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We study how can an angular momentum coherent state |7) keeps its form-invariant during time evolution governed
by the Hamiltonian H = f(¢) J+ + f* () J— + g (¢) J;. We discuss this topic in the context of boson realization of |1). By
employing the entangled state representation |§) and deriving a new binomial theorem involving two-subscript Hermite
polynomials, we derive the wave function ({|7), which turns out to be a single-subscript Hermite polynomial. Based on
this result the maintenance of angular momentum coherent state during time evolution is examined, and the value of 7 ()
is totally determined by the parameters involved in the Hamiltonian.
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1. Introduction

Coherent state theory has been widely used in quantum
optics and laser physics. The optical coherent state with the

amplitude o is defined as!'—*

) = exp(aa’ — a*a)[0), (1)

where a and a' are respectively boson annihilation and cre-
ation operators, [a,a’] =1, a|0) = 0. It has been common
knowledge that the Hamiltonian

Hy=wd a+f(t)d" +f*(t)a 2)

can keep form-invariant for coherent state, i.e., if the initial
state 1S a coherent state, it will evolve into still a coherent
state. In this work we search for which kind of Hamiltonian
can maintain the form of angular momentum coherent state
(AMCS), the AMCS is defined as>~!

%) = exp(pdy = ') s =) 3)

where J and J_ are raising and lowering operators of angular
momentum, respectively, obeying the following commutative
relations

[J+7J—]:2]Z> [J:ta‘]z]:¥‘]:|:a (4)

J; has its eigenstate

Jelj,m) =mlj,m), (5)
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and |j,—j) is the lowest weight state annihilated by J_, i.e.,
J_|j,—Jj) =0. Using the disentangling formula

exp(uy — ') = e™rexp [LIn(1+[t[*)] e 7/, (6)
where g = (6/2)e™'? and T = e~ '?tan(0/2). Equation (3)
becomes

e i) 7

= ey

We shall begin with the boson realization of AMCS to pro-
ceed our discussion. We then introduce the entangled state
representation and derive a new binomial theorem involving
two-subscript Hermite polynomials to go on. It turns out that
the wave function of AMCS in the entangled state represen-
tation is classified as single-subscript Hermite polynomials
H,j. Based on this result and the recursive property of Hj;
we find that the Hamiltonian H = f(¢)J; + f* (¢)J_ + g (¢)J;
can maintain the form-invariance of AMCS [7(¢));, and the
value of 7 (7) is totally determined by f(¢), f*(¢), and g(¢).
The rest of this paper is arranged as follows. In Sec-
tion 2 we reform the angular momentum coherent state |T) i
in boson realization and show that it is an entangled state. In
Section 3 we set up the entangled state representation and in-
troduce the two-subscript Hermite polynomials. In Section 4
we deduce the generalized binomial formula which involves
two-subscript Hermite polynomials. In Section 5 we obtain
the wave function of |7) ; in the entangled state representation.
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In Section 6 we examine the form-invariance of AMCS during
time evolution and determine the value of T (7).

2. Angular momentum coherent state in boson
realization

Using Schwinger boson realization of angular momentum
operators

, 1
Jo=d'b, J_=ab', J, = > (aTa —bTb) , (8)
the eigenstate of J, is
) qtitmpti—m
| j,m) = 100}, ©)
(J+m)!(j—m)!

where |00) is two-mode vacuum state in Fock space, a|00) =
0, 5|00) = 0, thus
bpT2i
lj,—J) = —==100) =
V(2))!
and we can reform the AMCS in Eq. (7) as
1 eaTbT b'I'ZJ'

0)®12)), (10)

o), = (1+]|z2) mmo)
Ve (11+|'c|) (v +a'7)” |00)
: <2f>’<11+|r|2>f§(2/)”“<a o oo
:mé(%j)l/szjl|21’—l>®|z>, (11)

which exhibits quantum entanglement between the two modes,
this enlighten us to introduce the entangled state representation
to study |7) ;.

3. The entangled state representation and the
two-subscript Hermite polynomials

In Refs. [10] and [11],
variable entangled state | ), which is the common eigenvector
of (a—i—bT) and (aT + b), noting [(a —|—b7) , (5fr —|—b)] =0, has
been constructed as follows:

&) =exp(a’¢+ ¢ —
which

the unnormalized continuous-

a'p)[00), £ =& +i8%,  (12)

takes the two-subscript Hermite polynomials

space
o0 a’rmb‘m
|C>: Z ! mn(C - )|00>» (13)
m,n=>0
here H,,, ,(§,&*) can be either defined through its generating
function!1%13]
id mtn
Y S Hual&E) =exp(—st+sE+1E),  (14)
mnmo 0!

or by its power-series expansion

Hyn(€,6)
am+n
= i P (st 45§ +1E7) i
min(m,n) mm'(fl) I L
_ L) em—lgan— 15
Z;O Hn—0{n—11° ° "

Note that H, , is not a direct product of two independent
single-subscript Hermite polynomials. H,,, have their own
uses in studying quantum optics and light propagation modes

in quadratic graded-index media. From Eq. (13) we see

1 *
(¢ [m,n) = WHmn@vC ). (16)
An important insight in |{) is its completeness relation
. d2 )
[ Lt gy g =1 (7

4. A generalized binomial formula involved two-
subscript Hermite polynomials

From Egs. (11) and (16) we see the wave function

2j—1
€, = 2200 zl,; Hyy (66). (8)

L+ 7P
We are challenged to make the summation in Eq. (18), which
involves Hy;_; ;. Instead of directly doing this, we try to prove
a generalized binomial formula by considering

2j . '
Y (i’) - Hyjp4(a’,a) T, (19)

=0

where : Hyj_; (a',a): is in antinormal ordering form, not-

ing that a and a" are permuted within the antinormal ordering

H,...(§,&*) as its expansion function in the two-mode Fock ~ Symbol : 14131 Using Eq. (14) we have
|
SRR T : : T : —st ta  sa' sa’ ta o s im n
Z —— ‘Hpga(a',a): = “exp(—st+sa’ +ta) - = e "ee™ = e = Z AL (20)
m!n! - ’ : : : m!n!
m,n=0 m,n=0
Comparing s™t" on both sides of Eq. (20) we have the operator identity
“Hpynla'a): =d™a" =: d™a": =:a"a™: (21)
where : : denotes normal ordering.!'®~!°1 Thus
)y ( lJ) ‘Hyjpi(aa) el =) ( l]) va™ M =} ( l]> il g = (td a) s (22)
=0 1=0 =0
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By making up

e n

Zl—‘: (‘L‘a“ra)n: =

=0

noting A" on the two sides of Eq. (23) we see

(V)" H, (”i;“) Ly

t (ta"+a)": =

therefore equation (22) becomes
J\ - ¥ T T ‘ Ta'+a\ .
Z(J;sz,,,(a ,a) T =1 L Hy; (2\/% ) S.(25)

=0
Since the two sides of Eq. (25) are both in antinormal ordering,
so we obtain a new generalized binomial formula

> , (26)

J - 2j—1 j 0+¢
Hy_ T =1/ Hy;

Y (%) (.0 qE>

its right-hand side appears as a single-subscript Hermite poly-

nomial. Further, let

=0

exp[A(ta’+a)]: ='e

Aa e)LTaT —A2r

ta’ 4a\ .
H, (M) o (23)

5. Time evolution of AMCS

BT

As an application of the above theory, we consider the

system described by the Hamiltonian

H=f(t)Jy+f(t)J-+g(t)),

and supposing it initially is in angular momentum coherent

(29)

state (7(0)|, we wish that it still evolves into an angular mo-

E(1)[z(1)),

mentum coherent state, which means H |7 (1)) =

then the Schrodinger equation is
=Hlt(1)) =E@)[t(2)).

Inserting the completeness relation of entangled states in

.0
i Je(0) (30)

* Eq. (17
= Ti\—;%: . 27 47 5 Y
. " — 2
Bquation (18) becomes i le0) = [ @), 6D
N 2 g2l i and using the following relations
(Cln); = ( Jijz vy H2j1a(8,87)
(1422 S 127 =Dt _ i _ (9 \ 9
— @/ Hy; (%), (28) 3
()01 + [ (€l = @v'a=(£"= 37 ) 57 @1 ()
here Hy; denotes the single-subscript Hermite polynomial of
order 2. Hence the wave function of angular momentum co- €| = 1 (¢ (aTa _ bTb) _ 1 (Ca e d ) (2], (33)
herent state in the entangled state representation is classifies as i 2 2\79d¢ ag*
Hy; (). This brings convenience for further studying |7) ;. ‘ we have
d d . 3 . d
@t =7 (¢ 55 ) 35+ (052 ) 5e+ 5 (G0 - 435 ) | € e =E o). a0
Since we assume |7 (¢)) is an angular momentum coherent state, using Eq. (28) the above equation (34) turns to
ON I e 2V 2 809 e 9 N\ W, ()= EHy
Noting y in Eq. (27), so
9 0z _VFo 0 _ 10 .
¢ dlady 2 Iy a¢* 2/t dx’
\
i d\ d
and using the property of H, (x) (Refs. [6] and [20]) L= (C* _ a(;) 5 Ha; (%)
2xH, —H!(x) =2nH,(x), 37
xH, () = H, (%) = 2nH, (%) 37 Jia 1
we can respectively express the terms in Eq. (35) as ¢ B3 ﬁ T 49 2> Ha; (%)
d d AT T .
h= (L 55 ) sg = YT () £ () 471 (1)
2 NTOT .
- (CZ\f&x - ) Hy () - (¢ -F ) my ot
— (:2\[ 2]( X) — 1 [2XH/2](X)_4]'H2]»(X)] The reverse relation of y = (§* +18) /24/T is
Altl (VT X
— Iy, = -
= ( N ) 500+ Hoj(2), (38) ¢ |T|2_1< > X5 ) (40)
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Thus equation (38) becomes

L X\ ..
( 2\/%—21> Ho; () + 2 Ha; (%)
(IsP+1)x—22lel

21(|1| 71) T

L

while equation (39) takes the form
1, .

L=3 (&*VT—1x) Hy; (%) + 7jH2;(x)

o2 lel -2 (1P +1)]

2(|1:|2—1>

d d
h= g (b5 ) By

(1P +1) x =212l
N 2(|r|2—1> (@) “

H); (%) + jTHa(%), (42)

Then the eigenfunction equation is
EHy;(x) = fhi+ f'h+gh
— T2 f gt
_f-Tfte [(Ir\2+1)x

2<\r|271)

. 241,
-2 \T\]Héj(l)‘f'fT]sz(l)- (44)
Since
d .
QHZ,/'(X):4JH2;71(X),

and the Hermite polynomials of different orders are mutual
orthogonal, comparing the two sides of Eq. (44) we finally ob-
tain

—2f gt (T +1 .
e R R e A R
(1)
and f
— L (72 i
E= T(r +1) . (46)

Because the eigenvalue equation cannot depend on the entan-
gled state parameter {, then cannot depend on ¥ either, we
have the value of 7, that is

+1/82 +4|f)?
=12 f"+g1=0 T:u 47)

b 2f* )

which is totally determined by the parameters in the Hamilto-
nian (29). Moreover, we know the eigenvalues are

E= (];+f*r)j—ij\/g2+4|f2. 8)

In summary, we have studied how an angular momentum
coherent state |7) keeps its form-invariant during time evolu-
tion governed by the Hamiltonian H = f(¢)J; + f* (t)J_ +
g(t)J,. By employing the entangled state representation |{)
and deriving a new binomial theorem involving two-subscript
Hermite polynomials we have derived the wave function
(€ |7), which is a single-subscript Hermite polynomial. Based
on this result the time evolution of angular momentum coher-
ent state is examined, and the value of 7 (¢) is determined. It
should be noted that our idea can be generalized to many other
quantum entangled systems: using recursion relations of new
binomial theorem involving special functions to convert dif-
ferential operation to algebraic operation.
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