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SPECIAL TOPIC — Optical field manipulation

Atomic even-harmonic generation due to symmetry-breaking effects
induced by spatially inhomogeneous field∗

Yue Guo(郭月), Aihua Liu(刘爱华)†, Jun Wang(王俊)‡, and Xueshen Liu(刘学深)

Institute of Atomic and Molecular Physics, Jilin University, Changchun 130012, China

(Received 18 June 2019; revised manuscript received 22 July 2019; published online 23 August 2019)

We ab initio investigate the interaction between the hydrogen atom and the inhomogeneous field which is induced
by resonant plasmons within a metal nanostructure. Same as normal laser pulse (homogeneous field), only odd-harmonic
generation occurs when the bow-tie nanostructure is utilized. For the single nanotip case, the even-harmonic generation
can be distinctly found in the harmonic emission spectrum. By investigating the symmetry and trajectories of different
inhomogeneous fields, we demonstrate that the breaking symmetry of system can enable even high harmonic generations.
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1. Introduction
Atoms and molecules driven by intense laser pulses radi-

ate high-order harmonics generation (HHG) whose frequen-
cies are integer multiples of the incident laser frequency.
HHG is a promising method to produce a unique table-top
source of coherent x-ray and attosecond pulses for ultrafast
spectroscopy.[1] The physical mechanism behind HHG has
been clearly declared by the classical three-step model.[2] Step
one: the electron is liberated by tunneling from the potential
barrier that built by the collaboration of atomic potential and
the electric potential of laser field. Then step two, the electron
oscillates in the laser field, and gains large amount of kinetic
energy (from 1 to hundreds of photons) from the laser field.
Finally, in the step three, the electron recombines with the par-
ent ion and releases the gained energy by radiating a harmonic
photon.

Symmetry plays an important role in the HHG of
atomic and molecular systems. If the medium (atom or
molecule) is inversion-symmetric, such as an atomic or non-
oriented molecular gas, the suppression of even-harmonics
has been certified,[3] only odd harmonics can be observed in
experiments.[4–6] The absence of even-harmonics can be ex-
plained by the concept of inversion symmetry. In the quantum
system with a center of inversion symmetry, the parity of the
system’s eigenstates must be +1 or −1. In the view point of
perturbation theory, the cause and mechanism of the n-th order
HHG can be treated as follows: absorbing n photons of laser
frequency and then releasing a harmonic photon. Since the
transition between two states must be different parity, there-
fore, an even number of photons could not be absorbed by

the system. This is why the atoms could not produce even-
harmonics, i.e., even-harmonic generation is absolutely for-
bidden in atoms. More details by studying the symmetry prop-
erties to obtain the selection rules for even and odd harmonics
can be found in Refs. [3] and [7]. In an ensemble of oriented
diatomic molecules, except the homonuclear molecules, the
inversion symmetry is broken. It has been predicted that the
even-harmonic generation in the asymmetry molecules shined
by laser field.[8–11] There are plenty of investigations on the
selection rules[12,13] and applications[10,14,15] on the even har-
monics of asymmetric molecules.

In recent years, people focus on HHG in a spatially in-
homogeneous field[16–18] produced by a metal nanostructure
when it is illuminated by a short laser pulse. By using such
an inhomogeneous field, relying on the strong confinement
of plasmonic hot spots, HHGs in nanostructures show a lot
of novel characteristics, such as extending the harmonic cut-
off energy[17,19–22] and increasing the harmonic yield.[23,24]

Moreover, the isolated attosecond pulse has been proposed to
generate by selecting the quantum path with inhomogeneous
fields. Those characteristics just fit one of the most major
branches of HHG studies. On the other hand, Ciappina et
al. observed the generation of even-harmonics within inho-
mogeneous field of single-tip nanostructure.[25] To understand
how the induced inhomogeneous field plays its role in even-
harmonics generations, in this work, we performed a theoreti-
cally numerical analysis to investigate the HHG from a hydro-
gen atom in two different types of spatially inhomogeneous
field. By comparing HHG spectra in two kinds of inhomoge-
neous field which generated by bow-tie and single-tip nanos-
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tructures respectively, we will discuss how the inhomogeneous
field produces modifications in the harmonic periodicity, and
reveal the mechanism of even-harmonics generations by laser-
induced inhomogeneous field. By analyzing the HHG pro-
cess using time-frequency and semiclassical calculations, we
present strong evidence about the atomic even-harmonic gen-
eration due to symmetry-breaking effects induced by the spa-
tially inhomogeneous field. Unless specifically stated other-
wise, the atomic units (a.u.) are used throughout this paper.

2. Theory
To fully describe the HHG process in quantum mechan-

ics, it is required to solve the three-dimensional (3D) time-
dependent Schrödinger equation (TDSE). However, the previ-
ous investigation on simulations of one-dimensional (1D) and
3D TDSEs shows that the harmonic spectra and the positions
of the cutoff are remarkably similar.[26] Therefore in this work,
we will perform the simulation of HHG process from a hydro-
gen atom in a spatially inhomogeneous field by solving the 1D
TDSE in length-gauge

i
∂ψ(x, t)

∂ t
=

[
−1

2
∂ 2

∂ (x)2 +Va(x)+VE(x, t)
]

ψ(x, t), (1)

where Va(x) = −Z/
√

x2 +a is the soft-core potential. The
parameters are set as Z = 1 and a = 2, which guarantee the
ground state energy of hydrogen atoms, Eg =−0.5. The term
VE(x, t) = E(x, t) · x is the potential of the interaction with ex-
ternal electric field including the incident laser field and its in-
duced field. The induced inhomogeneous electric field can be
expressed as the spatial function cross the temporal function:
E(x, t) = E(x) ·E(t). Temporal function is the same as the in-
cident laser field in the form E(t) = E0 f (t)sin[ωt+ϕ]. E0 and
ω are the peak amplitude and frequency of the incident laser
pulse, respectively; ϕ represents the carrier-envelope phase
(CEP) of the driving field, and f (t)= exp[−4ln2((t−tc)/σ)2]

is the Gaussian temporal envelope. tc is the center of laser
pulse. Spatial function is expressed as E(x) = 1+ εx. Spatial
factors ε is used to modulate the spatial gradient of inhomo-
geneous field. By adjusting the shape of the nanostructure,
one can change the inhomogeneity in experiments. In nu-
merical simulation, a cos1/8 mask function was used to avoid
the wave packet near the boundaries contribution to the HHG.
Then the time-dependent induced dipole moment can be given
by Ehrenfest’s theorem

a(t) = 〈ψ(x, t)|− dVa(x)
dx

−E(x, t)− x
∂

∂x
E(x, t)|ψ(x, t)〉. (2)

The HHG power spectrum can be determined by

p(ω) =

∣∣∣∣ 1√
2π

∫ t ′

0
a(t)exp(−iωt)dt

∣∣∣∣2.
To deeply explore HHG’s physical mechanism, we employ
the time–frequency analysis to survey the induced dipole

moment. It is performed by means of wavelet transform:
Aω(t0,w0) =

∫ t f
ti a(t)wt0,ω(t)dt. Here, wt0,ω =

√
ωW [ω(t −

t0)] is the wavelet transform kernel, which is given in the form
of W (x) = (1/

√
τ)e ix e−x2/2τ2

.

3. Results and discussion
In this section, the effect of electric field inhomogeneity

on the spectral profile of the high-order harmonic spectrum
will be discussed. We have calculated the HHG spectra of hy-
drogen atoms emitted by two kinds of inhomogeneous field
which generated by the bow-tie [Fig. 1(a1)] and the single-tip
[Fig. 1(a2)] nanostructure, respectively. The typical intensity
of the inhomogeneous field is taken to be 70 TW/cm2, the laser
pulse has a Gauss-shaped envelope and total duration of 10 op-
tical cycles (o.c.), the CEP ϕ of driving field is 0. Spatial func-
tion of two fields are expressed as (i) bow-tie: Eb(x) = 1+ε|x|
and (ii) single-tip: Es(x) = 1+ εx. The value of the parameter
ε is 0.06. Figures 1(a1) and 1(a2) show the scheme of two
systems considered in our paper, and different gold nanostruc-
tures result in great differences in the space-varying electric
field. The behaviors of the corresponding resonance-enhanced
electric fields are significant divergence in one optical cycle
(black square zone). Axial symmetry and inversion symme-
try of space are distinctly shown in Figs. 1(b1) and 1(b2), re-
spectively. Briefly, in the case of bow-tie nanostructure, the
electric field at x > 0 and x < 0 has the same sign for a fixed
time t in Fig. 1(b1), i.e. Eb(x, t) = Eb(−x, t), which can char-
acterize the symmetrical spatial inhomogeneity. However, fig-
ure 1(b2) displays different electric fields at x > 0 and x < 0,
i.e., Es(x, t) =−Es(−x, t).
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Fig. 1. Interaction scheme considered in this work: a few-cycle 800-nm
laser beam is focused into a gold bow-tie nanoantenna (a1) or a single nan-
otip (a2), and (b1), (b2) corresponding induced fields, respectively. (c) Har-
monics are generated from hydrogen atom by two kinds of enhanced driving
field and homogeneous field.
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Fig. 2. Wavelet time-frequency spectra (absolute value) of the dipole acceleration and classical kinetic simulation.

Figure 1(c) shows harmonic spectrum obtained from a hy-
drogen atom under the irradiation of bow-tie (black dashed-
dotted curves) and single nanotip (red curves) inhomogeneous
fields, respectively. The cyan dashed curves are plotted as
a comparison without inhomogeneous field. Due to differ-
ent field enhancements by two nanostructures, the harmonic
efficiency of black line is higher than the red one for the
high-order harmonics. We can notice the enhanced harmonic
(black curve) and an extra peak at the harmonic order. The
subtle structure of greater differentiation between two spec-
tra are shown in the subgraphs. Pure odd-harmonic genera-
tion (black curve) occurs when the bow-tie nanostructure is
utilized. However, a comb of well-resolved odd and even
harmonics appears in the red curve of single-tip case. Even-
harmonic which has the same order of magnitude as the odd
ones can be distinctly found in the harmonic emission spec-
trum (red dotted curve).

For both kinds of inhomogeneous field, it can be seen
that an apparent peak–valley structure appears in the harmonic
spectrum. To clarify the peak–valley structure and illustrate
the dynamics from the harmonic platform in two inhomo-
geneous fields, we employed the wavelet transform of time-
dependent induced dipole acceleration. First, for comparison,
in Figs. 2(a1) and 2(a2), we show the transient information of
harmonic emission and classical kinetic simulation with ho-
mogeneous field. We can only observe HHGs at very low
orders. Then, in Figs. 2(b1) and 2(c1), we show the tran-
sient information of harmonic emission of each kind of in-

homogeneous field. As expected, the main contribution to the
harmonic signal comes from the central part of a laser pulse
whose intensity is the strongest. As we can see, for two differ-
ent inhomogeneous cases, the time–frequency spectra are very
distinctive. In Fig. 2(b1), the bow-tie inhomogeneous field,
same as the homogeneous field, two light emissions can be
found in each optical cycle. However, in Fig. 2(c1), the single
nanotip case, only once light emission appears. According to
three-step model,[2] the tunneled electron could be treated as
classical particle. As it is shown in Figs. 2(b2) and 2(c2), we
also calculate the classical action of the ionized electrons to in-
vestigate the origin of the harmonic interference. We describes
the motion of an ionized electron in the inhomogeneous field
(neglect the influence of the atomic potential) by solving New-
ton’s equation a(t) = −E(x, t). In our simulation, it is tacitly
assumed that the electron leaves the ‘tunnel’ with zero veloc-
ity, which means the initial velocity v(t) is zero. Also, the
position x(t) of the ionized electron is set to zero. The time-
dependent total energy is equal to the ionized electron’s ki-
netic energy plus the ionization energy of the atom. Upon
comparing the classical and quantum calculations, as shown
in Fig. 2, they agree well with each other. The half-wave sym-
metry of the time-periodic homogeneous field is expressed by
E(x, t+T/2) = E(x, t),[27] where T is the period of laser field.
By that analogy, the electron density of the quantum system
in homogeneous field is ρ(−x, t +T/2) = ρ(x, t), which pro-
vided the initial field-free state possesses the inversion sym-
metry. This initial field-free state makes constructive interfer-
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ence appear on odd-harmonics and destructive interference of
even-harmonics. Pure odd-harmonics show up when atom is
illuminated by homogeneous field. In two systems of our sim-
ulation, axial symmetry and inversion symmetry of spatially
inhomogeneous fields are distinctly as shown in Figs. 1(b1)
and 1(b2), respectively. The introduce of spatial inhomogene-
ity of the electric field reinforces the modulation of the elec-
tric field manipulates the electron. For the axial symmetry
case, i.e., Eb(x, t) = Eb(−x, t), as shown in Fig. 2(b1), it emits
light twice in a cycle, so the half-wave symmetry plus axial
symmetry of inhomogeneous field still works well as homo-
geneous field of Fig. 2(a1). For the inversion symmetry case,
i.e., Es(x, t) =−Es(−x, t), generation of even harmonics indi-
cates that it may break inversion symmetry under the influence
of the external field, which is equal to the half-wave symmetry
plus inversion symmetry of inhomogeneous field.

To illustrate the possible half-wave symmetry breaking,
we have calculated the time-dependent probability to find the
electron and analyzed the profiles of the classical trajectories
in both cases. Figure 3 shows the results for two inhomoge-
neous cases where the HHG spectra differ qualitatively. As

we can see, in Fig. 3(a), during each period of laser pulse
(e.g., between the 4-th to the 5-th o.c.), the probabilities to
find the electron which is back to parent ion in the up half-
space and the down half-space correspond to the half-wave
symmetry plus axial symmetry: on each half cycle, undergo-
ing the “acceleration–deceleration–reverse acceleration” pro-
cess, the electron returns the parent ion. This is the same as
the homogeneous field of Fig. 3(d). With the single-tip inho-
mogenous field, as it is shown in Fig. 3(b), the electron plays
the same role which in bow-tie inhomogeneous field on first
half cycle, but the electron never returns on the second half
cycle. In Fig. 3(c), we present electron trajectories of both in-
homogeneous fields. Between the time 4 o.c. and 4.5 o.c., we
can observe complete trajectories: from the birth time to the
first recollision time. They present a striking contrast between
inhomogeneous field of bow-tie and single-tip nanostructures.
We blame this on symmetry in the total electric field. In an-
other word, the symmetry-breaking effects make it possible
that even-harmonic generates when an atom is illuminated by
single nanotip spatially inhomogeneous field.
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Fig. 3. Evolution of the electronic wave-packet and classical trajectory analysis (red curves) for (a) bow-tie field, (b) single nanotip field and
without nanotip with the same temporal function E(t), respectively. (c) Classical trajectory analysis for bow-tie field (red lines) and single
nanotip field (white lines). (d) Electronic wave-packet and classical trajectory analysis (red curves) with homogeneous field.

4. Conclusion

The HHG processes of hydrogen atoms under the inter-
action with two kinds of spatially inhomogeneous field were
investigated by numerically solving the TDSE. These spatially
inhomogeneous fields lie in a vicinity of the metal nanostruc-
ture when they are illuminated by ultrashort laser pulses. Due
to the effect of inhomogeneity of induced field, the inhomo-

geneous field produced modifications in the harmonic period-
icity. The odd and even-harmonics were both observed in the
single nanotip case. The bow-tie nanostructure could produce
only odd harmonics, it still follows the same symmetry rules
as that of homogeneous field with atomic targets. By employ-
ing the classical equation of motion for an electron moving
in a linearly polarized inhomogeneous electric field and time–
frequency analysis, we demonstrated the origin of even HHG
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from the symmetry-breaking of the total atom–laser system.
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