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It is well known that the radiation efficiency of an acoustic dipole is very low, increasing the radiation efficiency
of an acoustic dipole is a difficult task, especially in an ordinary waveguide. In addition, current acoustic superlenses all
utilize in-phase sources to do the super-resolution imaging, it is almost impossible to realize super-resolution imaging of an
acoustic dipole. In this paper, after using the Helmholtz resonator arrays (HRAs) which are placed at the upper and lower
surfaces of the waveguide, we observe a large dipole radiation efficiency at the certain frequency, which gives a method to
observe an acoustic dipole in the far field and offers a novel model which is promising to realize the superlens with a source
of an acoustic dipole. We discuss how the arrangement of HRAs affects the transmission of the acoustic dipole.

Keywords: dipole source, waveguide, Helmholtz resonator arrays, double-negative area
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1. Introduction
Acoustic dipole is two point sound sources that are very

close to each other and have the same amplitude of vibra-
tion but with opposite phases. For the same sound intensity,
the sound pressure generated by an acoustic dipole is much
smaller than that of an acoustic monopole, and the sound radi-
ation power is proportional to the square of the sound pressure
amplitude, so the radiation efficiency of the acoustic dipole is
very poor. From this point of view, the wave induced by the
acoustic dipole can also be regarded as an evanescent wave.
However, due to its directivity characteristic, it is widely used
in medical sensor and noise control research.[1,2] Helmholtz
resonator (HR) has been widely used in acoustic metamaterial
structures.[3–11] Because of its special acoustic properties at
the resonance frequency, a Helmholtz resonator array (HRA)
can turn a normal acoustic boundary into a negative impedance
boundary[8] and make the effective modulus of the material
change from positive to negative.[11,12] Thus, the properties
of unconventional acoustic materials and phenomena such as
acoustic cloak can be obtained.[13,14] The existing acoustic su-
perlenses are all using in-phase sources,[15–24] if the acoustic
dipole is used as the sound source, there is no doubt that more
acoustic information can be achieved when excited with iden-
tical sound energy at the same time so that the imaging effi-
ciency can be enhanced. Meanwhile, subwavelength propaga-
tion is to be seen by using the resonance propagation charac-

teristics of the HR, which is conducive to the miniaturization
of acoustic superlenses. If the method can be used to solve the
problem of low transmission efficiency of the acoustic dipole,
it is quite promising to realize the acoustic superlens of an
acoustic dipole. In this paper, we propose a three-dimensional
(3D) waveguide tube with HRAs placed at the upper and lower
surfaces, which can enhance the transmissivity of a dipole
source greatly.

2. Structure and phenomenon
In order to improve the transmission of a dipole source,

a structure consisting of a waveguide with symmetric HRAs
is designed. We use finite element simulation software COM-
SOL to simulate the situations when the wave from a dipole-
like source propagates through different waveguides without
and with HRAs by sweep-frequency method. Left ends of both
waveguides are set as dipole-like incident waves whose initial
sound pressures of upper and lower parts are −1 Pa and 1 Pa.
Right ends of both waveguides are set to the plane wave radi-
ation boundary in order to avoid reflection and two boundary
probes are set to monitor the sound pressure lever (SPL) in far
fields. All the other boundary conditions of both waveguides
are unified as hard boundaries and the background medium
is air. As shown in Fig. 1(a), the transmissivity of the acous-
tic dipole in the waveguide without HRAs is nearly zero at
5160 Hz. By contrast, figure 1(b) shows that the high radiation

∗Project supported by the National Key R&D Program of China (Grant No. 2017YFA0303702), State Key Program of the National Natural Science Foundation of
China (Grant No. 11834008), the National Natural Science Foundation of China (Grant No. 11774167), State Key Laboratory of Acoustics, Chinese Academy
of Sciences (Grant No. SKLA201809), Key Laboratory of Underwater Acoustic Environment, Chinese Academy of Sciences (Grant No. SSHJ-KFKT-1701),
and AQSIQ Technology R&D Program, China (Grant No. 2017QK125).

†Corresponding author. E-mail: xzliu@nju.edu.cn
© 2019 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

094301-1

http://dx.doi.org/10.1088/1674-1056/ab3447
mailto:xzliu@nju.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 28, No. 9 (2019) 094301

efficiency of the dipole source in the waveguide with HRAs
is obtained at 5160 Hz and the wave can propagate within
the waveguide tube. Note that the cross-sectional size of the
waveguide is 1 cm×1 cm, the length of the waveguide is 8 cm,
thus the cut-off frequency of the (1,0) mode of the waveguide
should be 17150 Hz (in other words, below the frequency of
17150 Hz, only the (0,0) mode plane wave can be transmitted).
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Fig. 1. (a) Sound pressure induced by a dipole in the waveguide without
HRAs at 5160 Hz. (b) Sound pressure induced by a dipole in the waveg-
uide with HRAs whose first HR position is 2.5 mm from the source and
the period is 5 mm at 5160 Hz. (c) Sound pressure level induced by a
dipole at the end of the waveguide with and without HRAs.

Because of the HRAs, the antisymmetric-like mode of trans-
mission in the waveguide can be realized at 5160 Hz. From
Fig. 1(c), we can see that the bandwidth of the sound wave is
from 5140 Hz to 5200 Hz. At other frequencies, the radiation
efficiency of the acoustic dipole with HRAs is extremely low.

3. Theory
3.1. Double-negative area

In order to explain the phenomenon, we use electro–
acoustic analogy to analyze it. A unit cell is demonstrated
in Fig. 2(a) with various parameters of the structure. The cor-
responding electric circuit analogy is presented in Fig. 2(b),
in which the inductor Ma = ρ0L/2D2 and capacitor Ca =

D2L/2ρ0c2
0 represent the equivalent acoustic mass and the

stiffness of the half waveguide, respectively, where ρ0, c0, L,
and D are the mass density of air, sound speed in air, length
and width (the same with height) of the waveguide, respec-
tively. Likewise, Mb = ρ0(l + 1.435r2)/sb and Cb = VH/ρ0c2

0

donate the equivalent acoustic mass and the stiffness of the
Helmholtz resonator, respectively, where l, r2, sb, and VH stand
for the neck length, neck radius, neck area, and cavity vol-
ume of the Helmholtz resonator, respectively. It is important
to note that the neck end correction of the HR is 1.435r2,
which is composed of two parts, one side is 0.585r2 when
r2/r1 (r1 is the cavity radius of the HR) equals 0.25 and the
other side is 0.85r2 (to waveguide) according to the end cor-
rection theory.[25]
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Fig. 2. (a) Unit cell of the waveguide with symmetric HRs. (b) Electric circuit analogy of the unit cell. (c) Effective bulk modulus and
effective mass density for the unit cell. (d) Double-negative area of the unit cell.
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From Fig. 2(b), the equivalent electrical impedance of the
half waveguide can be given as

Zw = ZwL +ZwC, (1)

where ZwL and ZwC are the equivalent electrical impedances
of the inductance and capacitance with the following expres-
sions:

ZwL = Mas =
ρ0Ls
2D2 , (2)

ZwC =
1

Cas
=

2ρ0c2
0

D2Ls
, (3)

with c0 being the sound speed in the waveguide and s = jω .
Similarly, we can obtain the equivalent impedance of the

Helmholtz resonator

ZH = ZHL +ZHC, (4)

where ZHL and ZHC represent the equivalent electrical
impedances of the inductance and capacitance of the
Helmholtz resonator, respectively, with the following expres-
sions:

ZHL = Mbs =
ρ0(l +1.435r2)s

sb
, (5)

ZHC =
1

Cbs
=

ρ0c2
0

VHs
. (6)

In accordance with Fig. 3(b), the total impedance of a unit cell
can be given as

ZT =
ZwZwCZH

2ZwZwC +ZwCZH +ZwZH
+ZwL. (7)

With Eqs. (1)–(7), we can derive the total impedance as

ZT =

2ρ0c2
0

D2Ls

(
L2s2

4
+ c2

0

)
2ρ0c2

0
D2Ls

(
ρ0(l +1.435r2)s

sb
+

ρ0c2
0

VHs

)
4ρ0c2

0
D2Ls

2ρ0c2
0

D2Ls

(
L2s2

4
+ c2

0

)
+

2ρ0c2
0

D2Ls

(
ρ0(l +1.435r2)s

sb
+

ρ0c2
0

VHs

)
+

(
ρ0(l +1.435r2)s

sb
+

ρ0c2
0

VHs

)
2ρ0c2

0
D2Ls

(
L2s2

4
+ c2

0

) +
ρ0Ls
2D2 . (8)

In this case, the structure satisfies the situation Ls/2 � c0, so
we can do the following approximation:

ZT =
ρ0c2

0

(
ρ0(l +1.435r2)s2

sb
+

ρ0c2
0

VH

)
2ρ0c2

0s+D2Ls
(

ρ0(l +1.435r2)s2

sb
+

ρ0c2
0

VH

) +
ρ0Ls
2D2 . (9)

Combining the definition of the effective bulk modulus and
the structure of the unit cell, we can easily obtain the effective
bulk modulus

Be =− dP/dt
(Q−2QH)/D2L

, (10)

where P is the acoustic pressure, Q and QH are the acoustic
volume flow rates in the waveguide and Helmholtz resonators,
respectively.

The acoustic volume flow rate in the waveguide can be
given as

Q = P/ZT. (11)

The acoustic pressure and volume flow rate in the Helmholtz
resonators are

PH = P
(

1− ZwL

ZT

)
, QH =

PH

ZH
. (12)

With Eqs. (11) and (12), equation (10) can be rewritten as

Be =
D2LsZTZH

ZH −2ZT +2ZwL
. (13)

Combining Eqs. (2), (4)–(6), (9), and (13), finally, we can ob-
tain the parametric expression of Be,

Be = ρ0c2
0

(
1+

L2s2

2c2
0
+

Ls2VHsb

D2[c2
0sb +VH(l +1.435r2)s2]

)
. (14)

Meanwhile, the effective impedance of the unit open-circuit
Ze can be defined as

Ze =

√
ZwL

1/ZwC +2/ZH +1/Zw
. (15)

The effective mass density ρe is related to Ze and Be by

ρe = Z2
e/Be. (16)

As a function of frequency, the effective bulk modulus and ef-
fective mass density are displayed in Fig. 2(c). We can see
that there is a narrow frequency range of negative effective
bulk modulus before the resonance frequency. The effective
mass density turns negative above 5139 Hz and never goes
back to positive. Obviously, there is some double-negative
area around 5200 Hz. After zooming up, as Fig. 3(d) shows, a
double-negative area from 5139 Hz to 5207 Hz is observed,
which from the transmission line theory explains why this
structure makes the radiation efficiency of an acoustic dipole
enhance greatly.[26]

3.2. Acoustic filter

From another perspective, figure 3(a) presents the
electro–acoustic analogy of the structure with HRAs as dis-
played in Fig. 1(b), which can also be regarded as an acoustic
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filter.[27] Ideally, the resistance of HR is quite small so that we
can ignore it. The waveguide between two adjacent HRs is
equivalently described by the acoustic mass Ma and stiffness
Ca, likewise, Mb and Cb are the acoustic mass and stiffness of
the HR, respectively, all the HRs are of the same size. The
two HRs located in the corresponding positions of the upper
and lower surfaces can be analogous to a pair of capacitor and
inductor in parallel. To facilitate calculation, we simplify the
acoustic impedance of the waveguide and parallel HRs with
Ca as Z1 and Z2, respectively (Fig. 3(b)). We omit all the resis-
tance of the same unit, where Un−1, Un, and Un+1 present the
volume velocities in adjacent circuits, respectively. From the
equivalent electric circuit, we have the following equations:

(Un −Un−1)Z2 +UnZ1 +(Un −Un+1)Z2 = 0, (17)

that is

−Z2

(
Un−1

Un
+

Un+1

Un

)
+(Z1 +2Z2) = 0. (18)

Assume
Un−1

Un
=

Un

Un+1
= · · ·= eθ = eα+jβ , (19)

where θ is the phase difference between adjacent loops, α rep-
resents the transmission attenuation coefficient of the acoustic
filter, and β is the phase coefficient. Then equation (18) can
be written as

Z1 +2Z2

2Z2
=

1
2
(eθ + e−θ ). (20)

In the pass band, the loss of the acoustic filter can be ignored,
so α ≈ 0. Therefore, we can obtain

coshθ ≈ cosh jβ = cosβ = 1+
Z1

2Z2
. (21)

Apparently,

−1 6 1+
Z1

2Z2
6 1, (22)

that is

−1 6
Z1

4Z2
6 0, (23)

here

Z1 = Mas, Z2 =
1

2/(Mbs+ 1
Cbs )+Cas

. (24)

Therefore the respective impedances must satisfy the fol-
lowing inequality:

−1 6
Mas(2/(Mbs+ 1

Cbs )+Cas)

4
6 0. (25)

Solving the inequality, finally we can obtain the following so-
lution:

0 < f < f0 =
1

2π

√
1

MbCb

√
1+

2Cb

Ca
= 5190 Hz. (26)

P

Ma Ma Ma

Mb Mb

CbCb

(a)

(b)

……

Ca Ca

P

Z1 Z1 

……Z2 Z2Un↩ Un⇁Un

Fig. 3. (a) Electro–acoustic analogy of the waveguide with HRAs at
the upper and lower surfaces of the waveguide and (b) the simplified
electro–acoustic analogy.

That is to say, the waveguide with HRAs is equivalent
to a bandpass filter at the resonance frequency of the HR. It
explains why the two columns HRAs at the upper and lower
surfaces of the waveguide can greatly increase the transmit-
tance of the acoustic dipole at the frequency slightly below the
resonance frequency of the Helmholtz resonator. Combined
with the frequency band of double-negative area, the waveg-
uide with HRAs can be seen as a narrow-band acoustic filter.

4. Results and discussion
Next we will discuss how the arrangement of HRAs af-

fects the transmission of the acoustic dipole. By changing
the initial position and period of HRAs, we exam whether the
dipole wave can still propagate in the waveguide. To explore
this problem, we do the following simulation. By comparing
with Fig. 1(b), the wave cannot propagate when we double the
period of HRAs (Fig. 4(a)). In the situation shown in Fig. 4(b),
alerting the first position of the HRAs and keeping the original
period of the HRAs, the wave still propagates but there is a
noticeable drop-off of the sound energy. When the initial posi-
tion reaches far away to triple the distance, the HRAs lose their
appeal to the sound source, causing the wave to lose propaga-
tion completely (Fig. 4(c)). Figure 4(d) shows the combination
of the expansion of period and changing the first HR position
of HRAs. Although the first HR position is not too far away
from the dipole source and the sound energy can propagate to
the position where the first two HRs exist, the period, i.e., the
coupling strength is so weak, which determines that the wave
cannot continue to propagate to the far field. Certainly, in ex-
treme cases, that is, the first position of HRAs is relatively far,
the period is also greater than the half-wavelength of the sound
wave, then the HRAs have already lost their ability to attract
and spread the sound, the sound wave induced by the dipole
fails to propagate. Proper first HR position ensures that the
dipole source can reach the HRAs and make HRAs function.

094301-4
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As for the period of the HRAs, Ma and Ca change as periodic
interval L varies. A unit cell of waveguide with the neck open-
ing of HR is present in Fig. 5(a). After numerical calculation,
when L = 5 mm and 10 mm, the double-negative areas are
5139–5207 Hz and 5010–5207 Hz, respectively. Combined
with the filter theory, the actual transmissible frequency bands
are 5139–5190 Hz and 5010–5152 Hz (Fig. 5(b)). Obviously,
5160 Hz is out of range of the transmissible frequency band,
which leads to the failure in Fig. 4(d). In conclusion, the pe-
riod of the HRAs determines the different transmissible fre-
quency bands.
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(c) (d)
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Fig. 4. Models of waveguides with different HRAs. (a) The first HR
position of the HRAs is 2.5 mm, the period of the HRAs is 10 mm. (b)
The first HR position of the HRAs is 7.5 mm, the period of the HRAs
is 5 mm. (c) The first HR position of the HRAs is 12.5 mm, the period
of the HRAs is 5 mm. (d) The first HR position of the HRAs is 7.5 mm,
the period of the HRAs is 10 mm.
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Fig. 5. (a) Unit cell of waveguide with Helmholtz resonator. (b)
Double-negative area of the unit cell with L = 10 mm.

5. Conclusion
To enhance the transmittance of an acoustic dipole, a

waveguide with two columns of HRAs at the upper and lower

surfaces of the waveguide is proposed in this paper. By means
of electro–acoustic analogy, a good explanation why the dipole
wave can only be propagated to far field at the frequency be-
low the resonance frequency of the HR is proposed. A double-
negative area is present at the frequency slightly below the res-
onance frequency of the HR. It is found that the first position
of the HRAs and the period of the HRAs have much to do with
the transmittance. If the first position of the HRAs is too far
away or the period of the HRAs is too large, it will cause the
reduction of the attraction of the sound energy or the decline
of the coupling intensity, which leads to the inability of the
propagation of the wave. If the period is not matched with the
half-wavelength of the sound wave, the wave shape distortion
may occur although it can be transmitted. In conclusion, with
proper first position and period of HRAs, HRAs at the surfaces
of the waveguide can greatly improve the dipole transmission
efficiency, which is fairly promising for the future application
to acoustic superlenses.
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