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The fractional Feynman–Kac equations describe the distributions of functionals of non-Brownian motion, or anoma-
lous diffusion, including two types called the forward and backward fractional Feynman–Kac equations, where the non-
local time–space coupled fractional substantial derivative is involved. This paper focuses on the more widely used backward
version. Based on the newly proposed approximation operators for fractional substantial derivative, we establish compact
finite difference schemes for the backward fractional Feynman–Kac equation. The proposed difference schemes have the
q-th (q = 1,2,3,4) order accuracy in temporal direction and fourth order accuracy in spatial direction, respectively. The
numerical stability and convergence in the maximum norm are proved for the first order time discretization scheme by the
discrete energy method, where an inner product in complex space is introduced. Finally, extensive numerical experiments
are carried out to verify the availability and superiority of the algorithms. Also, simulations of the backward fractional
Feynman–Kac equation with Dirac delta function as the initial condition are performed to further confirm the effectiveness
of the proposed methods.

Keywords: backward fractional Feynman–Kac equation, fractional substantial derivative, compact finite dif-
ference scheme, numerical inversion of Laplace transforms
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1. Introduction
Diffusive motions exist widely in the nature,

among the fields from condensed matter physics,[1–3] to
hydrodynamics,[4] meteorology,[5] and finance.[6] Thus the
Brownian functionals play important role in science com-
munity. Assume that x(t) is a path of a Brownian parti-
cle in the time interval (0, t), and U(x) is some prescribed
function. Then a Brownian functional can be defined as
A =

∫ t
0 U(x(τ))dτ . Since x(t) is a random path, A is a random

variable. On account of the diversity of the function U(x),
the Brownian functional A models various phenomena. In
1949, by using Feynman’s path integral method, Kac derived
the (imaginary time) Schrödinger equation for the distribution
function of A.[7] However, in recent years, by realizing that nu-
merous anomalous diffusion phenomena exist widely in many
systems,[8,9] the scientists pay more and more attention to the
anomalous diffusion processes, or the non-Brownian motion,
which can be modeled more exactly by fractional differential
equations.[10]

Let x(t) be a trajectory of non-Brownian particle. The
functional of anomalous diffusion has the same form as the
Brownian functional

A =
∫ t

0
U(x(τ))dτ. (1)

For the different prescribed function U(x), various physics

processes can be characterized. For instance, when taking
U(x) = 1 in a given domain and to be zero otherwise, A mod-
els the time spent by a particle in the domain. The corre-
sponding functional can be used in kinetic studies of chemi-
cal reactions that take place exclusively in the domain.[11,12]

When the motion of the particles is non-Brownian in disper-
sive systems with inhomogeneous disorder, U(x) is given by x
or x2.[12] By employing a versatile framework for describing
the motion of particles in disordered systems, i.e., the con-
tinuous time random walk (CTRW), derived the forward and
backward fractional Feynman–Kac equations,[12–14] where the
fractional substantial derivative is involved. The fractional
substantial derivative is a time–space coupled operator, which
is different from other fractional derivatives such as the Caputo
and Riemann-Liouville types, and this newly proposed defini-
tion will be described in Definition 2. Both the forward and
backward fractional Feynman–Kac equations describe the dis-
tributions of functionals of the widely observed subdiffusive
processes. While in most cases scholars are only interested in
the distribution of the functional A and regardless of the final
position of the particle, it turns out to be more convenient to
use the backward version. The backward fractional Feynman–
Kac equation which is shown in Eq. (2), will be discussed de-
tailedly in our work. Denote by P(x,A, t) the joint probability
density function (PDF) of A and x at time t, which implies the
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process has started at x and the particle is found on A at time
t. The backward fractional Feynman–Kac equation is given
as[12–14]

∂

∂ t
P(x,ρ, t) = Kα

sD1−α
t

∂ 2

∂x2 P(x,ρ, t)−ρU(x)P(x,ρ, t), (2)

where P(x,ρ, t) :=
∫

∞

0 P(x,A, t)e−ρA dA, ℜ(ρ)> 0, U(x)≥ 0;
the functional A is defined as Eq. (1) and α ∈ (0,1); the diffu-
sion coefficient Kα is a positive constant, and the symbol sDν

t

represents the fractional substantial derivative of order ν .[15]

For the past few years, numerical methods for solving
fractional partial differential equations (PDEs) have been well
developed, including finite difference methods,[16–20] finite
element methods,[21–23] mixed finite element methods,[24,25]

finite volume methods,[26,27] mixed finite volume element
method,[28] and spectral methods,[29,30] etc. However, as
for the PDEs with fractional substantial derivative involved,
though there have been some literature for getting the nu-
merical solutions (see Ref. [31]), high order finite difference
schemes with the maximum norm error estimates have not
been investigated yet. As is well known, high order schemes
lead to more accurate results and less cost in computations if
the solution of the equation is regular enough. Also, com-
pared with the error estimates in discrete L2 norm, the discrete
L∞ norm error estimates provide more immediate insight on
the error occurring during time evolution. Thus, in practice,
error estimates in the grid-independent maximum norm are
preferred in numerical analysis. Noticing that the fractional
substantial derivative is a non-local time–space coupled oper-
ator, it may bring more difficulty in constructing high order
schemes for solving the corresponding equations, as well as in
establishing the maximum norm error analysis. The purpose
of this work is to develop efficient finite difference schemes
for the backward fractional Feynman–Kac equation, which
can achieve the q-th (q = 1,2,3,4) order accuracy in tempo-
ral direction and the fourth order accuracy in spatial direction,
respectively. The numerical stability and convergence in the
maximum norm are discussed afterwards. Abundant numeri-
cal examples are also carried out to show the feasibility and
the superiority of the proposed schemes.

The definitions of fractional substantial calculus are given
as follows.[32]

Definition 1 Let ν > 0, ρ be a constant, and P(t) be
piecewise continuous on (0,∞) and integrable on any finite
subinterval of [0,∞). Then the fractional substantial integral
of P(t) of order ν is defined as

sIν
t P(t) =

1
Γ(ν)

∫ t

0
(t − τ)ν−1 e−ρU(x)(t−τ)P(τ)dτ, t > 0, (3)

where U(x) is a prescribed function in Eq. (1).
Definition 2 Let µ > 0, ρ be a constant, and P(t) be

(m − 1)-times continuously differentiable on (0,∞) and its

m-times derivative be integrable on any finite subinterval of
[0,∞), where m is the smallest integer that exceeds µ . Then
the fractional substantial derivative of P(t) of order µ is de-
fined as

sDµ

t P(t) = sDm
t [

sIm−µ

t P(t)], (4)

where

sDm
t =

(
∂

∂ t
+ρU(x)

)m

. (5)

According to the definition of fractional substantial
derivative, equation (2) can be expressed in the following form

sD1
t P(x,ρ, t) = sD1−α

t

[
Kα

∂ 2

∂x2 P(x,ρ, t)
]
. (6)

Denote by s
cDα

t the Caputo fractional substantial derivative,[32]

i.e.,

s
cDα

t P(x, t) : = sDα
t

[
P(x, t)− e−ρU(x)tP(x,0)

]
= sDα

t P(x, t)− t−α e−ρU(x)t

Γ(1−α)
P(x,0),

and then the equivalent form of Eq. (6) can be written as[31]

s
cDα

t P(x, t) = Kα

∂ 2

∂x2 P(x, t), (7)

where P(x,ρ, t) is replaced by P(x, t) since ρ is given as a fixed
constant. In the following two sections, we still use P(x, t) for
convenience.

The remainder of this paper is organized as follows. In
Section 2, for the backward fractional Feynman–Kac equa-
tion, the compact finite difference schemes with temporal q-th
(q= 1,2,3,4) order accuracy and spatial fourth order accuracy
are established. In Section 3, by generalizing the inner prod-
uct in Ref. [18] to complex space, we prove the unconditional
stability and convergence of the first-order time discretization
scheme in the maximum norm. In Section 4, extensive numeri-
cal examples are provided to verify the effectiveness and accu-
racy of the proposed schemes from the first to the fourth order
time discretization. In particular, simulations of the backward
fractional Feynman–Kac equation with Dirac delta function
as the initial condition are carried out to further confirm the
feasibility of the proposed methods. Finally we draw some
conclusions in the last section.

2. Derivation of compact difference schemes
This section focuses on deriving compact difference

schemes for the backward fractional Feynman–Kac equation,
which are of the q-th (q = 1,2,3,4) order approximation in
temporal direction and the fourth order approximation in spa-
tial direction, respectively.
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Without loss of generality, consider the backward frac-
tional Feynman–Kac equation with a non-homogeneous
source term in the interval Ω = (0,L),

s
cDα

t P(x, t) : = sDα
t

[
P(x, t)− e−ρU(x)tP(x,0)

]
= Kα

∂ 2

∂x2 P(x, t)+ f (x, t),

0 < t ≤ T, x ∈ Ω , (8)

and the initial and boundary conditions are given as

P(x,0) = ϕ(x), x ∈ Ω , (9)

P(0, t) = ψ1(t), P(L, t) = ψ2(t), 0≤t ≤ T. (10)

Let M and N be two positive integers, then h = L/M and
τ = T/N are the uniform size of spatial grid and time step, re-
spectively. A spatial and temporal partition can be defined as
xi = ih for i = 0,1, . . . ,M, and tn = nτ for n = 0,1, . . . ,N. De-
note Ωh = {xi | 0 ≤ i ≤ M} and Ωτ = {tn | 0 ≤ n ≤ N}. Take
𝒱h = {u|u = (u0,u1, . . . ,uM),u0 = uM = 0} as the grid func-
tion space on Ωh. Then for any grid function u ∈ 𝒱h, we have
the following notations

δxui−1/2 =
1
h
(ui −ui−1), δ

2
x ui =

1
h
(δxui+1/2 −δxui−1/2),

ℋhui =

{ 1
12 (ui+1 +10ui +ui−1), 1 ≤ i ≤ M−1,
ui, i = 0 or M.

It can be observed that ℋhui = (1+ h2

12 δ 2
x )ui for 1 ≤ i ≤ M−1.

For any u,v ∈ 𝒱h, taking v as the complex conjugate of v, we
introduce an inner product by generalizing the inner product
in Ref. [18] to complex space

⟨u,v⟩ = h
M−1

∑
i=0

(δxui+1/2)(δxvi+1/2)

− h2

12
h

M−1

∑
i=1

(δ 2
x ui)(δ

2
x vi), (11)

which can be verified directly according to the definition of
inner product. Also, some norms which are necessary for the
numerical analysis are shown below

‖u‖∞ = max
1≤i≤M−1

|ui|, ‖u‖=

√
h

M−1

∑
i=1

|ui|2,

‖δ
2
x u‖=

√
h

M−1

∑
i=1

|δ 2
x ui|2, ‖δxu‖=

√
h

M

∑
i=1

|δxui−1/2|2. (12)

For the inner product (11) and above norms, we have the
following lemmas.

Lemma 1 For ∀u ∈ 𝒱h, we have

2
3
‖δxu‖2 ≤ ⟨u,u⟩ ≤ ‖δxu‖2.

Proof From Eqs. (11) and (12), we obtain

⟨u,u⟩= ‖δxu‖2 − h2

12
‖δ

2
x u‖2, (13)

which shows ⟨u,u⟩ ≤ ‖δxu‖2 immediately.
On the other hand, we have

h2‖δ
2
x u‖2 = h

M−1

∑
i=1

|δxui+1/2 −δxui−1/2|2

≤ 2h
M−1

∑
i=1

(
|δxui+1/2|2 + |δxui−1/2|2

)
≤ 4‖δxu‖2. (14)

Combining Eq. (13) with inequality (14), it is derived

⟨u,u⟩ ≥ 2
3
‖δxu‖2.

This completes the proof.
Lemma 2 (Inequality (8.4.1) in Ref. [33]) For ∀u ∈

𝒱h,‖u‖∞ ≤
√

L/2‖δxu‖.
Lemma 3 (Lemma 4.1 in Ref. [34]) Let function g(x) ∈

C6[a,b] and ξ (λ ) = 5(1−λ )3 −3(1−λ )5. Then

ℋhg′′(xi) = δ
2
x g(xi)+

h4

360

∫ 1

0
[g(6)(xi −λh)

+g(6)(xi +λh)]ξ (λ )dλ , 1 ≤ i ≤ M−1.

According to Ref. [32], the fractional substantial deriva-
tives appeared in Eq. (8) have q-th order approximations, i.e.,

sDα
t P(x, t)|(xi,tn) =

1
τα

n

∑
k=0

dq,α
i,k P(xi, tn−k)+𝒪(τq), (15)

sDα
t [e

−ρU(x)tP(x,0)](xi,tn)

=
1

τα

n

∑
k=0

dq,α
i,k e−ρUi(n−k)τ P(xi,0)+𝒪(τq), (16)

where
Ui =U(xi)

and

dq,α
i,k = e−ρUikτ lq,α

k , q = 1,2,3,4. (17)

l1,α
k , l2,α

k , l3,α
k , and l4,α

k are defined in Ref. [35]. For the sake
of completeness, we list them below. First of all, l1,α

k is given
by a recursively formula

l1,α
0 = 1, l1,α

k =

(
1− α +1

k

)
l1,α
k−1, k ≥ 1. (18)

Taking i =
√
−1, there are

l2,α
k =

(3
2

)α k

∑
m=0

(1
3

)m
l1,α
m l1,α

k−m, k ≥ 0,

and

l3,α
k =

(11
6

)α k

∑
j=0

j

∑
m=0

µ
m
3 µ3

j−ml1,α
m l1,α

j−ml1,α
k− j, k ≥ 0,

where µ3 = 4/(7+
√

39i) and µ3 = 4/(7−
√

39i).
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Denote

ν4 =
3a

−b− ( 3
√

Y1 − 3
√
−Y2)

;

µ4 =
3a

−b+(1/2)( 3
√

Y1 − 3
√
−Y2)+(

√
3/2)( 3

√
Y1 +

3
√
−Y2)i

;

µ4 =
3a

−b+(1/2)( 3
√

Y1 − 3
√
−Y2)− (

√
3/2)( 3

√
Y1 +

3
√
−Y2)i

,

where a = −3/25, b = 13/25, c = −23/25, d = 1; A =

b2 − 3ac, B = bc− 9ad, C = c2 − 3bd; ∆ = B2 − 4AC > 0,
Y1 = Ab + (3/2)a(−B −

√
∆) > 0, Y2 = Ab + (3/2)a(−B +√

∆)< 0, then

l4,α
k =

(25
12

)α k

∑
n=0

n

∑
j=0

j

∑
m=0

ν
k−n
4 µ

m
4 µ4

j−ml1,α
m l1,α

j−ml1.α
n− jl

1,α
k−n,

k ≥ 0.

Considering Eq. (8) at the point (xi, tn), it can be written
as

s
cDα

t P(xi, tn) = Kα

∂ 2P(xi, tn)
∂x2 + f (xi, tn).

Acting the compact operator ℋh on both sides of the above
equation, we have

ℋh
(s

cDα
t P(xi, tn)

)
= Kαℋh

∂ 2P(xi, tn)
∂x2 +ℋh f (xi, tn). (19)

Assuming u(x, t) ∈ Cx,t
6,2([0,L]× [0,T ]), by use of Eqs. (15),

(16), and Lemma 3, we obtain

ℋh

(
1

τα

n

∑
k=0

dq,α
i,k P(xi, tn−k)

− 1
τα

n

∑
k=0

dq,α
i,k e−ρUi(n−k)τ P(xi,0)

)
= Kα δ

2
x P(xi, tn)+ℋh f (xi, tn)+Rn

i , (20)

where Rn
i =ℋh(Rα

t )
n
i +Kα(Rx)

n
i with (Rα

t )
n
i =𝒪(τq) and

(Rx)
n
i =

h4

360

∫ 1

0

[
∂ 6P
∂x6 (xi −λh, tn)

+
∂ 6P
∂x6 (xi +λh, tn)

]
ξ (λ )dλ .

Therefore there exists a constant C̃ such that

|Rn
i | ≤ C̃(τq +h4), q = 1,2,3,4. (21)

Denote by Pn
i the approximated value of P(xi, tn), and

f n
i = f (xi, tn). Multiplying Eq. (20) by τα , and omitting the

small term, we derive the compact difference schemes for
solving the backward fractional Feynman–Kac equation (8)
with the initial condition (9) and boundary condition (10) as
follows:

ℋh

n

∑
k=0

dq,α
i,k Pn−k

i −ℋh

n

∑
k=0

dq,α
i,k e−ρUi(n−k)τ P0

i

= Kα τ
α

δ
2
x Pn

i + τ
αℋh f n

i ,

1 ≤ i ≤ M−1, 1 ≤ n ≤ N, q = 1,2,3,4, (22)

P0
i = ϕ(xi), 1 ≤ i ≤ M−1, (23)

Pn
0 = ψ1(tn), Pn

M = ψ2(tn), 0 ≤ n ≤ N. (24)

To execute the procedure, we rewrite Eq. (22) as the fol-
lowing equivalent form

ℋhdq,α
i,0 Pn

i − Kα τα

h2

(
Pn

i+1 −2Pn
i +Pn

i−1
)

=
n−1

∑
k=0

ℋhdq,α
i,k e−ρUi(n−k)τ P0

i −
n−1

∑
k=1

ℋhdq,α
i,k Pn−k

i + τ
αℋh f 0

i ,

1 ≤ i ≤ M−1, 1 ≤ n ≤ N, q = 1,2,3,4. (25)

It is necessary to point out that when n = 1, the second term
on the right-hand side of Eq. (25) vanishes automatically.

3. Stability and convergence analysis
In this section, we do the detailed theoretical analy-

sis for the first order discretization in temporal direction of
schemes (22)–(24). Letting U(x) = ω be a nonnegative con-
stant, we introduce the properties of l1,α

k (k ≥ 0) first, and then
prove the schemes are unconditionally stable and convergent
in the maximum norm.

Lemma 4[31] The coefficients l1,α
k defined by Eq. (18)

satisfy

l1,α
0 = 1; l1,α

k < 0,(k ≥ 1);
n−1

∑
k=0

l1,α
k > 0;

∞

∑
k=0

l1,α
k = 0; (26)

and

1
nα Γ(1−α)

<
n−1

∑
k=0

l1,α
k =−

∞

∑
k=n

l1,α
k ≤ 1

nα
, n ≥ 1. (27)

Theorem 1 The finite difference schemes (22)–(24) are
unconditionally stable with the assumption ℜ(ρ)ω ≥ 0.

Proof Assume P̃n
i is the approximate solution of Pn

i
which is the exact solution of schemes (22)–(24), and ϕ̃(xi) is
the approximation to ϕ(xi). Let εn

i = P̃n
i −Pn

i , 0 ≤ i ≤ M, 0 ≤
n ≤ N. From Eqs. (22)–(24), we have the perturbation error
equations

ℋh

(
d1,α

i,0 ε
n
i +

n−1

∑
k=1

d1,α
i,k ε

n−k
i −

n−1

∑
k=0

d1,α
i,k e−ρω(n−k)τ

ε
0
i

)
= Kα τ

α
δ

2
x ε

n
i , (28)

1 ≤ i ≤ M−1, 1 ≤ n ≤ N,

ε
0
i = ϕ̃(xi)−ϕ(xi), 1 ≤ i ≤ M−1, (29)

ε
n
0 = ε

n
M = 0, 0 ≤ n ≤ N. (30)

By use of Eq. (17), equation (28) can also be written as

ℋh

(
l1,α
0 ε

n
i +

n−1

∑
k=1

e−ρωkτ l1,α
k ε

n−k
i −

n−1

∑
k=0

e−ρωnτ l1,α
k ε

0
i

)
= Kα τ

α
δ

2
x ε

n
i . (31)
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Multiplying Eq. (31) by h(−δ 2
x ε

n
i ) and summing up for i from

1 to M−1, we obtain

h
M−1

∑
i=1

(
−δ

2
x ε

n
i
)[(

1+
h2

12
δ

2
x

)(
l1,α
0 ε

n
i +

n−1

∑
k=1

e−ρωkτ l1,α
k ε

n−k
i

−
n−1

∑
k=0

e−ρωnτ l1,α
k ε

0
i

)]
= h

M−1

∑
i=1

(−Kα τ
α) |δ 2

x ε
n
i |2.

Using the summation formula by parts and noticing Eq. (30),
we obtain

l1,α
0 h

M−1

∑
i=0

∣∣∣δxε
n
i+1/2

∣∣∣2 − l1,α
0

h2

12
h

M−1

∑
i=1

∣∣δ 2
x ε

n
i
∣∣2

= −h
M−1

∑
i=0

n−1

∑
k=1

l1,α
k

(
δxε

n
i+1/2

)(
δx

(
e−ρωkτ

ε
n−k
i+1/2

))
+

h2

12
h

M−1

∑
i=1

n−1

∑
k=1

l1,α
k

(
δ

2
x ε

n
i
)(

δ
2
x

(
e−ρωkτ

ε
n−k
i

))
+h

M−1

∑
i=0

n−1

∑
k=0

l1,α
k

(
δxε

n
i+1/2

)(
δx

(
e−ρωnτ

ε
0
i+1/2

))
− h2

12
h

M−1

∑
i=1

n−1

∑
k=0

l1,α
k

(
δ

2
x ε

n
i
)(

δ
2
x
(

e−ρωnτ
ε

0
i
))

−Kα τ
α‖δ

2
x ε

n‖2.

Then it can be deduced that the following inequality holds

l1,α
0 ⟨εn,εn⟩ ≤ −

n−1

∑
k=1

l1,α
k

∣∣∣⟨e−ρωkτ
ε

n−k,εn⟩
∣∣∣

+
n−1

∑
k=0

l1,α
k

∣∣⟨e−ρωnτ
ε

0,εn⟩
∣∣ . (32)

Let

A1 =−
n−1

∑
k=1

l1,α
k

∣∣∣⟨e−ρωkτ
ε

n−k,εn⟩
∣∣∣

and

A2 =
n−1

∑
k=0

l1,α
k

∣∣⟨e−ρωnτ
ε

0,εn⟩
∣∣ .

From the Cauchy–Schwarz inequality and Lemma 4, we have
the estimates

A1 ≤ 1
2

n−1

∑
k=1

(−l1,α
k )

×
(
⟨εn,εn⟩+ ⟨e−ρωkτ

ε
n−k, e−ρωkτ

ε
n−k⟩

)
, (33)

A2 ≤ 1
2

n−1

∑
k=0

l1,α
k

(
⟨εn,εn⟩+ ⟨e−ρωnτ

ε
0, e−ρωnτ

ε
0⟩
)
. (34)

Combining inequalities (32), (33), and (34) with the assump-
tion ℜ(ρ)ω ≥ 0, it yields that

1
2

l1,α
0 ⟨εn,εn⟩ ≤ −1

2

n−1

∑
k=1

l1,α
k ⟨εn−k,εn−k⟩+ 1

2
l1,α
0 ⟨ε0,ε0⟩

+
1
2

n−1

∑
k=1

l1,α
k ⟨ε0,ε0⟩. (35)

Next, we prove

⟨εn,εn⟩ ≤ ⟨ε0,ε0⟩ (36)

by mathematical induction. In the case n = 1, inequality (36)
holds according to inequality (35). Suppose that for s =

1,2, . . . ,n−1,

⟨εs,εs⟩ ≤ ⟨ε0,ε0⟩ (37)

holds. When s = n, according to inequalities (35) and (37), we
have

1
2

l1,α
0 ⟨εn,εn⟩ ≤ −1

2

n−1

∑
k=1

l1,α
k ⟨ε0,ε0⟩+ 1

2
l1,α
0 ⟨ε0,ε0⟩

+
1
2

n−1

∑
k=1

l1,α
k ⟨ε0,ε0⟩,

which means ⟨εn,εn⟩ ≤ ⟨ε0,ε0⟩.
Combining inequality (36) with Lemma 1 and Lemma 2,

we conclude that

‖ε
n‖2

∞ ≤ L
4
‖δxε

n‖2 ≤ L
4
· 3

2
⟨εn,εn⟩ ≤ 3L

8
⟨ε0,ε0⟩

≤ 3L
8
‖δxε

0‖2,

which completes the proof.
Theorem 2 Let Pn

i be the solution of the finite differ-
ence schemes (22)–(24), and P(xi, tn) be the solution of the
problems (8)–(10) with the assumption ℜ(ρ)ω ≥ 0. Denoting
En

i = P(xi, tn)−Pn
i , 0 ≤ i ≤ M, 0 ≤ n ≤ N, then there exists a

positive constant C such that

‖En‖∞ ≤C
(
τ +h4) , 0 ≤ n ≤ N.

Proof According to Eqs. (20) and (22)–(24), we get the
error equations

ℋh

(
d1,α

i,0 En
i +

n−1

∑
k=1

d1,α
i,k En−k

i

)
= Kα τ

α
δ

2
x En

i + τ
α Rn

i , (38)

1 ≤ i ≤ M−1, 1 ≤ k ≤ N,

En
0 = 0, En

M = 0, 0 ≤ n ≤ N, (39)

E0
i = 0, 1 ≤ i ≤ M−1 (40)

with |Rn
i | ≤ C̃(τ +h4). Multiplying Eq. (38) by h(−δ 2

x En
i ) and

summing up for i from 1 to M−1, we have

h
M−1

∑
i=1

(−δ
2
x En

i )

[(
1+

h2

12
δ

2
x

)(
d1,α

i,0 En
i +

n−1

∑
k=1

d1,α
i,k En−k

i

)]

= hKα τ
α

M−1

∑
i=1

(
−δ

2
x En

i
)(

δ
2
x En

i
)
+hτ

α
M−1

∑
i=1

(
−δ

2
x En

i
)

Rn
i . (41)

From Eq. (17), equation (41) can also be written as

h
M−1

∑
i=1

(
−δ

2
x En

i
)(

l1,α
0 En

i +
n−1

∑
k=1

e−ρωkτ l1,α
k En−k

i

)
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+
h2

12
h

M−1

∑
i=1

(
−δ

2
x En

i
)

×
(

l1,α
0 δ

2
x En

i +
n−1

∑
k=1

l1,α
k δ

2
x

(
e−ρωkτ En−k

i

))
= −Kα τ

α h
M−1

∑
i=1

∣∣δ 2
x En

i
∣∣2 − τ

α h
M−1

∑
i=1

(
δ

2
x En

i
)

Rn
i . (42)

Using the summation formula by parts, we obtain from
Eq. (42)

l1,α
0 h

M−1

∑
i=0

∣∣∣δxEn
i+1/2

∣∣∣2
+h

n−1

∑
k=1

l1,α
k

M−1

∑
i=0

(
δxEn

i+1/2

)(
δx e−ρωkτ En−k

i+1/2

)
−l1,α

0
h2

12
h

M−1

∑
i=1

∣∣δ 2
x En

i
∣∣2

− h2

12
h

n−1

∑
k=1

l1,α
k

M−1

∑
i=1

(
δ

2
x En

i
)(

δ
2
x e−ρωkτ En−k

i

)
= −Kα τ

α h
M−1

∑
i=1

∣∣δ 2
x En

i
∣∣2 − τ

α h
M−1

∑
i=1

(
δ

2
x En

i
)

Rn
i ,

which implies

l1,α
0 ⟨En,En⟩+

n−1

∑
k=1

l1,α
k ⟨e−ρωkτ En−k,En⟩

= −Kα τ
α‖δ

2
x En‖2 − τ

α h
M−1

∑
i=1

(
δ

2
x En

i
)

Rn
i .

Then it can be deduced that

l1,α
0 ⟨En,En⟩

=

∣∣∣∣∣−n−1

∑
k=1

l1,α
k ⟨e−ρωkτ En−k,En⟩− τ

α h
M−1

∑
i=1

(
δ

2
x En

i
)

Rn
i

∣∣∣∣∣
−Kα τ

α‖δ
2
x En‖2

≤

∣∣∣∣∣−n−1

∑
k=1

l1,α
k ⟨e−ρωkτ En−k,En⟩

∣∣∣∣∣+ τ
α h

∣∣∣∣∣M−1

∑
i=1

(
δ

2
x En

i
)

Rn
i

∣∣∣∣∣
−Kα τ

α‖δ
2
x En‖2

≤
n−1

∑
k=1

(−l1,α
k )

∣∣∣⟨e−ρωkτ En−k,En⟩
∣∣∣+ τ

α h

∣∣∣∣∣M−1

∑
i=1

(
δ

2
x En

i
)

Rn
i

∣∣∣∣∣
−Kα τ

α‖δ
2
x En‖2

≤ −1
2

n−1

∑
k=1

l1,α
k

(
⟨En,En⟩+ ⟨e−ρωkτ En−k, e−ρωkτ En−k⟩

)
−Kα τ

α‖δ
2
x En‖2 + τ

α h

∣∣∣∣∣M−1

∑
i=1

(
δ

2
x En

i
)

Rn
i

∣∣∣∣∣ (43)

with the Cauchy-Schwarz inequality being used.
Let

B = τ
α h

∣∣∣∣∣M−1

∑
i=1

(
δ

2
x En

i
)

Rn
i

∣∣∣∣∣ .

It is observed that

B ≤ τ
α h

M−1

∑
i=1

∣∣(δ 2
x En

i
)

Rn
i
∣∣

≤ τ
α hKα

M−1

∑
i=1

∣∣δ 2
x En

i
∣∣2 + τ

α h
1

4Kα

M−1

∑
i=1

|Rn
i |

2

= Kα τ
α‖δ

2
x En‖2 +

τα

4Kα

‖Rn‖2. (44)

Since |Rn
i | ≤ C̃

(
τ +h4

)
, it can be obtained that

‖Rn‖2 ≤ LC̃2(τ +h4)2. (45)

Substituting expression (44) into expression (43), and noticing
inequality (45) with the assumption ℜ(ρ)ω ≥ 0, we have

l1,α
0 ⟨En,En⟩ ≤ −1

2

n−1

∑
k=1

l1,α
k ⟨En,En⟩− 1

2

n−1

∑
k=1

l1,α
k ⟨En−k,En−k⟩

+
C1τα

2
(τ +h4)2, (46)

where C1 = C̃2L/2Kα . According to Lemma 4, there exists

0 <−1
2

n−1

∑
k=1

l1,α
k <

1
2
,

and then it is derived from inequality (46) that

⟨En,En⟩ ≤ −
n−1

∑
k=1

l1,α
k ⟨En−k,En−k⟩+C1τ

α(τ +h4)2. (47)

In the following, we prove

⟨En,En⟩ ≤

(
n−1

∑
k=0

l1,α
k

)−1

C1τ
α(τ +h4)2 (48)

by mathematical induction.
For n = 1, inequality (48) holds by inequality (47). Sup-

pose

⟨Es,Es⟩ ≤

(
s−1

∑
k=0

l1,α
k

)−1

C1τ
α(τ +h4)2,

s = 1,2, . . . ,n−1. (49)

Then for s= n, by using inequalities (47) and (49) we conclude
that

⟨En,En⟩

≤ −
n−1

∑
k=1

l1,α
k

(
n−k−1

∑
m=0

l1,α
m

)−1

C1τ
α
(
τ +h4)2

+C1τ
α
(
τ +h4)2

≤ −

(
n−1

∑
k=0

l1,α
k

)−1 n−1

∑
k=1

l1,α
k C1τ

α
(
τ +h4)2

+C1τ
α(τ +h4)2

=

(
1− ∑

n−1
k=1 l1,α

k

∑
n−1
k=0 l1,α

k

)
C1τ

α(τ +h4)2

=

(
n−1

∑
k=0

l1,α
k

)−1

C1τ
α(τ +h4)2. (50)
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Finally, according to inequalities (50), (27), Lemma 1 and
Lemma 2, we derive

‖En‖2
∞ ≤ L

4
‖δxEn‖2

≤ 3L
8
⟨En,En⟩

≤ 3L
8

(
n−1

∑
k=0

l1,α
k

)−1

C1τ
α(τ +h4)2

≤ 3L
8

nα
Γ(1−α)C1τ

α(τ +h4)2

≤ [C
(
τ +h4)]2,

where C =
√

(3L/8)T α Γ(1−α)C1. This completes the proof.

4. Numerical examples
In this section, firstly we test some numerical examples

to demonstrate the effectiveness of the schemes (22)–(24), and
verify the theoretical results including convergence orders and
numerical stability. The numerical errors is computed in the
maximum norm, i.e.,

‖EN‖∞ : = max
1≤i≤M−1

|P(xi, tN)−PN
i |.

Then the backward fractional Feynman–Kac equation with
Dirac delta function as the initial condition is simulated. By
making use of the algorithm of numerical inversion of Laplace
transforms,[36] we obtain the joint PDF P(x,A, t), and then the
marginal PDFs of A and x, respectively. In particular, the case
U(x) = 0 is considered, when equation (8) reduces to the frac-
tional Fokker–Planck equation.[37–40] Comparing its solution
with the marginal PDF of x, it is further confirmed the reliabil-
ity of our numerical methods.

4.1. Numerical results for P(x, t)P(x, t)P(x, t) with ρρρ being a constant

In the following two examples, we choose U(x) = 1 and
x, respectively.

Example 1 Consider

sDα
t

[
P(x, t)− e−(1+i)tP(x,0)

]
= 0.5

∂ 2

∂x2 P(x, t)+
Γ(4+α)

Γ(4)
e−(1+i)tt3 sin(πx)

+0.5π
2 (t3+α +1

)
e−(1+i)t sin(πx), 0 < t ≤ 1, 0 < x < 1,

P(x,0) = sin(πx), 0 < x < 1,

P(0, t) = 0, P(1, t) = 0, 0 ≤ t ≤ 1,

whose exact solution is known and is given by

P(x, t) = e−(1+i)t (t3+α +1
)

sin(πx).

In Table 1, an optimal step size ratio in temporal and spa-
tial directions is adopted for Example 1 with q = 1. As h and
τ vary, the errors and convergence orders are reported in the
table, which implies that the convergence orders in temporal
and spatial directions are about one and four, respectively. It
is in good agreement with the theoretical analysis.

Table 2 displays the computational results with an optimal
step size ratio in temporal and spatial directions for Example 1
with q = 2. It can be concluded from this table that the conver-
gence orders with respect to time and space are approximately
two and four, respectively. It agrees well with the theoretical
results.

Table 1. The maximum errors and convergence orders with q = 1 and an optimal step size ratio τ = h4 (Example 1).

h α = 0.2 Order α = 0.5 Order α = 0.8 Order

1/2 0.0184 – 0.0217 – 0.0279 –
1/4 0.0011 4.0641 0.0013 4.0611 0.0017 4.0367
1/8 6.5910×10−5 4.0609 7.8904×10−5 4.0423 1.0316×10−4 4.0426
1/10 2.6942×10−5 4.0091 3.2266×10−5 4.0074 4.2201×10−5 4.0057

Table 2. The maximum errors and convergence orders with q = 2 and an optimal step size ratio τ = h2 (Example 1).

h α = 0.2 Order α = 0.5 Order α = 0.8 Order

1/10 2.7752×10−5 – 3.5587×10−5 – 5.1361×10−5 –
1/20 1.7312×10−6 4.0027 2.2245×10−6 3.9998 3.2177×10−6 3.9966
1/40 1.0815×10−7 4.0007 1.3903×10−7 4.0000 2.0122×10−7 3.9992
1/80 6.7586×10−9 4.0002 8.6896×10−9 4.0000 1.2578×10−8 3.9998

Example 2 We now consider

sDα
t

[
P(x, t)− e−(1+i)xtP(x,0)

]
= 0.5

∂ 2

∂x2 P(x, t)+
Γ(4+α)

Γ(4)
e−(1+i)xtt3 sin(πx)

−0.5e−(1+i)xt (t3+α +1
)(

(1+ i)2t2 sin(πx)

−2π(1+ i)t cos(πx)−π
2 sin(πx)

)
,

0 < t ≤ 1, 0 < x < 1,

P(x,0) = sin(πx), 0 < x < 1,

P(0, t) = 0, P(1, t) = 0, 0 ≤ t ≤ 1,

whose exact solution is known and is given by

P(x, t) = e−(1+i)xt (t3+α +1
)

sin(πx).

Table 3 shows the numerical errors and convergence or-
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ders in temporal direction for Example 2 with q = 3. Let the
step size h be fixed and small enough such that the dominat-
ing error arises from the approximation of the time derivative.
Varying the step size in time, the numerical results are listed
in this table, which is in accord with the theoretical analysis.

Tables 4–6 record the comparisons of schemes (22)–
(24) with the scheme (2.12) in Ref. [31] for Example 2 with

q = 4. Taking an optimal step size ratio in temporal and spa-
tial directions, these results report the convergence orders of
schemes (22)–(24) with respect to time and space are both
about four, which confirms the theoretical results. It also can
be seen that even on the more coarse mesh schemes (22)–(24)
get the smaller errors. These numerical results show that our
method is not only reliable but also more efficient.

Table 3. The maximum errors and convergence orders in temporal direction with q = 3 and h = 1/1000 (Example 2).

τ α = 0.2 Order α = 0.5 Order α = 0.8 Order

1/10 4.0581×10−5 – 1.5822×10−4 – 4.1108×10−4 –
1/20 5.0826×10−6 2.9972 1.9862×10−5 2.9938 5.1656×10−5 2.9924
1/40 6.3591×10−7 2.9987 2.4876×10−6 2.9972 6.4710×10−6 2.9969
1/80 7.9535×10−8 2.9992 3.1123×10−7 2.9987 8.0969×10−7 2.9985

1/160 9.9561×10−9 2.9979 3.8898×10−8 3.0002 1.0126×10−7 2.9993

Table 4. Comparisons of errors and convergence orders obtained by schemes (22)–(24) and scheme (2.12) in Ref. [31] with α = 0.1,
q = 4 and an optimal step size ratio for τ and h (Example 2).

Schemes (22)–(24) Scheme (2.12) in Ref. [31]

τ h
∥∥EN

∥∥
∞

Order τ h
∥∥EN

∥∥
∞

Order

1/10 1/10 1.0794×10−4 – 1/10 1/100 1.1563×10−4 –
1/20 1/20 6.7472×10−6 3.9998 1/20 1/400 7.2278×10−6 3.9998
1/40 1/40 4.2127×10−7 4.0015 1/40 1/1600 4.5173×10−7 4.0000
1/80 1/80 2.6336×10−8 3.9996 1/80 1/6400 2.7781×10−8 4.0233

Table 5. Comparisons of errors and convergence orders obtained by schemes (22)–(24) and scheme (2.12) in Ref. [31] with α = 0.5, q = 4 and
an optimal step size ratio for τ and h (Example 2).

Schemes (22)–(24) Scheme (2.12) in Ref. [31]

τ h
∥∥EN

∥∥
∞

Order τ h
∥∥EN

∥∥
∞

Order

1/10 1/10 9.7935×10−5 – 1/10 1/100 1.0990×10−4 –
1/20 1/20 6.0897×10−6 4.0074 1/20 1/400 6.8693×10−6 3.9998
1/40 1/40 3.8077×10−7 3.9994 1/40 1/1600 4.2926×10−7 4.0003
1/80 1/80 2.3789×10−8 4.0006 1/80 1/6400 2.6565×10−8 4.0143

Table 6. Comparisons of errors and convergence orders obtained by schemes (22)–(24) and scheme (2.12) in Ref. [31] with α = 0.9, q = 4 and
an optimal step size ratio for τ and h (Example 2).

Schemes (22)–(24) Scheme (2.12) in Ref. [31]

τ h
∥∥EN

∥∥
∞

Order τ h
∥∥EN

∥∥
∞

Order

1/10 1/10 8.6476×10−5 – 1/10 1/100 1.0487×10−4 –
1/20 1/20 5.3294×10−6 4.0203 1/20 1/400 6.4844×10−6 4.0154
1/40 1/40 3.3188×10−7 4.0052 1/40 1/1600 4.0409×10−7 4.0042
1/80 1/80 2.0716×10−8 4.0018 1/80 1/6400 2.5510×10−8 3.9855

Graphs of the modulus of errors for Example 2 with q = 4
and α = 0.4 are plotted in Fig. 1. From these figures, we can
find intuitively that, as the step sizes h and τ are reduced, the
maximum of the modulus of the errors decreases gradually and
approaches zero, which manifests the convergence of the pre-
sented algorithms.

4.2. Simulations with Dirac delta function as the initial
condition

In this subsection, the backward fractional Feynman–Kac
equation (8) with a zero forcing function and Dirac delta func-

tion as the initial condition is simulated. The Dirac delta func-
tion is defined by the limit of the sequence of Gaussians

δa(x) =
1

2
√

aπ
exp
(
− x2

4a

)
as a → 0. (51)

For numerically getting the joint PDF P(x,A, t), the notation
P(x,ρ, t) is reused instead of P(x, t).

Example 3 Consider

sDα
t

[
P(x,ρ, t)− e−ρU(x)tP(x,ρ,0)

]
= 0.5

∂ 2

∂x2 P(x,ρ, t) 0 < t ≤ T, 0 < x < 1,

100201-8



Chin. Phys. B Vol. 28, No. 10 (2019) 100201

P(x,ρ,0) = δa(x−0.5), 0 < x < 1,

P(0,ρ, t) = 0, P(1,ρ, t) = 0, 0 ≤ t ≤ T,

where U(x) is taken as

U(x) =

{
1, x ∈ (0.5,1),

0, otherwise;
(52)

or

U(x) =

{
1, x ∈ (0.25,0.75),

0, otherwise;
(53)

or

U(x) = 1, x ∈ (0,1). (54)

Suppose the joint PDF P(x,A, t) is a real function of A
with P(x,A, t) = 0 for A < 0. The Laplace transform and its
inversion formula are defined as

P(x,ρ, t) = L {P(x,A, t)}=
∫

∞

0
P(x,A, t)e−ρA dA,

ρ = ν + iw;

P(x,A, t) = L −1{P(x,ρ, t)}

=
1

2π i

∫
ν+i∞

ν−i∞
P(x,A, t)eρA dρ,

where ν > 0 is arbitrary, but is greater than the real parts of all
the singularities of P(x,ρ, t).
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Fig. 1. Evolution of the modulus of errors with q = 4, α = 0.4, and four different step sizes (Example 2).

We take a = 0.0005 in Eq. (51) to get the approximation
of Dirac delta function in numerical computations. Using the
algorithm of numerical inversion of Laplace transforms,[36] we
numerically get the joint PDF P(x,A, t) by taking

ρk = ν + i
π

A
k with ν =

18.4
2A

, i =
√
−1, k = 0,1,2, . . . ,35.

Then the two marginal PDFs

J(A) =
∫ +∞

−∞

P(x,A, t)dx

and
K(x) =

∫ +∞

−∞

P(x,A, t)dA

are derived by the composite trapezoidal formula.
For generating Figs. 2–5, the procedure can be executed

as follows.
Step 1 For each fixed α , A, and ρk (k = 0,1, . . . ,35), by

employing schemes (22)–(24) with q = 4, τ = h = 1/200, we
get P(x,ρk, t) at time T .

Step 2 According to the numerical method,[36] we obtain
P(x,A, t).

Step 3 By making use of the composite trapezoidal for-
mula, we get the marginal PDF J(A).
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1
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3
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T=0.5

T=1.0

α=0.1

Fig. 2. J(A) for Eq. (22) with U(x) defined in Eq. (52).
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Fig. 3. J(A) for Eq. (22) with U(x) defined in Eq. (53).
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Fig. 4. J(A) for Eq. (22) with U(x) defined in Eq. (53).
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Fig. 5. J(A) for Eq. (22) with U(x) defined in Eq. (53).

Figures 2–5 present the curves of the marginal PDF J(A),
where we can see the areas under the curves at time T = 0.5
and T = 1.0 are almost the same. It implies the conservation
of probability.

The procedure of generating Figs. 6–8 can be executed as
follows.

Step 1 Take U(x) as defined in Eq. (54). For each fixed α ,
A, and ρk (k = 0,1, . . . ,35), by employing schemes (22)–(24)
with q = 4, τ = h = 1/200, we get P(x,ρk, t) at time T = 0.2.

Step 2 According to the numerical method,[36] we obtain
P(x,A, t).

Step 3 By making use of the composite trapezoidal for-
mula, we have the marginal PDF K(x).

Step 4 Letting U(x) = 0 and using schemes (22)–(24)
with q = 4, we obtain the solution of the fractional Fokker–
Planck equation KK(x).

Figures 6–8 depict the marginal PDF K(x), as well as
the numerical solution of fractional Fokker–Planck equation
KK(x). We can see K(x) coincides with KK(x), which further
verified the effectiveness of the proposed schemes.
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Fig. 6. K(x) and KK(x) for Eq. (22), respectively.
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Fig. 7. K(x) and KK(x) for Eq. (22), respectively.
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Fig. 8. K(x) and KK(x) for Eq. (22), respectively.

5. Conclusion
In this paper, compact finite difference schemes for solv-

ing the backward fractional Feynman–Kac equation are pro-
posed. These schemes are of the q-th (q = 1,2,3,4) order
accuracy in time and the fourth order accuracy in space, re-
spectively.

By generalizing the inner product in Ref. [18] to com-
plex space, we prove that the first-order time discretization
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scheme is unconditionally stable and convergent in maximum
norm. For all the schemes proposed, from first to fourth or-
der approximations in temporal direction, abundant numeri-
cal experiments are carried out to verify the theoretical anal-
ysis and their effectiveness. Moreover, the derived errors and
convergence orders are compared with the corresponding re-
sults obtained in Ref. [31], which shows that the method in
this work is more accurate and efficient. Also, the problem
with Dirac delta function as the initial condition is simulated.
By employing the algorithm of numerical inversion of Laplace
transforms[36] and the composite trapezoidal formula, we draw
the curves of the marginal PDFs, as well as the numerical so-
lution of the fractional Fokker–Planck equation, which further
confirm the effectiveness of our methods.
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