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Tunnelling, acceleration, and collision of electrons are the basic events in the process of high harmonic generation
(HHG) in strong-field interaction with atoms. However, the periodic array of atoms in semiconductor structure makes three
steps become interatomic coherent process which leads to complicated carrier dynamics and two sources of high harmonic
emission: interband polarization and intraband current. The difference of features of high harmonic generation between
semiconductors and atoms is strongly linked to the unique presence of intraband motion which manifests itself a nontrivial
role in intertwined two dynamics. Here, we review recent experimental and theoretical advances of understanding coupled
interband and intraband mechanisms of HHG in semiconductors. Particularly we focus on the influence of intraband motion
on the interband excitation, and on the subsequent HHG emission and attosecond pulse generation.

Keywords: high harmonic generation, interband polarization, intraband current, attosecond pulse generation

PACS: 42.65.Ky, 42.65.Re, 72.20.Ht

1. Introduction

Advances in intense pulse lasers have opened up an av-
enue to field-induced nonperturbative nonlinear optical phe-
nomena, such as high harmonic generation (HHG) and at-
tosecond pulse generation.!! Traditionally, the mediators
of the strong-field interaction are isolated atoms or small
molecules.!””7] Recently, a range of semiconductors have been
used to produce high harmonics when driven by visible,®!
mid-infrared,®!%1 and terahertz!'! fields, allowing for a new
spectroscopic technology of reconstructing the electronic band
structure'?! and generating pulses with duration of a few tens
of attoseconds. 1314

Semi-classical three-step model of electrons in atoms
offers the fundamental insights into microscopic HHG
process.[?! The model comprises tunneling through the bend-
ing potential barrier, acceleration of electron in free space and
recombination with its associate core. However, the HHG pro-
cess in semiconductors is much more complicated due to the
dense array of atoms in the system.!!>-'8 The comparison of
microscopic mechanisms for atomic and solid-state HHG in
both real and momentum space is depicted in Fig. 1.['%1 In
semiconductor phase, the tunneled electrons undergo scatter-
ing by periodic potential, the motion of which is called Bloch
oscillation.?”) The electrons would subsequently re-collide

with all possible neighboring cations (see Fig. 1(a)). It is
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transparent to study the solid-state HHG process in momentum
space[?1:2] since the electronic band structure &(k) is formed
by the continuum of splitted electronic degenerate states due
to the overlapping of electronic wavefunctions in the crystal
and the Bloch oscillation is well described as the traversing
of electrons across the reciprocal space within bands.!'”! For
better comparison, the atomic HHG process is also revisited
in momentum space (see Fig. 1(d)). The electron is initially
in ground state with energy —I,. Upon tunnelling, the elec-
tron is freed in the continuum state with zero initial velocity.
As the electron is accelerated and decelerated by field force
it gains the energy which equals k()?/2. The re-collision of
electron with the parent ion gives rise to a photon radiation
whose energy is k(t)? /2 + I,.!*! In solid state, take a two-band
model as example, the tunneling step can be viewed as the cre-
ation of electron-hole pairs which mainly occurs around £ =0
and vertical interband transition for electrons overcoming the
energy gap. Subsequently, the electron and hole move in re-
spective conduction and valence bands with the same instan-
taneous momentum value. The velocity and energy of intra-
band motion is constrained by the band structure of semicon-
ductors. The photon is radiated upon the electron transiting
back to the valence band and recombining with its associate
hole with energy equal to the band gap (k) of instantaneous
k (see Fig. 1(b)). Therefore, there are two possible sources
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of HHG: the radiation from intraband current and interband

23,24,26

polarization. ! I There is no analogous intraband emission

in atomic phase.
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Fig. 1. (a)—(c) The real-space picture of solid-state and atomic HHG.
In (c) three-step recollision model of atomic HHG includes tunelling,
acceleration and recombination whereas in (a) tunnelled electrons scat-
tered by periodic Coulomb potential and they could collide with not
only its parent ion but also neighboring ions. (b)—(d) The picture of
solid-state and atomic HHG in momentum space. In panel (d) tunneled
electron accelerates freely in continuum state and recombines with its
parent ion whereas in panel (b) two-band model of solid-state HHG
where both interband polarization and intraband current could emit
high-harmonic radiation. Adapted from Ref. [19].

Parent ion

The first experiment of HHG was observed in bulk ZnO
crystall®! exposed to mid-infrared laser pulse, marking the
breakthrough of research in HHG from semiconductors. The
observed harmonics spectrum extends well beyond the band
edge of the crystal which manifests the significant effect of
Bloch oscillation to the nonlinearities of radiation and val-
idates the linear scaling of the harmonic cut-off energy to
the field amplitude. Besides, the experiment of terahertz-
induced HHG from GaSe!!!:>>! demonstrates that dynamical
Bloch oscillation contributes considerably to the HHG pro-
cess and leads to the appearance of second plateau in the HHG
emission spectrum. Bloch frequency, wg = eEpa/h for Bragg
scattering defines the rate at which a classical electron trav-
els through the Brillouin zone (BZ) for static field with the
strength E( and lattice constant a if scattering is neglected. It
is revealed that the emitted extreme ultraviolet (EUV) radia-
tion in SiO; comes from multi-petahertz frequency of intra-
band current.®! These studies indicate the association of high
harmonics emission with intraband current. However, inter-
band contributions could also lead to a linear scaling of har-
monic cutoff energy with the field amplitude and exhibits a
dominance over other competing mechanisms for above band

[26-28]1 The behavior of HHG spectrum in semi-

gap harmonics.
conductors cannot be fully explained by separated mechanism

of interband or intraband dynamics. Based on the re-collision

picture proposed by Vampa et al.,”?”] an interferometry ap-
proach has been brought up by applying two-color field to
reconstruct the target band structure. In this scheme, both
the two mechanisms are involved where the band informa-
tion is encoded in the trajectory of electron—hole pair in the
momentum space but the termination of the intraband motion
is manifested by the phase of interband even harmonics ra-
diation. Momentum-resolved band structure can be obtained
by analysing difference of unbalanced intraband motion in re-
versed crystal direction.!'”) The influence of coherent inter-
band and intraband mechanisms vary from a series of targets
and conditions of subjected laser fields, the microscopic pro-
cess of solid-state HHG has not been fully understood.

In this Review, we begin with the theoretical methods of
describing and analysing HHG from semiconductors. Then we
present an overview of recent progress of understanding intra-
band motion effect on the behavior of interband excitation in
the coherent microscopic process and outcome of harmonic
emission. Lastly we summarize works with regard to differ-
ence of HHG process between semiconductors and atoms.

2. Theoretical method

For the optically excited materials description, the rel-
evant physical quantities are the microscopic polarization
P = (] @5 x). where @ , (d; ;) is annihilation (creation)
operator for an electron with momentum k in band A, i.e.,
the corherent transition amplitude between two different bands
A # A/, and the carrier occupation f,? in band A. The deriva-
tion of the dynamical evolution of these quantities described
by SBE:s starts from the Heisenberg equation

0
ot
A more detailed discussion is provided in Ref. [29].
The two-band SBEs read

in = [a;4(2), H]. )

. dJ cv c v . h cv v c
lhgpk = (Sk_ek_l)Pk —OQr(k)(fy — f¥)

)
+ilel E(t)Vipy, @)
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ne (i) = —21m| QRO ] + el EOV, 3

where T is the dephasing time. The Rabi frequency Qg (k) =
dey(k)E(t)/h,B% with the dipole moment d,, (k). The terms
with V. describe the instantaneous acceleration of carriers and
polarization by E(¢). An advantage of SBE:s is that the terms
containing Vj can be selectively included or removed in the
numerical computation to analyze the dynamics of intraband
motion. The full form of SBEs for any multi-band system can
be found in Ref. [11]. In addition to the polarization source,

Z [d,f”}L p,im +c.c.}, @)
kA

P(t) =
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which is identical in atomic systems, the radiation emitted
from current source created by the acceleration of carriers is
defined by

J(t) =Y lelving, (5)
kA
where v,% is the band velocity and vﬁ = %Vkslf. The total

high harmonic spectrum in frequency domain is obtained from
the Fourier transform of %P(t) +J(t)

Laa(0) = |0P(0) +iJ(0)]*. (6)

Analyzing a temporal or spatial signal in frequency do-
main to gain more properties is applied extensively in the field
of image processing. Here we review the development of
time—frequency methods. Fourier transform (FT) is the ba-
sic algorithm and its integration goes over the whole time do-
main and the resulting signal contains the statistic property of
frequency, one cannot know the exact moment of generating
a signal with any frequency. To overcome the drawback of
FT, new algorithms based on the idea of short time FT have
been proposed since 1940s, like Gabor transform (GT)3!! and
wavelet transform (WT).[32! For a temporal signal f(¢), GT is
defined by

Grlab,o) = [ fWer-b)e a0

where g, (¢ —b) is a temporal localized window function which
is usually chosen to be Gaussian function whose width is @ and
the window function slides along time axis with parameter b
which would cover the entire time domain. GT gives the lo-
calized information of signal in time and frequency domain
simultaneously. WT is defined by

Wy(ab) = ﬁ [Lrow()e @

where 'P(%) is the wavelet function with a flexible window
varying its width with the frequency. WT possesses higher
resolution of frequency than GT.

However, the uncertainty relation of time and frequency
characteristics is inherent to these transforms. The syn-
chrosqueezing transform (SST)[*3 is proposed to lower the
uncertainty greatly. SST is a kind of post-processing method
by reassigning the coefficients in frequency!®*! and is origi-
nally introduced in the context of continuous wavelet trans-

form (CWT),*! which is defined by
S(@.b)= [Viap)s@-os@b)da. O
where V¢ (a,b) is the CWT result of a temporal signal. ®f(a,b)

is the local instantaneous frequency defined by

N - ath (Cl, b)

CWT-based SST is firstly applied in strong-field physics
to analyze near- and below-threshold high-order harmonics
of atoms which validates the possible semiclassical analysis
and is better to understand working mechanisms for below-
threshold generations.*®) Although SST is a powerful tool
in analyzing instantaneous properties, due to the wave shape
functions used in CWT is band-limited and the low resolution
in high frequency part, CWT-based SST would not be suitable
to address the problem in the circumstances requiring high res-
olution in low and high frequency part of time—frequency anal-
ysis at the same time. Synchrosqueezing with the short-time
Fourier transform (SSTFT)[*” has been proposed to address
this problem but it is not suitable to estimate instantaneous
high frequency accurately. All problems above are overcame
by synchrosqueezed wave packet transform (SSWPT)[37-38]
which is capable of estimating a wide band of instantaneous
frequency accurately and has a better resolution to distinguish
high frequency harmonic than the CWT-based SST. A geo-
metric parameter s is used to define a family of wave packets
Wyt lal > 1,b € Rwith s € (1/2,1)

0w (1) = |al*?w(|al’ (t — b)) 21—, an

The WPT of a function f(¢) is given by

Wi(a,b) = (0w, f) = / 0 (O£ (1) dr. (12)

The instantaneous frequency information function of f(¢) is
defined by

- 8bWS (Ll,b)

- 2miW(a,b)’ a3

@s(a,b)
Given f(t), Ws(a,b), and @s(a,b), the time—frequency distri-
bution of SSWPT is defined by

T(.b)= [

|W;(a,b)|*8(Rewy(a,b) — w)da. (14)
a:Ws(a,b)#0

Given that more adjustable parameters in SSWPT one
is encouraged to apply it in strong field physics, particularly
HHG, to get a detailed and accurate information of radiation
distribution in time—frequency plane.

3. The influence of intraband motion on the in-
terband excitation in resonant interaction

In the previous investigations of resonant nonperturbative
extreme nonlinear optics, it is usually thought that the inter-
band transition near the band gap in semiconductors to a great
extent decides the nonlinear optical response, such as carrier-
wave Rabi flopping (CWRF), and the intraband dynamics can

39.401 However, the recent

be neglected in theoretical analysis. !
studies have shown that the intraband current is strong and

leads to a occupation distribution of conduction band in a large
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fraction of Brillouin zone even in the CWRF regime where
Qg ~ .41

Since the interband transition rate decreases exponen-
tially with increasing energy gap, the analysis of population
dynamics initially excited from I” point can intuitively approx-
imate the essence of microscopic quantum process of HHG. In
Ref. [41], it is found that for a ZnO crystal resonantly driven by
an infrared laser pulse, the time evolution of electron popula-
tion in the lowest conduction band (c;) exhibits a novel kicked
anharmonic Rabi oscillation. As illustrated in Fig. 2(a),*!! the
c1 is populated and depopulated rapidly in an ultrashort time
window centered at the crest of electric field, which is indi-
cated by dots on the curves, and it keeps flat between these mo-
ments. For the selected trajectory in momentum space starting
from the I" point, the symmetric intraband motion makes the
profile of Rabi oscillation evident (see blue solid curve). In
resonant excitation case, the Rabi oscillation makes the deex-
citation in the later half Rabi cycle balance with excitation in
the former one and result in the lower value of occupation in
the conduction at the end of laser pulse. The effect of kicked
anharmonic Rabi oscillation can be easily understood since at
the peak of electric field, electrons are injected into ¢; mostly
around the I" point. As time goes by, though electrons in ¢y is
driven away to further region of Brillouin zone, the weakened
field strength and wider bandgap determine that it is hard for
interband excitation with instantaneous k(¢), thus no more in-
crease for n., [K(t),], but it surges again once the electron is
driven back to the I" point by the electric field.[*!]

In Ref. [42], it was further demonstrated that the intra-
band motion can dramatically affect the interband excitation.
As stated in the abstract of the paper, “Surprisingly, we found
that despite the resonant driving laser, the optical response dur-
ing the light-matter interaction is dominated by intraband mo-
tion.” It is manifested that the HHG in ZnO crystal induced by
pump pulse with similar parameters of that in Ref. [41], the
analogous behavior for carrier dynamics of k-integrated con-
duction band occupation (as displayed in Fig. 2(b)) that a rapid
interband transition occurs only at the crest of driven field due
to the coupled interband and intraband mechanisms is obvious.
This leads to a significant enhancement of photo-excited carri-
ers at the end of the pulse compared to the interband limit. The
intraband motion can not only accelerate carriers within the
same band, its coupling with the interband mechanism greatly
influence the behavior of interband transition.

All these studies demonstrate that the intraband motion
plays an non-negligible role in carriers transition among bands
which is quiet different from atomic case. According to the
semi-classical analysis in atoms, the ionization takes place at
k = 0 and the transition rate is only sensitive to the external
field, the weight of a classical trajectory is fixed during the free
acceleration in the continuum state.*3-¢! In the HHG process

of semiconductors, the instantaneous population of electron—
hole pair is sensitive to the field strength and energy band dur-
ing the intraband motion.

(a) 1
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o

Fig. 2. (a) Time-resolved electronic population in the lowest conduc-
tion for selected reciprocal-space pathways. The starting point is k = 0
for the blue curve and k = —0.05kmax for the green curve. The dots on
both curves denote the moments when the electrons pass through the I”
point. The dashed red curve shows the electric field whose central fre-
quency is resonant with the bandgap of GaAs. Adapted from Ref. [41].
(b) Calculated k-integrated population dynamics for coupled interband
and intraband mechanism case (red curve), pure interband case (blue
cure), and pure intraband case (green curve). The parameters of electric
field are much close to that in (a). Adapted from Ref. [42].

4. CEP dependence of HHG emission

Recently, a strong CEP dependence of far-from-
resonantly excited HHG from wide-gap MgO crystal has been
observed experimentally*’! (see Fig. 3(a)). It originates from
the sub-cycle chirp of the emission dynamics due to the
short duration of the pulse since the amplitude and phase of
bursts are sensitive to the instantaneous value of the laser
potential.[*8-°1 The HHG emission is attributed to interband
mechanism since it has been demonstrated that only interband
emission shows the frequency atto-chirp effect whereas intra-
band process shows no frequency chirp effect.[*®!

However, recent investigation>!! shows that even in this
case, the intraband motion plays a crucial role on the CEP de-
pendence of HHG in MgO crystal. It is illustrated that in the
calculation of HHG with field amplitude Ey = 1.3 V/A and
wavelength A = 1.7 um, the CEP shift of the photon energy
above band gap can be clearly seen (see Fig. 3(b)) which is
identical with that of Fig. 2(b) in Ref. [47]. Surprisingly, the
CEP-dependent energy shift disappears when intraband mo-
tion is artificially switched off (see Fig. 3(c)). It is shown
that in contrast to that the total emission in the plateau re-
gion is dominated by interband polarization when consider-
ing coupling effect, the harmonic spectrum is at least 5 or-
ders of magnitude lowered and only st and 3rd harmonics are
left in the absence of intraband motion (see Fig. 4(a)). The
time-dependent population increases smoothly in every half
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cycle for pure interband case (see Fig. 4(b)). However, the dy-
namical population of selected path starting from I" point in
conduction band nc[K(t),t] increases rapidly at the crests of
electric field when A(¢) =~ 0 and followed by keeping constant
for about half-cycle time in the presence of intraband motion,
which means that the kicked transition observed in resonant

> 2

= 5

>

o 104_:5

o 5
) = a
= 3 b=
9} > S
= &

g 2

o

£ 3

o =

103

dcep(m)

interaction can also occur for non-resonant case. This nontriv-
ial carrier dynamics is called carrier-wave population transfer
(CWPT). Different from the case in resonant regime, the time-
dependent population shows no signature of Rabi flopping in
MgO crystal, which is not expected to happen in non-resonant
excitation case.

log  (Intensity) [arb. units]
-6 -5 -4 -3 -11 -10 -9 -8

Photon energy (eV)

Fig. 3. (a) Experimentally measured CEP dependence of HHG emission from MgO crystal. Adapted from Ref. [47]. (b) Simulated results of
panel (a). (c) Same computation of (b) but in the absence of intraband motion. Adapted from Ref. [51].

It is demonstrated that the temporal confinement of in-
terband excitation by intraband motion still exists for longer
duration (see Figs. 4(c)—4(e)).P! It is evident that in con-
trast to the harmonics below band gap, every individual har-
monic in HHG plateau region is broadened for 7, = 107y (see
Fig. 4(c)), which is the inevitable result of the confinement of
interband transition of carriers on the attosecond time scale.
Shorter pulse, for example 1, = 47, further broadens the har-
monics and adjacent odd harmonics meet and interfere with
each other. Small peaks around the position of even harmon-

10.0 T ( )
I a
10.4

107 1

107 7

10

10°®

10

-0

Normalized spectral intensity

10

10 .

1 5 9 13 17 21
o/mg

25 29

ics are consequently generated (see Fig. 4(e)). Particularly for
T, = 21 case, the doubled broadening effect is strong enough
to make every tail of odd harmonics overlap even with adjacent
odd ones and the range of interference gets large. The ampli-
tude of generated small peaks is comparable with odd harmon-
ics whose energy is sensitive to the change of CEP resulting
from different phases of neighboring harmonics. Hence, the
HHG spectrum is complicated (see Fig. 4(a)) and the energy
shift versus CEP spans across all odd and even harmonics in
the plateau region (see Figs. 3(a) and 3(b)).

%10
8

nc[K(l),t]

1
1F

Normalized E(t)/A(t)
o

Time (cycle)

Fig. 4. (a) The total HHG spectrum I;,q (black dash line), interband polarization Ifﬁ (blue solid line), and intraband current /5" (red solid
line) for coupled inter- and intraband dynamics, and pure interband HHG (green solid line) when the intraband motion is artificially switched
off with field strength 1.3 V/A and CEP = 0. (b) The corresponding time-dependent population nc[K(z),t] for coupled (blue line) and pure
interband (green line) motion. The red dash and glaucous dot-dash lines in panel (b) shows the normalized electric field and vector potential,
respectively. The blue dots on the curves in panel (b) denote moments when the electrons pass through the I" point. Panels (c) and (d) are the
same as panels (a) and (b) but for 7, = 107p. Panels (e) and (f) are the same as panels (a) and (b) but for 7, = 47y. Adapted from Ref. [S1].
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It is counterintuitive to find that in contrast to the case
of pure interband mechanism, the population of conduction
band for coupled process is lowered at the end of pulse due
to the CWPT effect, but leads to the higher efficiency of har-
monic emission. The temporal confinement of interband exci-
tation within each half cycle facilitates the constructive inter-
ference among the quantum carriers in the transition process
and consequently enhance the nonlinear interband polarization
and makes it the dominant contribution to the total HHG. P!l
The influence of intraband motion on the interband excitation
is universal and intensively influence the behavior of high har-
monics emission.

5. Difference between atomic and solid-state
HHG

It is revealed that the temporal confinement of inter-
band excitation happens roughly upon the moments when
the vector potential equals to zero at the crest of electric
field.!l For HHG induced by a tailored two-color pulse like
E(t) = [Eocos(at) + 0.25Egcos(5 o + ¢)]£(¢) with funda-

2
R7)
[
3
R=
£
5
Z 1 5 9 13 17 21 25 29
o/mg
2 A
E —
§\ (C) N ,/' X \
m 0
£
8 -1
“30
g
3 20
10
-2 -1 0 1 2
Time (cycle)

mental field is the same as that in Fig. 2, the only one ro-
bust interband promotion for ¢ = 0 is observed synchroniz-
ing with the peak of applied field whereas the excitation is
heavily suppressed in other half cycles.>!l The spectrally in-
tegrated of plateau region (black line in Fig. 5(c)) as well as
spectrally resolved (color map in the time—frequency distri-
bution in Fig. 5(e)) burst is emitted at the moment delayed for
about 1/4 optical cycle with respect to the field peak. The exci-
tation and the burst emission in the central half cycle suggests
the unique correlation of these two events (indicated by black
line with arrow). It is confirmed by the observed two pairs
of excitation and harmonic pulse bursts for the case ¢ = 7 and
the relative strength of emitted photon energy is roughly scaled
with the amplitude of the associated excitation. It is concluded
that the photons are emitted upon re-collision of electron—hole
pairs which excurse for about 1/4 optical cycle after their cre-
ation (see Figs. 5(d) and 5(f)). This is quite different from the
HHG process in atomic system predicted by three-step model
where about 3/4 optical cycle is needed that the electron is
pulled back and recombines with the core.[!!

1yyy/n [K(DA]

Time (cycle)

Fig. 5. (a) HHG spectrum for the two-color field with relative phase ¢ = 0. The corresponding time-dependent population (blue curve with
dots) and attosecond pulse field emission spectrally integrated of 10-30™ are shown in panel (c) and time—frequency analysis of emission is
depicted in panel (d). (b), (d), and (f) are the same as panels (a), (c), and (e), but for ¢ = . Adapted from Ref. [51].

The deviation of time profile of solid-state HHG process
from atomic case embodies the spatial delocalization of Bloch
electrons in the strong-field limit.52231 In Ref. [52], the HHG
yield exhibits anisotropic angular distribution for a linear po-
larized pump in MgO crystal. The underlying origin is as-
sumed to be coherent collisions of Bloch electrons with neigh-
boring atomic sites in periodic solids and is qualitatively val-
idated based on the simple semi-classical electron trajectory
analysis. This is further justified by the strong laser ellipticity
dependence of HHG. It is found that the highest and secondary

highest HHG efficiency occur when the trajectories are driven
to traverse across the Mg—O and Mg-Mg (or O-0) sites with
large electronegativity gradient for charge transfer along these
bonding directions. The minimum happens when the electron
trajectories are collision-free. The period for trajectories con-
necting Mg—O sites along the X—I"—X crystal direction would
be much shorter than 3/4 optical cycle needed in atomic case
and 1/4 optical cycle is assumed to be the coherent result of
trajectories from all unit cells. By connecting time-resolved
excitation together with emission dynamics and coherent col-
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lisions of the delocalized electrons with the interatomic poten-
tial in real space, we identify the inherent consistency of tem-
poral and spatial characteristics in the microscopic process of
solid-state HHG.

6. Conclusion and outlook

We review the recent investigations of coupled inter-
band polarization and intraband motion dynamics in solid-
state HHG. The reported critical temporal confinement of in-
terband excitation effect is common in semiconductors regard-
less of excitation parameters. The effect intuitively interprets
the domination of interband polarization in the emission ow-
ing to the intraband motion and can greatly enhance extreme
nonlinear optical effects. The interband excitation is sensi-
tive to both electric field and vector potential condition and
the emission is 1/4 optical cycle delayed which is related to
the delocalization process in real space. The unusual temporal
structure of interband excitation and harmonic pulse genera-
tion in solid allows controlling of ultrafast carrier dynamics on
the level of carrier wave by tuning the waveform of multi-color
field. For the tailored two-color field with ¢ = 0 in Ref. [51]
the spectra is notablely modulated and the smooth ultrabroad
supercontinuum covering the almost the entire plateau region
is obtained, which provides perfect source of isolated attosec-
ond pulse. We expect to take full advantage of time—frequency
analysis tool with high resolution in the low frequency region
to uncover the physical origin of harmonic emission whose
energy below the minimum band gap.
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