ((ky —k2)? 4+ op (kg +kp)?)eM*m2 OCu(k%enz _|_k%e711 yem+m

A

)

(14+eMm +eMm + gyyeMntnz)?

where 1y, 12, and o> are given in Eq. (10).

; 13)

The profiles of two-soliton given by Eq. (13) are shown in Fig. 2. In this case, 2 s always a dark soliton (Fig. 2(d)), but vl

isnot. If k; p; > 0 and kppp > 0, v2l is a dark soliton (see Fig. 2(a)); If ki p1 /kapar < 0, vl becomes a mixed-soliton (dark—bright

form) (see Fig. 2(b)); and if k1 p; < 0 and kxpy < 0, v turns into a bright soliton as shown in Fig. 2(c).

(a)
0
—0.4
—0.8
—0.8 Z90 40
40 0
0 xT

Y _45°20 —40 *20

—40 “15

Fig. 2. Two-soliton with ¢ = —1/2,1 =0, p; = 1/2, 10 = =5, p» =2/3, 19 = 10. (a) Dark soliton: v with k; = 3/4, ky = 4/5; (b) Mixed soliton: v’
with ky = —3/4, ky = 4/5; (c) Bright soliton: v with k; = —3/4, ky = —4/5; (d) Dark soliton: 2 with k; = 3/4, k, = 4/5.

Similarly, we can obtain the N-dark-soliton M or N-
bright-soliton ™ or N-mixed-soliton which consists of dark
and bright solitons. Two examples of three-soliton are shown
in Fig. 3.

Fig. 3. Three-soliton with a =1, t =0, k;
p1=2/3,p2=3/5p3=1/2,1 = 10,13
VBl (b) Dark soliton Bl

—3/4,ky = —1/2, ks = 1/3,
-8, 19 = 0. (a) Mixed soliton

2.2. Breather solutions

If we let N =2m (m € N,), and m2, = 13,_; (n=

[m]

and rbm . First, we set

kop—1 = an+1ib,, koy = a, —1iby,
Don = Cp — idy,

N9 1 =13, =0. (14)

Pan—1 = Cp+1idpy,

The real and imaginary parts of 1; given in Eq. (10) are

Ry =Re(Mn1) = apx+cay — (3(ay — 3b3) + @)ant,
I, =Im(Non_1) = bux+dy,y — (3(3a% —b2) + a)b,t.  (15)

In the case N = 2, the one-breather of the eSSWW equation
can be generated with the function f as follows:

f;l] =1+2eRcosl) + e,
bidy

oy = .
acy

(16)

1,...,m) in Eq. (9), the 2m-soliton solutions will become m- Substituting Eq. (16) into Eq. (11), we have the following ex-
breather solutions. Hereinafter we denote the breather as vg"] pressions:
|
V[l] _ —12eR ((1 + 02 e2Ri )(alcl — b]d]) cosl| — (1 — 02 e2Ri )(a1d1 —l—blcl) sinl] — 2ek (a1d1 —l—blcl))
b 4eRicosi(1+ eRicosl + appeR) + (14 oype2Ri)? ’
r[bl] _ —12eR ((1 + o2 e2Ri )(a% — b%)cos]l —2a1by sin11(1 — 02 62R1) —2ek (b% +a%a12)) . an

Their profiles are plotted in Fig. 4. The trajectory of vg]

deRicosli(1+ eRicosh + ogpe?R) + (1 + oy e?Ri)?

(1]

and r; " is Ry = 0. And through computing, we get that their period

is Tiy = |2c1m/aydy — bici], Tyy) = |2a1/a1d — bic1|, and then the distance between two adjacent peaks is
(1] bl

100202-3
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277:,/a%+c%
T = T2]+T2 =|—)—|. (18)

k b ayd; —bicy

It implies that the breather moves parallelly on the (x,y)-plane
as t changing, while its shape keeps unchanged. vl[:] and
367) + a)at/(at +ci),
( (a? —3b%)+ a)aic1/(a? +¢c?)) on (x,y)-plane.

1 :
[] have the same velocity ((3(a? —

(b)

L

Y —208

Fig. 4. One-breather Eq. (12) witht =0, aa = —1/2, a; = —1, by = 1/2,
cr=1/5.d =2/3,17°=n0 =0. @, ) rl.

In the case N = 4, two-breathers vf] and r,[f] are generated

by the following function through Eq. (11), namely,
f[z] 142k cosIl—i—ZechosIz—l—aue 1+a34e
+ 012054 (Rgyy3 + 1013) (Rgus + Iga) €201 720
+2ef1 R (R 13 cos(I) 4+ b)) — Iz sin(ly + 1)
+Ru1acos(ly — L) — Igiasin(l; — L))
+2012e*R1 R ((Ry13R 14 + Ig131g14) cos
+ (Ra13la14 — Raiale13) sinky)

4203417282 ((Ry13R 14 — Iq131a14) cos Ty

— (Ra131g14 + Ra1alg13) sinly ). (19)
Here,
O, +0,+ 65 O +0O4+ B5
Royy = e Rg,, = e
O &,
Loy = & Loy, = @’
bid; bord.
Qpp=———, 034=— 2 2,
aicy ajncy

O = (af a3+ b1 = b)) (c] — &5 +di —d3),

0, =2(a; —az)(b1 +b2)(c2d) — c1da),

03 = —2(c1 +¢2)(d) —dr)(azb; — a1 by),

Oy =2(a1 —az) (b1 — ba)(c2d) +c1da),

05 = —2(c1 +¢2)(d +da)(azb; +a1by),

O¢ = —2(a1dy + axdy + bicy + bacy),

07 = —2(ard —a1dy +bicr — bacy),

O3 = ((a1+a)*+ (b1 +52)*)((c1 +2)* + (dy + do)?),

O = ((a1 +a2)* + (b1 —b2)*)((c1 +c2)* + (d1 — da)?). (20)

The profiles of the above two-breather solutions are plotted in
Fig. 5.

Fig. 5. Two-breather solutions with t =0, & = —1/2, a; = —1/2,
by =1/3,¢c1=1/5, d1 =1/3,a = 71 bz = 1/2, ca=1/5,d, =2/3,

n0=n¢ =-3, 79 =nd =5. @ v, (b) r?

2.3. Hybrid solutions

If N > 3, through partial complexification we can obtain
hybrid solutions, containing breathers and solitons. For exam-
ple, in the case N = 3, we can obtain a solution containing a
breather and a soliton if setting 17y = 75 and 13 as a real func-
tion; and in the case N = 4, we can obtain a solution contain-

=1, and 13, N4
as real functions. Two examples of the three-hybrid solution

ing a breather and two solitons if setting 1

are depicted in Fig. 6.

Fig. 6. Hybrid solution v3 with o0 = —1/2, t =0, k; = —1/241/3,
pr=1/5+i/3, 00 =i/d ko =-1/2—1/3, pp=1/5-i/3,n) = —i/4.
(a) One breather and one dark soliton with parameters k3 = —1, p3 = 3/2,

n3 =0; (b) One breather and one bright soliton with parameters k3 = 1,
p3=3/2,ny=0.

3. Jacobi-type solution

In this section, we shall give another kind of new solution.
One crucial observation is that vI¥ and rIV are also solutions
of the eSWW equation if we set n; = kix + p;¢ — @it +n? in
Eq. (10) by inserting a continuous arbitrary real function of y,
i.e., ® = ¢(y). This fact is also mentioned in Ref. [37]. Ac-
cording to this fact and setting ¢ be a Jacobi elliptic function,

(V] (V]

then equation (11) yields v; and r;"* which are hereinafter

(V]

called Jacobi-type solution. We mainly discuss v; * in this sec-
tion, which will provide a periodic solution and three kinds of

dormion-type solutions.

3.1. Case1: N=1

Using above modified 1; with ¢, the first order Jacobi-
type solution of Eq. (6) is in the form of

6k / k1x+pq ¢7(3k3+05k1 )Z+TIO
S Skipid'(y)e ! ! @1

(1+ ek1x+p1¢(y)—(3k§+ak1)t+n?)2

100202-4
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The character of the solution depends on the specific choice of ¢. The velocity of v[Jl] on (x, y)-plane is (Sk% + a, 0) because
of the term x — (3k% + a)t and the periodicity of ¢ with respect to y. That means the first order Jacobi-type solution parallelly

travels along the x axis.

If we choose ¢(y) = sn(y,3/10), the corresponding solution is given by

] 6kipien(y,3/10)dn(y,3/10) exp(kix+ pisn(y,3/10) — (3k3 + ki)t +nf)
(1 +exp(kix+ pisn(y,3/10) — (3k} + akp )t +nY))? '

Jp —

(22)

This is a periodic solution because of the appearance of elliptic functions, and its extreme value is (3 /2)k; p;, which is con-
firmed by Fig. 7(a). The contour lines on different hights are plotted in Fig. 7(a), where h is the hight and —|(3/2)k1p1| < h <

|(3/2)k1p1].
(a)

Fig. 7. vgl

sn(y,1/2)/(1+4y%), ki =3/4, p1 = L.

I with o =1, n{ =0, ¢ = 0. (a) Periodic solution (22): ¢(y) = sn(y,3/10), k; = —3/4, p; = 1; (b) Dormion-type-I soliton (23): ¢(y) = cn(y,
ki = —3/4, p1 = 1; (c) Bright dormion-type-II soliton (26): ¢(y) = sn(y,1), k; = —3/4, p; = 1; (d) Dark dormion-type-II soliton (26): ¢(y) = sn(y,
ki =3/4, p; = 1; (e) Bright dormion-type-III soliton (21): ¢(y) = sn(y,1/2)/(1+y%), ky = —3/4, p; = 1; (f) Dark dormion-type-III soliton (21): ¢(y)

1),
1),

If we choose ¢ (y) = cn(y, 1), and then we obtain a doubly localized solution on (x,y) plane which is called a dormion-type-I
solution and is shown in Fig. 7(b). The expression of this solution is given by

m_ 6k p1 sechytanhyexp(kix + py sechy — (3k} + atky )t + 1Y)

Vi

which is traveling along y = 0 with a velocity (3k3 + o) on
(x,y) plane. It is interesting to note that v[jll] has one maxi-
mum (3/4)k; p1 located at ((3k3 + &)t — (v/2p1 +2n0) /2ki,
arccoshy/2) and minimum —(3/4)k;p; located at ((3k% +
o)t — (v2p1 +2nY) /2k;, —arccoshy/2). The contour lines on
different hights are plotted in Fig. 8(b), where —|(3/4)k1 p1| <
h < |(3/4)kip1]. The contour line of Eq. (23) on the hight

h = (3/8)ki p1 (the half amplitude) is

2sechytanhyexp(kix + pi sechy — (3k; + otky )t + 1Y)
(1+exp(kix+ p1sechy — (3k3 + atky )t +1P))2

5 =0 (24)

Taking the derivative of x in Eq. (24), and making dy/dx =0,

(1+exp(kix+ p1sechy — (3k3 + aky )t +nY))2

) (23)

\

we can get two endpoints

(_i?_ 2+V6—V2—V3)pi
ki (843v6-5vV2—4V3)k

( M 2+Ve+V2+V3)p

In(2+V6-v2-V3)),

ki (8+3V6+5vV2+4v3)k’

on (x, y)-plane. In addition, we obtain two tangent lines per-

In(2+vV6+v2+ \/5))

pendicular to the y axis,

I : yzln(2+\/6—\f2—\f3),

ln: y=WQ2+V6+V2+V3)). (25)
If we define the distance of /;; and /;, as width, we obtain:
the width is In[(2+v6+v2+V3)/(2+V6—v2—/3)].

Namely, the width has nothing to do with any parameters. The
end points and tangent lines are plotted in Fig. 9(a).

100202-5
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©

Fig. 8. Parameters: o = 1, n? =0, ky =—3/4, py = 1,1t =0. (a) The contour line vyp] — h with h = (27/20)k; py (solid, red), h = (3/4)k; p1 (solid, blue),

h = (1/4)k1py (solid, purple), h = —(27/20)k; py (dash, red), h = —(3/4)k;p1 (dash, blue), h = —(1/4)k; p1 (dash, purple); (b) The contour line v[JII] —h
with h = (27/40)k; py (solid, red), h = (3/8)k; py (solid, blue), h = (3/20)k; py (solid, purple), h = —(27/40)k; p; (dash, red), h = —(3/8)k; p; (dash, blue),
h = —(3/20)k; p1 (dash, purple); (c) The contour line VB]I]I —hwith h=—(27/20)k; p1 (red), h = —(3/4)k1 p1 (blue), h = —(1/6)k; p1 (purple); (d) The contour
line v[Jll]H — h with h = —(27/20)k; p1 (solid, red), h = —(3/4)k1 p1 (solid, blue), h = —(1/4)k; p; (solid, purple), h = (1/6)k; p; (dash, red), h = (1/4)k; p;

(dash, blue), i = (1/3)k; p1 (dash, purple).

If we choose ¢ (y) = sn(y, 1), and then we obtain a doubly localized solution on (x, y) plane which is called a dormion-type-II

solution and is shown in Fig. 7(c). The formula of this solution is given by

no_ 6k p1 sechzyexp(k1x+ pitanhy — (3k? + aky)r+ n?)

Vi =

(1]

This solution is different from dormion-type-I because v;; just
has one extreme value —(3/2)k;p; located at ((3k} + o)t —
nY/k1, 0) of (x,y) plane. We can see from formula of v[J]I]I that
itis also a traveling wave along y = 0 with the same velocity as
v[JII]. In addition, v[JlI]I generates a bright dromion when k1 p; <0
(Fig. 7(c)), and a dark dromion when k; p; > 0 (Fig. 7(d)). The
contour lines on different hights are plotted in Fig. 8(c), where
h is between 0 and —(3/2)k; p;. The contour line of Eq. (26)
on the hight 1 = —(3/4)k; p; (the half amplitude) is

2sech? yexp(kix+ py tanhy — (3k3 + oty )t +10) 1

——-=0.27
(1+exp(k1x—|—p1tanhy—(3k?+Ock1)t+n?))2 4 27

Using the same method as Egs. (24) and (25), we can ob-
tain two endpoints ((v2n?—p1)/V2ki, In(v/2 — 1)) and
((vV2n? — p1)/V2k1, In(v/2+ 1)) on (x, y)-plane. The tan-
gent lines perpendicular to the y axis are

Li: y=In(vV2-1), Ilp: y=kh(V2+1). (28)

The width is In(v/2+1)/(v/2 — 1) and also has nothing to do
with any parameters. The end points and tangent lines are plot-
ted in Fig. 9(b).

If we choose ¢(y) = sn(y,1/2)/(1+y?), equation (21)
yields a dormion-type-III solution v JIHI which shows very
strong doubly localized feature (Figs. 7(e) and 7(f)) on (x,y)
plane, and the profile of this solution is invariant during the
propagation along y = 0 , although there exist Jacobi elliptic
functions in the representation of solution. In other words,
the periodicity of v[JlI]H is disappeared remarkably such that it
shows behavior as a dormion, because the (1 + y2) in denomi-
nator of ¢ (y) completely depresses the amplitude when y > 10.

(1 +exp(kix+ py tanhy — (3k3 + atky )z +1) )2

(26)

\
A simple calculation shows that v[JII]H has a significant extreme
value —(3/2)k; p; at centeral point ((3k3 + a)t — n?/k;, 0)
of (x, y) plane and other two small extreme values located in
two sides. It is too long to write out the formulas of the above
two small extreme values, but it can give approximately as
0.3568320478k; p;. Furthermore, the centeral point is a max-
imum if k; p; < 0 which implies that this solution is a bright
dromion (Fig. 7(e)), however it is a minimum if k;p; > 0 so
that this solution is a dark dormion (Fig. 7(f)). The contour
line v[JII]H —h =0 is plotted in Fig. 8(d), where & is between
the peak value and valley value. Because it is too complicated
to write, we do not give the figure and expressions of the end
points, the tangent lines perpendicular to the y axis, and the

width of the contour lines.

4y (a) (b) 4

2 //_\
8

8 Yy 2
/0.8 —0.4" 0 0.4 98

olo4 08 12 16 20 y

\/ K—/?

92 —4

Fig. 9. The curve line is the contour line on the height of half amplitude. The
two black points are the end points, and the two red lines are the tangent lines
perpendicular to the y axis. Parameters: ot = 1, n? =0,kj=-3/4,p1=1,
t = 0. (a) The contour line is Eq. (24), and the tangent lines are Eq. (25); (b)
The contour line is Eq. (27), and the tangent lines are Eq. (28).

3.2. Case2: N=2

We can obtain the second order Jacobi-type solution as
follows:

100202-6



Chin. Phys. B Vol. 28, No. 10 (2019) 100202

kipre™ +kapae™ + (2(ky —ka)(p1 — p2) + oz (kipre™ +kypae™))em+m

2 _ g4
v, = 6¢ (y) (1+en1+en2+a12enl+n2)2

(29)

If we choose ¢(y) = sn(y,3/10), it shows obviously a periodic structure in Fig. 10(a). If we choose ¢(y) = cn(y, 1), it is
dormion-type-I solution as shown in Fig. 10(b). It has two maximum values and two minimum values on (x,y) plane. If we
choose ¢(y) = sn(y, 1), it is a dormion-type-II solution. Its extreme values have three scenarios: letting k; p; > 0 and kypp > 0 it
is a dark form as shown in Fig. 10(c), which has only two minimum values; letting k; p; /kapa < 0 it is a mixed form as shown
in Fig. 10(d), which has a minimum value and a maximum value; letting k1 p; < 0 and k> p> < 0 we can get a bright solution as
shown in Fig. 10(e), which has only two maximum values.

If we choose ¢ (y) = sn(y, 1/2)/(1+y?), v[JZ] becomes dormion-type-III solution. Its extreme values also have three scenar-
ios: letting k1 p; > 0 and kypp > 0 it is a dark form as shown in Fig. 10(f) which has four maximum values and two minimum
values; letting k; p; /kp p» < 0, it is a mixed form as shown in Fig. 10(g) which has three minimum values and three maximum val-

ues; letting k1 p; < 0 and kypy < 0, it is a bright form as shown in Fig. 10(h) which has four minimum values and two maximum
values.

~10
0 0
z 2010 Y

Fig. 10. v[Jz] with =0, & = —1/2. (a) Periodic solution: ¢(y) =sn(y,3/10),k; =3/4,ky =4/5,p1 =1/2, pr =2/3, n? =-5, ng = 10; (b) Dormion-type-I

soliton: ¢(y) = cn(y, 1), k1 =3/4, ko =4/5, p1 =1/2, p» =2/3, n? = -2, 19 = 3; (c) Dark dormion-type-II soliton: ¢ (y) = sn(y, 1), ky =3/4, k» =4/5,
p1=1/2, pp=2/3, 1) =2, nY = —2; (d) Mixed dormion-type-II soliton: ¢(y) =sn(y,1), ki = —3/4, ko =4/5, p1 =1/2, p»=2/3, 10 =2, ) = -2;
(e) Bright dormion-type-II soliton: ¢(y) = sn(y,1), k1 = —1/4, ko = =2/5, p1 = 1/2, p» =2/3, n¥ =2, nY = —2; () Dark dormion-type-III soliton:
o(y) =sn(y,1/2)/(?+1), ki =3/4, ko =4/5, p1 = 1/2, p» =2/3, 1) = -2, n? = 3; (g) Mixed dormion-type-III soliton: ¢(y) = sn(y,1/2)/(y*+1),
ki =—=3/4, ky =4/5, p1 = 1/2, p» =2/3, n¥ = =2, 19 = 3; (h) Bright dormion-type-III soliton: ¢(y) = sn(y,1/2)/(> +1), ki = —1/4, kp = —2/5,

p1=1/2,p>=2/3, 70 =-2,19 =3.

(a)

0.4

—-0.4

60

40 2077
—20 - —20

20
xr
Fig. 11. W} with o = 1,1 =0, p; =2/3, py = 3/5, ps = 1/2. (a) Periodic solution: ¢(y) = sn(y,3/10), ki = 3/4, ky = 1/2, ks = 1/3, n? = —10,
nY =5, nY = —8; (b) Dormion-type-I soliton: ¢(y) =cn(y,1), k1 =3/4, ko = 1/2, k3 = 1/3, n) = =5, n9 =5, n = 7; (c) Dark dormion-type-II soliton:
o(y) =sn(y, 1), ki =3/4, ko = 1/2, ks = 1/3, n? = =10, n9 = 0, 7y = —8; (d) Mixed dormion-type-III soliton: ¢(y) = sn(y,1/2)/(3*+1), ki = 3/4,
kh=-1/2ks=-1/3,1)=0,n) =16,n) = —4.
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3.3. Case3: N=3
By setting

f=1+eM4em4e® +otpeMT 4 gyzeM ™M

+op3e™TB 4 gpzeMTmtms (30)

in Egs. (9), (10), and (11), we can obtain the third-order

Jacobi-type solution v[J3] and rE], where

ni = kix+ pig(y) — it + 1, @ =3k} + ak;,
o;j = (ki —k;)(pi — pj)/ (ki +k;)(pi + pj),
123 = 0200130023.

By the same way used above, we obtain more kinds of solu-
tions through choosing different function ¢ (y) and 1;. Part of
the situation is shown in Fig. 11.

4. Summary

In this paper, we obtained the bilinear form and the n-
soliton solution of an eSWW equation by using Hirota method.
The solution v!!! is dark when k; p1 > 0 while it is bright when
kip1 < 0. The solution !l is always a dark soliton. By using
complexification method, breathers and hybrid solutions are
constructed which are all travelling waves.

More importantly, we obtained Jacobi-type solution as-
sociated with a certain given ¢(y) which is an arbitrary real
continuous function appeared in f of bilinear form. It is se-
lected by using Jacobi elliptic functions, and the character of
the solutions depends on its specific choice. We stress on the
case N = 1. The first-order Jacobi-type solution v[Jl] parallelly
travels along the x axis with the velocity (347 + «, 0) on (x,
y)-plane.

(i) When ¢(y) = sn(y,3/10), equation (22) is a periodic
solution and the period depends on ¢ ().

(ii) When ¢ (y) = cn(y, 1), we obtained a dormion-type-
I solutions. Equation (23) has one maximum (3/4)k;p)
located at ((3k3 + o)t — (v2p1+2nY)/2k1, arccoshv/2)
and one minimum —(3/4)k;p; located at ((3k3 + o)t —
V2pi +2n?)/2k1, farccoshﬂ). The width of the con-
tour line on the hight & = (3/8)k;p; (the half amplitude) is
In(2+v6+v2+v3)/2+V6—Vv2—-3).

(iii) When ¢ (y) = sn(y, 1), we obtained a dormion-type-
IT solution equation (26) which has only one extreme value
—(3/2)k1p1 located at ((3k3 + a)t — 1 /k1, 0) of (x, y) plane.
The width of the contour line on the hight h = —(3/4)k; p;
(the half amplitude) is In(v2+1)/(v2—1).

(iv) When ¢(y) = sn(y,1/2)/(1+y*), we obtained a
dormion-type-III solution (21) which shows very strong dou-
bly localized feature on (x,y) plane, and the profile of this so-
lution is invariant during the propagation along y = 0.

Moreover, we gave several figures of the mixture of peri-
odic and localized solutions.
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