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Bichromatic circularly polarized fields provide a useful tool to probe the ionization dynamics. In this work, we com-
pare the photoelectron momentum distribution in few-cycle bichromatic field of different helicities. The spectral features are
analyzed with semiclassical trajectories derived from the strong field approximation. In particular, the interference fringes
in momentum distribution are investigated by tracking the ionization time and tunneling exits of released photoelectrons.
Different types of trajectories that contribute to the interference fringes are elucidated.
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1. Introduction

Over the last decades, the advent of the free electron
laser and strong table-based lasers has propelled both time-
resolved spectroscopic and structural investigations of matter
in many aspects.!'?! As one among various strong field phe-
nomena, the ionization process in bichromatic circularly po-
larized laser fields has recently sparked much interest. The
interplay between two pulses results in complicated photoelec-
tron dynamics, and yields intriguing strong field phenomena,
e.g., helical vortex structures®) and symmetrical patterns!
in photoelectron momentum distributions. Especially, con-
cerning the relative helicity of the two pulses (co-rotating and
counter-rotating fields), the distinct distributions of lobes in
photoelectron momentum distribution confirm the possibility
to control the ionization dynamics by helicities.!*! Switching
between the counter-rotating and co-rotating fields, the ion-
ization path via excited states can be altered to dramatically
change the ionization rate.!>! The photoelectron can be steered
by the relative helicity to rescatter with its parent ion,® or
to circumvent the recollision and smoothly escape the core.
It has been shown that the double ionization may occur in
counter-rotating fields which are delicately tuned to drive the
photoelectron back to its parent ion,”¥] opening possibili-
ties for probing electronic and molecular structure by adjust-
ing impact angles of complex trajectories of the rescattering
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electron.’®) Meanwhile, the counter-rotating fields introduce
the momentum-dependent spin asymmetry of photoelectrons,
suggesting the potential applications of spin-polarized elec-

101 Also, the bicircular fields provide the

tron in attoscience.
access to new mechanism of radiation in strong fields. The
recollision induced by counter-rotating fields has inspired the
new approach to high-order harmonic generation (HHG),!'!]
allowing for the generation of circularly polarized soft x-ray
pulses.l'>!31 On the other hand, it is reported that the effi-
ciency of terahertz (THz) emission in co-rotating circularly
polarized laser fields is five times higher than that with lin-
early polarized two-color femtosecond pulses.!'*! The signifi-
cant enhancement of THz radiation utilizing the simple exper-
imental setup undoubtedly broadens the application scenarios
of intense THz light source.

Comparing to a linearly polarized field, the circularly po-
larized field extends the dimension of the driving force, by
which the photoelectron can be maneuvered with the extra de-
gree of freedom. The richer information may help unravel the
structure and dynamics that could not be resolved before. For
instance, the electronic structure and rotational symmetry in
molecules can be traced out by photoelectron driven by the

[15-17

bichromatic fields. ! In addition, using a circularly po-

larized femtosecond laser pulse, the technique of attosecond

18,19]

angular streaking, i.e., attoclock, [ can transform the rota-
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tion of the field polarization, which plays the role of the clock
pointer, to the attosecond time resolution. Similarly, when
bichromatic fields are present, a double-pointer attoclock can
be designed by co-rotating field.?”) The photoelectron inter-
ferometer constituted by the two pointers allows probing the
phase and the amplitude of photoelectron wave packets. Com-
paring the photoelectron distributions under counter- and co-
rotating fields, the nonadiabatic offset of initial momentum
distribution can also be easily assessed.?!! The attoclock us-
ing counter-rotating fields, on the other hand, allows for the
clean investigation into the ionization steps in quasilinear po-
larization by inquiring the shift in the momentum distribution
in the direction perpendicular to the momentum where the dis-
tribution peaks.?>! More subtle interference effects have also
been studied. From the three-dimensional momentum distri-
bution, the intra-cycle interference are observed by extracting
from the momentum distribution along the light propagation
direction.?’! The intensity-dependent interference structures
have been observed, analogous to the spatially rotating tempo-
ral double-slit experiment with the variable slit width.[>*! The
interference can be dramatically affected by the Coulomb at-
traction of the parent ion or molecule since different paths of
the electron wave packets are affected differently by the ionic
potential.

In theory, the strong field approximation (SFA)[?5-271

was
widely used to investigate nonperturbative strong field physics.
Based on the SFA, the interpretation in terms of electron tra-
jectory derived from semiclassical approximation provides an
intuitive understandings of various strong field processes, e.g.,
the well-known three-step model which explains the mecha-
nism of the HHG. Especially since distinct types of trajecto-
ries are associated to different ionization pathways, semiclas-
sical trajectories has been used to characterize the time delays
of these pathways.?®2°! In addition, the concept of semiclas-
sical trajectories provides a baseplate to incorporate effects
that were not necessarily within the framework of the SFA,
such as the long-range Coulomb interactions using trajectory-
based Coulomb-corrected SFA %321 and analytical R-matrix
theory. 3334 The trajectories can also be easily evaluated in
parallel, providing an efficient numerical method to investigate
strong field dynamics. In this work, the method of the semi-
classical trajectory has been extended to study the ionization
dynamics in bichromatic circularly polarized fields. The selec-
tion of saddle points in circularly polarized fields is shown to
be different from that in a linearly polarized field. Extra con-
ditions are required to filter the solutions of saddle point equa-
tion. Utilizing the saddle points from the modified selection
scheme, the initial conditions of trajectory calculation can be
determined, and the procedure of further numerical calculation
is the same as in a linearly polarized field.!3!! Similar to the
study in Ref. [35], we evaluate the photoelectron momentum

distribution in a bichromatic circularly polarized fields, includ-
ing a pulse of fundamental frequency (800 nm) and one of
fifth-order frequency (160 nm). We focus on the formation of
lobes and interference fringes under the few-cycle bichromatic
circularly polarized fields in this work, presenting the com-
parison of spectral features between co-rotating and counter-
rotating fields with trajectory analysis.

2. Theory and method

When an atom is subject to strong laser fields, nonper-
turbative ionization processes occur. The transition amplitude
of the “direct” photoelectron with asymptotic momentum p is
given by

My = /70;<P+A(;’)|E(t/) . 7“|llf(l‘o)>efi5plp(t/) i W

with |y(fo)) being the initial bound state of the electron, A(¢)
the vector potential of the light field, E(t) = —d, A(r) the elec-
tric field under the dipole approximation, and

2

Here, I, is the atomic ionization potential. The integral of

sonl = [ |3 awenlat @

Eq. (1) can be further simplified under the semiclassical ap-
proximation. Using the method of steepest descent, 3% the in-
tegral of Eq. (1) can be further reduced. Due to cancellation
of sinusoids with rapidly varying phase of Sy, (), the inte-
grand contributes only when S, (#) approaches the stationary
phase point, where the oscillation slows down. There may ex-
ist multiple such saddle points, as defined by {tga)}, that can
be solved from the saddle point equation,

9Sp.1, (1) 1 (@\12

o = P AW +h=0 )
Hence, the method of steepest descent recasts integral (1) into
the sum over all saddle points {7},

Y onyiy L s (A7)
e a g
where S’;;’ I denotes the second-order derivative of SpJp. The
reduction into a sum not only avoids the heavy computation of
the integration, but also derives the semiclassical approxima-
tion of the complicated nonperturbative strong field process.
More intuitively, the ionization amplitude is the superposition
of the contributions from semiclassical trajectories associated
to all {t§a)}. The fact can be clearly shown after taking some
manipulation on Eq. (4) that leads to M, =}, Mz(,a), where
M o exp [_i [ (302() +1,) dﬂ} /8"(1{*)Y. Each o la-
bels a trajectory and its velocity v(t) = p+ A(t). For trajec-
tory « starting from the initial time ts(a>, its kinematic quan-
tities, e.g., v(t), are accumulated along this trajectory to con-
tribute to a phase. In the end, the ionization amplitude is de-
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termined by the superposition of these phases over all trajec-
tories.

Note that ts(a> is complex-valued, and the contour of in-
tegration should be specified to evaluate the integral. In this
work, the contour for practical calculation consisfs) of two

o
= Jin + 1o

Along the two temporal paths, the

straight paths in the complex time plane, ft @

where tr(a> = Rets(a).
imaginary time propagation for the sub-barrier region and
real time propagation outside the barrier are conducted, re-

spectively. For the imaginary time propagation, the prop-

(a) (o)

agation between 7, ~ and #;  essentially describes the tun-

neling process. Here the simplest contour of integration is

chosen—the parametric equation of the time contour is given

(o)

by t =t +1i7, where 7 varies from Téa) to 0 with Téa) sat-

isfying t§“) = tr(a) + ifo(a).
real time is cost during the tunneling process.

(o)

time fg

Here we have assumed that no
The initial
is when the electron starts entering the barrier, and
the initial velocity is v(t{*) = p+ A(£?).
placement is of the form r(¢) = [’

Since the dis-

v(t')dr’, if we assume that

the electron is initially located at the origin in the real space,

ie., Rer(tﬁa)) = 0, straightforwardly we have the sub-barrier
()

= [pv(t')di’ —Re [p v(t')dr.

when the imaginary time propagation ends, the

trajectory 7(¢) On the other
hand, at tr(a>
electron reaches the “tunneling exit” r(t,(a)) where the elec-
tron emerges in the real space. During the subsequent real time
propagation, all kinematic quantities become real-valued, and
Jfw o)t + ().

The numerical implementation of the trajectory-based

the trajectory now is given by r(¢) =

calculation starts with the sampling of the asymptotic momen-
tum p within an appropriate parametric range. In the absence
of the Coulomb potential, we have v(¢t) — p with A(e) — 0.
Therefore, the range of samping p directly maps to the range
of the measured photoelectron momentum. Given a specified

()

p, aseries of fg ~ can be solved from the saddle point equation

(3) using complex root searching routines. Given the initial

(a)

time f; , all kinematic quantities can be evaluated and M,

can be eventually obtained. Therefore, the key to the numeri-
cal calculation is to find all ts(a).
We emphasize that not all roots of Eq. (3) are saddle

(a)

points z; ’ and extra conditions may be required to select the

For instance, the ts(a)

appropriate ones. distribution under a
circularly polarized field is distinct from the linearly polarized
field. In a linearly polarized field of N, cycles, all 2(N; + 1)
roots are valid saddle points, effectively contributing to Mj,. In
a field of more complicated form, however, some roots are not
saddle points. The errorous inclusion of these roots may result
in the divergent M,. Taking the bicircular fields for instance,
the distribution of all roots of Eq. (3) are shown in Fig. 1. We
note that the two points marked by green circles lead to diver-

gent ionization yields. These artificial points are featured by

either ImS;;Jp (tS(OC)) <0or ‘Re Sng (ts(a))’ > 0. In the method
of steepest descent, Im [iSpJp (t)} is along a constant contour
and Re [iSpJp (t)} moves <al)ong the path of the steepest descent
o

around the saddle point #; ’. Assuming an infinitesimal step &

along the contour,
Re {IS } < Re[ >)} : (5)
[l o] = mfs). o
Expanding S(ts( ) +h) = S(ts(a)) + 8 (15 1 ))h+ S”(ts( ))h2

- and using Eq. (3), S’(ts )) =0, it is shown from Eq. (5)
that Re[i S”(ts( ))] <0,ie.,

Im {S”(rs(“))} > 0. @)
Similarly, according to Eq. (6), it is shown that
Re {S”(zs(“))} ~0. (8)

Equations (7) and (8) exactly explain the failure mentioned

above, and these two conditions should be imposed to select

1Y

log, DIm[iSpJp(t)]

175 200

75 100 125 150
Re[t]/a.u.

Fig. 1. Distribution of saddle points in circularly polarized fields. Panel (a)
shows z (blue) and x (orange) components in a bicircularly polarized fields.
Taking an initial momentum py = (0.8, —0.8) for instance, the distribution
of roots of Eq. (3) in the complex time plane is presented in panel (b). The
contour lines represent the Im[iS()] that pass via all % Bach £{*) is in-
dicated by a white marker. Invalid solutions that do not obey conditions (7)
and (8) are indicated by green circles.

3. Results and discussion

Under the bicircular laser fields, the momentum distribu-
tions for both co-rotating and counter-rotating field are inves-
tigated with trajectory analysis. The components of bicircular
laser fields are given by

E(t) = % sin’ (;}"Vf) [E) cos (ar) + E, cos (qo1)]

I . ,( ot
E.(t) = ﬁsm N
C

consisting of a fundamental harmonic field of frequency w and

) [Eisin(wt) £ E,sin(qor)], (9)

a gth-order harmonic field of frequency q®. The sign of “+4”
(“="") forms the co-rotating (counter-rotating) fields. The field
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amplitudes of the two-color fields are £y and E,, respectively.
In this work, the study focuses on the few-cycle case when
the gth order harmonic field can be considered perturbation
to the fundamental harmonic field. Here, N, =2, ¢ =5, and
Ey:E; =10:1 are chosen. In Fig. 2, the momentum distri-
butions for co- and counter-rotating fields are shown in pan-
els (a) and (b), respectively, showing the different numbers of
lobes. The number is g — 1 = 4 for the co-rotating fields and
g+ 1 =5 for the counter-rotating fields, in agreement with the
spatial patterns of vector potential A(¢) as indicated by the red
lines. Besides, interference fringes emerge on the upper plane
for both (a) and (b). The origin of interference patterns can be
traced back via trajectories. Hence, points “a”, “b”, “c”, and
“d” are selected to analyze the formation of the interference on
the momentum spectrum under the few-cycle bicircular fields.

S
o
b

Tonization probability /Arb.

—3.0

-1 0 1 -1 0 1

p,/a.u. p./a.u.

Fig. 2. Momentum distribution and the vector potential (red line) for (a) co-
rotating and (b) counter-rotating fields. Points a, b, ¢, and d are marked for
trajectory analysis as presented in the main text.

Taking sample point “a” for instance, all trajectories of
the asymptotic momentum around “a” are selected. The tem-
poral distribution of their tunneling time t,(a) and the spatial
distribution of tunneling exits r(tr(a>) are shown by scatter
points of different colors in Figs. 3(a) and 3(b), respectively.
Defining the size of the scatter point proportional to \MT(,OC)L
i.e., the weight of trajectory «, a larger point represents the
ionization event of higher probability. The components of
laser fields are also presented for reference. The bicircular
fields shows a symmetrically hexagonal distribution of polar-

ization. Scatter points 1 and 2 indicate the most probable

tunneling times tr(a) and tunneling exits r(tr(a)).

They orig-
inate from different cycles of laser pulse, as shown in panel
(a), while almost emerge from the same tunneling exit near
r(tr(a)) = (6,0), as shown in panel (b).

Starting with tr<a) and the associated initial variables as
presented in Fig. 3, all trajectories propagating in real space
are shown in Fig. 4, with their weights defined by |M,(,a) |. Ac-
cording to the spatial profile, two types of trajectories, the long
one T1, including trajectories 1, 3, 5, 7, and 9, can be distin-
guished from the short one T2, trajectories 2, 4, 6, 8, and 10.
As shown in Fig. 3(a), trajectories of T1 tunnel through the
potential barrier during the first half of the pulse, and subse-
quently spend longer time propagating in real space. In con-

(a)

trast, t, ~ of T2 are within the last half and the trajectories are

short. Besides the difference in tr(a)

, in Fig. 4, the initial ve-
locity vz(tr(a)) of trajectories T1 in the z-direction is positive,

while vz(tr(a)) of trajectories T2 are negative.

10
(b)
: o4
= 9] o3
@
=
= 1
- 07 L)
g
3
m&!
75— 4 -.6
1 >
—10 T T T T .
0 100 200 —5 0 5
Time/a.u. E./a.u.

Fig. 3. The distributions of tunneling time and tunneling exit of photoelec-
tron trajectories. In panel (a), the ionization time ¢, are shown by scatter
points. The electric components of light fields, E,(7) and Ex(r), are shown
by solid lines, whose gradient colors indicate the time evolution. In panel
(b), distribution of tunneling exits and the spatial profile of laser fields are
presented. The gradient colors in panels (a) and (b) are mapped to the same
time.

7
80
60 -
2
< 40+
8
201 1
01 .
—20 —10 0 10 20 30
z/a.u.

Fig. 4. Photoelectron trajectories in counter-rotating fields starting with

the initial time tr(a) as shown in Fig. 3(b) of the same color code.

From the spatial distribution of r(tr(a)

), the tunneling ex-
its are roughly positioned at vertices of a hexagon, similar to
the external light fields. Noteworthily, according to Fig. 3(b),
though trajectories 1 and 2 have the largest weights, their ion-
ization time are not when the absolute value of light fields
reaches the maximum, which is different from the ionization
process in a linearly polarized field.

The above analysis focuses on point “a” in Fig. 2(b)
which shows interference fringes in momentum spectrum. By
comparison, another three sample points “b”, “c”, and “d”
without interference fringes have also been studied. As shown
by spatial and temporal distributions of trajectories, in any re-
gion marked by “b”, “c”, or “d”, one group of trajectories
has much larger ionization probability amplitudes than oth-
ers, which renders the significant interference impossible. The
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presence of at least a pair of trajectories of comparable ioniza-
tion probabilities is the prerequisite to form significant inter-
ference patterns.

In Figs. 2(a) and 2(b), the details of interference fringes
within one cycle are present for both the co-rotating and
counter-rotating fields. Phase analysis of trajectories allows
interpreting the formation of the interference fringes. We se-
lect a series of sample points along the p,-direction for both
co-rotating and counter-rotating fields, as shown by Figs. 5(a)
and 5(c). For each point of a given asymptotic momentum,
the trajectories are collected to evaluate the average of the as-
sociated M]E,a). The distributions of the averaged ng) in the
complex plane are shown in Figs. 5(b) and 5(d), respectively,
for the counter-rotating and co-rotating fields. Blue and red
points are shown in the scatter plot, representing the M]([,a) of
the dominant two groups of trajectories 1 and 2, respectively.
From samples 1-14 as shown in panels (a) and (c), the M,@
of both types rotate counterclockwisely at different angular
speeds as shown in panels (b) and (d). When MI(,a) of the two
interfering trajectories are of the same phase, i.e., pointing to
the same directions, the constructive interference leads to the
peak of the interference fringes, e.g., point 5 in Figs. 5(a) and
5(b). Otherwise, the opposite directions from M,(ga) form a val-
ley in the momentum distribution, e.g., point 14 in panels (a)
and (b). Notably, the changes of interference fringes induced
by counter-rotating and co-rotating fields are different. Com-
paring with the momentum distribution under the co-rotating
fields in Fig. 5(c), the fringes for counter-rotating fields, as
shown by Fig. 5(a), are denser. The fast modulation of the
fringes resides in the high relative “rotation” speed of the MSX)
(Fig. 5(b)).

The formation of interference patterns is also studied by
increasing N, of the few-cycle laser fields. In Fig. 6(a), when
N, = 3, interference-induced honeycomb structures are shown
all over the spectrum, in contrast to the presence of interfer-
ence fringes only along the p,-axis when N, = 2. Two sample
points along p.-axis, as shown in Fig. 6(a), are selected to ana-
lyze the interference structure induced by the extra optical cy-
cle. In Figs. 6(b) and 6(e), the distributions of tunneling exits
for the two samples points are shown respectively. It is found
that the two types of dominant trajectories yield the interfer-
ence. Photoelectrons of negative (positive) p, originate from
the tunneling exits on the upper (lower) plane. In Figs. 6(c)
and 6(f), the distributions of tunneling time are shown. The
tunneling time of the dominant two types of trajectories are
within the same optical cycle, similar to “short” and “long”
trajectories in a linearly polarized field. Therefore, the pres-
ence of interference structure is due to the intra-cycle interfer-
ence. In Figs. 6(d) and 6(g), the associated trajectories in real
space are presented. Comparing with interference effects for
N =2 where the r(tr(a)) of the interfering trajectories are al-

most the same while their tr(a) are different. When N, = 3, the
(a)
Iy

of the laser pulse, while r(tr(a)) are distributed in the forward

shown in Figs. 6(c) and 6(f) are located around the peak

and backward directions with respect to p, = 0.

0.04

.34 @ . (b) .

. o

) 0.02/ 42

0.30 £ ) T
. . s . °
= :? E 0 ;5;5 ® > 3,
3 0.26 i T _0.02 Blee Ceee” o)
: 3 . —0. n
= o R

—0.04

0.22

0.30 /€ @

° 0 @
, .1 0.02 w5
= E & s
i 0.26 i E 0 e . 4o
) 7 g Be
& &k L= o’ . 2,

0.22 i ‘ —0.02 LA iou.

#‘%:'#!-‘%‘T
0.18 0 . | 004

20.04—0.02 0 0.02 0.04
Re[M,]

—-0.05 O 0.05
p./a.u.

Fig. 5. The sample points in momentum distribution and the correspond-
ing Mz(,a) in the complex plane. In panels (a) and (c), the selected sample
points around the interference fringes are shown in the zoom view of mo-
mentum distribution as presented in Figs. 2(b) (counter-rotating) and 2(a)
(co-rotating), respectively, for counter-rotating and co-rotating fields. The
averaged complex-valued Mz(,a) of trajectories, whose asymptotic momenta
are within the bin indicated by points in panels (a) and (c), are presented
in panels (b) and (d), respectively. The dominant types of trajectories are
distinguished by different colors.

O/ O

E,/a.u
Ez/a.u.

p./a.u.

Time/a.u. Time/a.u.
5 () : (s =
325 m Ov 2
5 0 =25 8
z/a.u. —50 0 0 50 z/a.u.

Fig. 6. Photoelectron momentum distribution in counter-rotating fields of
N¢ = 3 is shown in panel (a). Two sample points, as indicated by red marks,
are chosen for trajectory analysis. The tunneling time, tunneling exits and
the trajectories are shown in panels (b)—(d) [(e)—(g)] for the left (right) sam-
ple point, respectively. Green circle in panels (d) and (g) indicates the start-
ing position of trajectories.

4. Conclusion

We have extended the semiclassical trajectory analysis to
study the photoelectron momentum distribution in few-cycle
bichromatic circularly polarized fields. When applying the
method of the semiclassical trajectory, unlike the selection rule
of saddle points for a linearly polarized field, in general, the
solutions to the saddle point equation have to be filtered by im-
posing extra conditions. Evaluating the photoelectron momen-
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tum distributions with semi-classical trajectories, the work fo-
cuses on the comparison of lobes and interference patterns un-
der the few-cycle co-rotating and counter-rotating fields. In
this work, the field of fundamental frequency is assumed to be
stronger than the field of gth order harmonic frequency. The
photoelectron momentum distributions present different pat-
terns of lobes and modulated interference fringes. The spec-
tral features can be explored via tracking trajectories that con-
tribute to the asymptotic momentum of interest. Especially un-
der the few-cycle laser fields, the formation of interference can
be elucidated by pinpointing all interfering trajectories. When
the ionization probabilities of interfering trajectories are com-
parable, interference fringes become significant. The fringes
along p.-axis for N; = 3 originate from the interference be-
tween a pair of trajectories from within the same cycle, simi-
lar to the intra-cycle interference in a linearly polarized field.
More intriguingly, the interference fringes along p,-axis are
already present when N, = 2, which do not have the counter-
part in a linearly polarized field. These fringes are shown to
be caused by interference between trajectories of almost the
same tunneling exits but from different cycles. Using bichro-
matic fields, it leaves open the possibility to investigate dy-
namics of photoelectron from given tunneling exits, e.g., the
sub-barrier propagation accumulated phase during the tunnel-
ing process,l?7-81 via the phase information encoded in the
interference structure.
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