
 

Efficient molecular model for squeeze-film damping in rarefied air 

Cun-Hao Lu(陆存豪), Pu Li(李普), Yu-Ming Fang(方玉明) 

Citation:Chin. Phys. B . 2019, 28(9): 098501 . doi: 10.1088/1674-1056/28/9/098501 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb   

 

What follows is a list of articles you may be interested in  

 

Electrically controlled optical switch in the hybrid opto-electromechanical system 

Li-Guo Qin(秦立国), Zhong-Yang Wang(王中阳), Hong-Yang Ma(马鸿洋), Shu-Mei Wang(王淑梅), Shang-Qing Gong(龚尚

庆) 

Chin. Phys. B . 2017, 26(12): 128502 . doi: 10.1088/1674-1056/26/12/128502 

Excellent ethanol sensing properties based on Er2O3-Fe2O3 nanotubes 

Liu Chang-Bai, He Ying, Wang Sheng-Lei 

Chin. Phys. B . 2015, 24(11): 118501 . doi: 10.1088/1674-1056/24/11/118501 

Excellent acetone sensing properties of porous ZnO 

Liu Chang-Bai, Liu Xing-Yi, Wang Sheng-Lei 

Chin. Phys. B . 2015, 24(1): 018503 . doi: 10.1088/1674-1056/24/1/018503 

Chemical synthesis of zinc oxide nanorods for enhanced hydrogen gas sensing 

Musarrat Jabeen, Muhammad Azhar Iqbal, R Vasant Kumar, Mansoor Ahmed, Muhammad Tayyeb Javed 

Chin. Phys. B . 2014, 23(1): 018504 . doi: 10.1088/1674-1056/23/1/018504 

 

-------------------------------------------------------------------------------------------------------------------- 

http://cpb.iphy.ac.cn/EN/abstract/abstract74500.shtml
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/abstract/abstract71222.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract65858.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract62528.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract57546.shtml


Chin. Phys. B Vol. 28, No. 9 (2019) 098501

Efficient molecular model for squeeze-film damping in rarefied air∗

Cun-Hao Lu(陆存豪)1, Pu Li(李普)1,†, and Yu-Ming Fang(方玉明)2

1School of Mechanical Engineering, Southeast University, Nanjing 211100, China
2College of Electronic Science and Engineering, Nanjing University of Posts and Telecommunications, Nanjing 211100, China

(Received 27 February 2019; revised manuscript received 27 June 2019; published online 7 August 2019)

Based on the energy transfer model (ETM) proposed by Bao et al. and the Monte Carlo (MC) model proposed by
Hutcherson and Ye, this paper proposes an efficient molecular model (MC-S) for squeeze-film damping (SQFD) in rarefied
air by releasing the assumption of constant molecular velocity in the gap. Compared with the experiment data, the MC-S
model is more efficient than the MC model and more accurate than ETM. Besides, by using the MC-S model, the feasibility
of the empirical model proposed by Sumali for SQFD of different plate sizes is discussed. It is proved that, for various
plate sizes, the accuracy of the empirical model is relatively high. At last, the SQFD of various vibration frequencies is
discussed, and it shows that, for low vibration frequency, the MC-S model is reduced to ETM.

Keywords: micro-electro-mechanical system (MEMS), squeeze-film air damping, rarefied air, molecular
model
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1. Introduction
Micro-electro-mechanical system (MEMS) devices, such

as accelerometers, gyroscopes, and mirrors, have been widely
used in many applications.[1–6] The air quality factor is one of
the key characteristic parameters of MEMS devices.[7] When
the microplate in MEMS devices is vibrating nearby the sub-
strate, the air in the gap between the microplate and the sub-
strate is squeezed in and out, which is called squeeze film.[8]

Squeeze-film damping (SQFD) has been identified as an im-
portant mechanism of energy dissipation in microplates.[9]

Over the past two decades, the SQFD effect on the dynam-
ics of microplates has been extensively studied and many
damping models have been proposed based on the continuum
theory.[10–15] For higher performance of MEMS devices, one
of the effective measures to reduce SQFD is to encapsulate
the microplate in rarefied air.[16,17] In rarefied air, the inter-
molecule collisions are so reduced that the gas under the mi-
croplate cannot be considered as a continuum, the viscous
models based on the continuum theory may be questionable
in this situation.[18–20] Therefore, for predicting SQFD in rar-
efied air, many molecular models have been proposed.[20]

Based on several assumptions for simplicity, Bao et al.[19]

proposed a closed form energy transfer model (ETM) for
SQFD in rarefied air. ETM is very simple to use and can di-
rectly show the relationship between the quality factor and the
design parameters, including air pressure, gap distance, etc.
However, noted by Hutcherson and Ye,[21] ETM suffers the
large quantitative discrepancy due to the several assumptions,
especially the assumption of constant molecular velocity in the
gap. By releasing some assumptions of ETM, Hutcherson and

Ye proposed a Monte Carlo (MC) numerical model, which

shows higher accuracy than ETM. However, the huge com-

putational cost makes the MC model hard to use. Consider-

ing the huge computational work of the MC model, Sumali[22]

proposed a simple empirical model relating the ETM and MC

model by fitting two data curves. However, pointed out by

Sumali,[22] the empirical model has not been validated for

SQFD of other plate sizes.

Based on the ETM and MC model, this paper gives an ef-

ficient molecular model (MC-S) by releasing the assumption

of constant molecular velocity in the gap of ETM. The MC-S

model can balance high accuracy and efficiency. Besides, by

using the MC-S model, this paper discusses the feasibility of

Sumali’s empirical model[22] for SQFD of different plate sizes.

To our best knowledge, no paper has discussed the feasibility

of the empirical model of different plate sizes. At last, the

SQFD of various vibration frequencies is discussed. It should

be noted that all plates discussed in this paper are rigid rectan-

gular.

The outline of this paper is as follow. Section 2 gives

brief introductions of ETM, the MC model, and the empirical

model. In Section 3, the MC-S model is proposed. In Section

4, the results of the MC-S model are compared with the ex-

periment data, the ability of the empirical model for different

plate sizes is investigated by using the MC-S model, and the

SQFD for various vibration frequencies is discussed. Section

5 gives a conclusion of the whole work.
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2. Previous models
2.1. ETM

For SQFD of rectangular plates, Bao et al. have made
several assumptions for simplicity:[19]

(i) Collisions of the gas molecule and plate are fully elas-
tic and specula.

(ii) Molecular velocity in the gap between the plate and
the substrate is assumed to be constant.

(iii) During the travel of a molecule in the gap, the veloc-
ity of the plate is assumed to be constant.

(iv) The gap length is assumed to be constant.
The number of molecules entering the gap per unit time

is N = 1/4 · nvLd, where n is the concentration of molecules,
L = 2(a + b) the peripheral length of the plate, d the gap
length, v =

√
8 kT/(πm) the average molecular velocity, k the

Boltzmann constant, T the air temperature, and m the molec-
ular mass. With the assumptions above, the number of col-
lisions of a molecule traveling through the gap can be ob-
tained. By calculating the change of kinetic energy of the gas
molecules before and after passing through the gap, the total
energy loss of the plate in one cycle is obtained as[19]

∆E =
1
4

nvL
1
ω

∫ 2π

0

l2 · v2
z0

2d · v2
xy0

A2
ω

2 cos2
ωt d(ωt)

=
π

16
l2A2

ωρv
L
d
, (1)

where l2, v2
xy0, and v2

z0 have been approximated as the average

traveling distance l2, l2 ≈ l
2
= 2ab/π , the molecule velocity

v2
xy0 and v2

z0, meanwhile v2
xy0 = 2v2

z0, v2
xy0 + v2

z0 ≈ v2; p is the
pressure, ρ is the gas density, and ρP is the plate density. Ac-
cording to the definition of the quality factor, the analytical
expression of ETM is written as[19]

QETM = (2π)3/2
ρPHω

(
d
L

)√
RT
Mm

1
p
, (2)

where Mm is the molar weight of the gas.

2.2. MC model and the empirical model

In the MC model, for higher accuracy, the assumptions
(ii)–(iv) of ETM are released. The vibration period of the mi-
croplate is divided into M time divisions with an interval of
∆t. At the i-th time division, the number of molecules entering
the gap is 1/4 · nvL(d− zi)∆t, zi = Asin(ωi∆t). The kinetic
energy change ∆ei of a representative molecule entering at the
i-th time division is calculated by tracking the motion of this
molecule and recording the velocity changes after each col-
lision with the plate. The initial position of the molecule is
assigned on the basis of a uniform distribution, and the initial
velocity is assigned as the average velocity v =

√
8 kT/(πm).

By summing up ∆ei over M divisions, the quality factor of the
MC model can be obtained as[21]

QMC = πabHρPA2
ω

2/∆E,

∆E =
M

∑
i=1

1
4

nvL(d− zi)∆ei∆t. (3)

Although the MC model is much more accurate than
ETM, the huge computational work makes it hard to use. By
fitting the two data curves of ETM and MC model, Sumali pro-
posed a very simple empirical formula relating the MC model
and ETM[21]

QMC ≈ 1/2.233 ·QETM. (4)

However, noted by Sumali,[22] the accuracy of the empirical
model has not been verified for different plate sizes.

3. MC-S model
As can be seen, for releasing the assumptions of ETM, the

MC model discretizes the vibration period of the plate, the ini-
tial velocity and the initial molecular position before entering
the gap. However, these discretizations cost too much compu-
tational work. Based on ETM and the MC model, this paper
proposes a new numerical model, which just releases assump-
tion (ii). The process is shown as follows.[23]

Ki=1 Equation (2)
false

true

Ki/Ki⇁

Ki

(end)(start)

Fig. 1. Calculation flow chart of Ki.

As with the MC model, the vibration period of the plate
is divided into M time divisions with an interval of ∆t. When
the molecule is going through the gap at the i-th time divi-
sion, the velocity of the plate is considered to be constant
z′i = Aω cos(ωi∆t). Due to the fully elastic and specula col-
lisions of the molecule and the plate, the time of the molecule
staying in the gap is calculated as l/vxy0, vxy0 =

√
6/3 · v. At

each collision with the plate, the molecule obtains a speed in-
crement 2z′i,

[19] For the first collision with the plate, the time
cost is 2d/vz0, vz0 =

√
3/3 · v. For the second collision, the

time cost is 2d/(vz0 + 2z′)+ 2d/vz0. For the third collision,
the time cost is 2d/(vz0 + 2 · 2z′) + 2d/(vz0 + 2z′) + 2d/vz0,
and so on. For the i-th time division, set the total collision
times of a molecule and the plate as Ki, and the time cost is

2d
vz0

+
2d

vz0 +2z′i
+

2d
vz0 +2 ·2z′i

+ · · ·+ 2d
vz0 +Ki ·2z′i

,
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which should be less than or equal to the molecular travelling
time in the gap l/vxy0,

2d
vz0

+
2d

vz0 +2z′i
+

2d
vz0 +2 ·2z′i

+ · · ·+ 2d
vz0 +Ki ·2z′i

6
l

vxy0
. (5)

The calculation flow chart of Ki is shown in Fig. 1. By cal-
culating all values of Ki of the M time divisions, the quality
factor of the MC-S model can be obtained as[23]

QMC−S = πabHρPA2
ω

2/∆E,

∆E =
M

∑
i=1

[
1
4

nvLd · 1
2

m(4Kizivz0 +4(Kizi)
2)∆t

]
. (6)

4. Comparisons
4.1. Vadiation of the MC-S model

To validate the MC-S model, Zook’s experiment data[17]

is used. The parameters of Zook’s experiment are show in
Table 1. Firstly, the convergence of M time divisions of the vi-
bration period is discussed in Fig. 2. With less than 1000 time
divisions, the results have converged to within 0.01%, and the
computational time is less than 0.001 s, which shows high effi-
ciency. Considering the computational work, the time division
M is set as 1000, which can meet the convergence requirement.

Table 1. Parameters of Zook’s experiment.

Parameter Value
Plate density ρP/kg·m−3 2330

Length a/µm 200
Width b/µm 40

Thickness H/µm 1.8
Gap length d/µm 1.1
Frequency f/kHz 550
Amplitude A/µm < 0.1
Temperature T/K 293
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Fig. 2. Convergence of simulation results at Kn = 561.

Figure 3 gives the comparison of the quality factor. It is
obvious that at Knudsen number (Kn) larger than 10, both the
results of the MC model and MC-S model are more accurate
than ETM. The curve of the MC-S model is very close to that
of the MC model at the whole range of Kn. Table 2 lists the
detailed values of the MC and MC-S models at Kn > 10.

In Table 2, the results of the MC-S model are slightly
smaller than those of the MC model and are slightly closer to
the experiment data. The largest deviation of MC-S model and
MC model is less than 10%. Hutcherson and Ye[21] pointed
that the main factor that influences the accuracy of ETM is as-
sumption (ii), which may account for 90%. Assumptions (iii)
and (iv) may take 10%. The MC-S model has just released
assumption (ii) and the deviation is less than 10%, which also
verifies that assumption (ii) is the main factor that influences
the accuracy.

0

1

2

3

4

5

-1

MC

ETM
MC S 

Exp.

Q

4 3 2 1 0 -1 -2

Kn

Fig. 3. Comparison of quality factors in rarefied air.

Table 2. Quality factors at Kn > 10.

Kn QExp QHY Q
(QNew−QExp)

QExp
/% (QNew−QHY)

QHY
/%

1320 10000 16724 15901 59.01 4.92
561 5000 7107 6758 35.16 4.91
189 2400 2369 2252 –6.14 4.91
83 1000 1053 1000 –0.01 5.05
41 600 526 494 –17.68 6.10
19 330 236 229 –30.64 3.02
10 240 132 120 –49.81 8.74

It may be confusing that the results of the MC-S model
are slightly closer to the experiment data than those of the
MC model. It should be noted that assumption (iii) consid-
ers the traveling time of each molecule entering the gap is
smaller than the vibration period, which means during the vi-
bration period, all molecules entering the gap can go through
the gap. Actually, some gas molecules cannot go through the
gap within a vibration period. As a result, assumption (iii)
would slightly overestimate the energy change of molecules in
the gap, and also underestimate the quality factor, which may
explain that the MC-S model is “more accurate” than the MC
model.

4.2. Empirical model of Sumali

Considering the huge computational work of the MC
model, Sumali proposed a simple empirical formula to relate
the ETM and MC model. The formula is fitted by two data
curves. However, for SQFD of different plate sizes, the feasi-
bility of the empirical model needs to be validated.[22]

098501-3
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Fig. 4. Quality factors of (a)–(d) Kn = 10, 100, 200, 500 at various plate widths.

By using the MC-S model, this paper discusses the feasi-
bility of the empirical model for various plate sizes. Zook’s ex-
periment parameters are still used, plate length a and other pa-
rameters keep constant, while plate width b varies from 40 µm
to 1000 µm. Figure 4 gives the quality factors at Kn= 10, 100,
200, 500. The results of the empirical model agree well with
those of the MC-S model at the whole range of b. However, the
results of ETM are much larger than those of the other models.
Table 3 gives the quality factor error at Kn = 500. The biggest
error between the empirical model and MC-S model is 15%.
As b increases, the quality factor error decreases. In general,
it validates that the empirical model proposed by Sumali can
have relatively high accuracy for various plate sizes.

Table 3. Errors of quality factor at Kn = 500.

b/µm MC-S Sumali Error/% b/µm MC-S Sumali Error/%
40 6023 5347 –11 500 2011 1833 –9
60 5565 4935 –11 600 1761 1604 –9
80 5372 4583 –15 700 1563 1426 –9

100 4693 4277 –9 800 1401 1283 –8
200 3603 3208 –11 900 1271 1167 –8
300 2822 2566 –9 1000 1163 1069 –8
400 2361 2139 –9

4.3. Limitation of the MC-S model

The MC-S model has calculated the SQFD of different
Kn and different plate sizes, and the results are consistent with
Sumali’s empirical model. Next, the MC-S model is used to
study the SQFD of different vibration frequencies. Zook’s
experiment parameters are still used, where the vibration fre-
quency f varies from 500 Hz to 550000 Hz. Figure 5 shows

the comparisons of quality factor at different frequencies. As
can be seen, for different plate width b, the results of the MC-S
model show a mutation with vibration frequency f . At small
f , the results of the MC-S model agree with those of ETM;
at large f , the results of the MC-S model become close to
those of Sumali’s model. Besides, the frequency of quality
factor mutation varies at different plate widths. At b = 40 µm,
the mutation of MC-S model occurs around 100000 Hz; at
b= 200 µm, it is around 40000 Hz; at b= 600 µm, it is around
20000 Hz; at b = 1000 µm, it is around 10000 Hz. The fre-
quency of mutation of the MC model decreases as the plate
size increases. The reasons are shown as follows.

If assumption (ii) of constant molecular velocity is re-
tained, the MC-S model is directly reduced to ETM

2h0

vz0
·Ki 6

l
vxy0

. (7)

The molecular velocity change due to the collision with the
plate is reduced as the vibration frequency drops. When the
vibration frequency drops to a certain extent, the values of Ki

calculated by Eq. (5) are equal to those calculated by Eq. (7),
and the MC-S model is reduced to ETM. So at small f , the
curves of the MC-S model and ETM are the same in Fig. 5.
When the frequency is relatively large, the molecular velocity
change is large, which has an impact on Ki. The value of Ki

calculated by Eq. (7) is larger than that of Eq. (5). So at large
f , the results of the MC-S model start to be close to Sumali’s
model in Fig. 5.
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Fig. 5. Quality factors of Kn = 200 at different frequencies with (a) b = 40 µm, (b) b = 200 µm, (c) b = 600 µm, (d) b = 1000 µm.

In order to simplify the SQFD model, the MC-S model

does not discretize the initial position and direction of move-

ment of gas molecules in the gap. Figure 6 shows the simu-

lation diagrams of MC-S model and MC model. In Fig. 6(a),

for the MC-S model, as with ETM, the position where gas

molecules enter the gap is simplified to a fixed position, and

the molecular velocity entering the gap is simplified to vz0 and

vxy0. In Fig. 6(b), the MC model discretizes the initial posi-

tion and direction of movement of gas molecules in the gap.

Therefore, for a small plate size or a low vibration frequency,

the results of the two simulation models in Fig. 6 are quite

different. However, for a large plate size or a high vibration

frequency, the difference between the two methods is small.

In general, the MC-S model is also limited by the simplified

model as with ETM. For relatively low frequency SQFD, the

MC-S model is reduced to ETM.

vz

vxy

v

(a)

(b)

plate

substrate

gap

gas molecule

Fig. 6. Simulation diagrams of (a) MC-S model and (b) MC model.

5. Conclusion

Based on the MC model and ETM, this paper proposes
an MC-S model for SQFD in rarefied air. By releasing the
key assumption of constant molecular velocity in the gap, the
MC-S model has been proved to be more efficient than the MC
model and more accurate than ETM. According to the above
comparisons, the deviation between the MC-S model and MC
model is less than 10%, and the simulation time of the MC-S
model is less than 0.001 s. By using the MC-S model, the fea-
sibility of the empirical model proposed by Sumali for SQFD
of different plate sizes is discussed. The results verify that, for
various plate sizes, the accuracy of the empirical model is still
relatively high.

At last, this paper investigates the SQFD for various vi-
bration frequencies. The results show that, for low vibration
frequency, the MC-S model is reduced to ETM. The reason is
that, for simplification, neither the MC-S model nor ETM dis-
cretizes the initial position and direction of movement of gas
molecules in the gap. For large plate size or relatively high
vibration frequency, the difference between the MC-S model
and the MC model is small.
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