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We report theoretical studies on the newly discovered novel Josephson effect and scanning tunneling spectroscopy
(STS) at the interface of strontium titanate/lanthanum aluminate (STO/LAO). With a phenomenological boson—fermion
model, the density of states is calculated and the results are consistent with the STS experiments. A typical calculation of
Josephson effect is performed, and it is in qualitative agreement with the experiments. The calculations indicate that the
gap states come from the pairing of quasi-particles with a finite total momentum and the Josephson current comes from the
tunneling of quasi-particle pairs with zero momentum. The quasi-particles are Bogoliubov quasi-particles. Moreover, the
fits using Kulik’s formula imply that the Josephson junction at the STO/LAO interface has a point contact with the clean

superconductor limit.
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1. Introduction

The superconductivity of strontium titanate (STO) was
discovered in the 60s!!! and the interests to understand the
microscopic origin last over five decades. Its distinctions
to other types of superconductors include its large insulating
band gap,??! pseudo-gap behavior®! at low temperature, etc.
One of its special properties is that, as the most dilute super-
conductor, its Fermi energy Eg ~ 1 meV# is small compared
to its Debye energy wp ~ 5 meV.! The characteristics forbid
the applications of the BCS theory, which demands the retar-
dation condition wp < EF.

In order to explain the origin of electron pairing, some
theoretical explanations have been proposed. Arce-Gamboa
applied the ¢* theory of phonons and proposed the pairing
origin to be the interactions with local phonons.!®! Edge re-
lated the soft-mode optical phonons to electron doping and
the density functional theory calculations showed that the
ferroelectric fluctuations were the pairing glue in the doped
STO.!7! Kedem suggested a ferroelectric mode mediated elec-
tron pairing.!®! While, Ruhman described a plasmon-mediated
superconductivity.””l For the pseudogap behavior, Liu ex-
plained it by the local states near impurities.!'”! In the ex-
periments, the magnitude of superconducting gap A can be
measured by the spectral tunneling spectroscopy (STS)"! and

(1] Experiments of angle-

its phase by the Josephson effects.
resolved photon emission spectroscopy (ARPES) are very
helpful for testing the theories, however, the demands for low
temperature (< 1 K) set restrict conditions for the ARPES ex-

periments. On the other hand, with the ARPES experiment,
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one can answer interesting questions as what is the disper-
sion of the quasi-particles, and the spectral function can be
extracted and used as evidences for theories.

Furthermore, the electron pairs without superconductivity

[12.13] This leads us to construct a

are found in the STO system.
phenomenological boson—fermion model, in which the super-
conducting quasiparticles, hard-core bosons, and the interac-
tion between them are included. Here, the bosons are the elec-
tron pairs not necessarily with superconductivity, which are
robust above the superconducting transition temperature.!1%13]
Due to its small size, it is modeled as a bosonic field b;,. Based
on our model, the calculated density of states is in quantitative
agreement with the experimental data.l3) Moreover, the theo-
retical calculations show that the critical current in the Joseph-
son effect is proportional to the superconducting gap, and the
gap contains <IA7(T)> where IA)(T) is the annihilation operator of the
quasi-particle pair with zero momentum. This indicates that
the depletion of Cooper pairs can decrease the superconduct-
ing gap and Josephson current. Furthermore, the fit by Kulik’s
formula implies that the two-dimensional electron system at
the STO/LAO interface is a clean superconductor.

In Section 2, we present the boson fermion model to de-
scribe the Josephson tunneling. The methods and approxima-
tions to solve the model Hamiltonian are shown in Section 3.
We analyze the results and show what can be known from the
phenomenological model in Section 4. In Section 5, we draw

our conclusion and raise the possible unsolved questions.
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2. Model

The Hamiltonian of a junction is supposed to have three
terms

ﬂ:HL+ﬁR+ﬁT, (D)

where FIL,R is the Hamiltonian of the left or right lead. Hr is
the Hamiltonian that couples them

Ar =Y (Tegligolrio +He.), )
k,q,0
where Cq1 Rro is the annihilation operator of an electron with
momentum q and spin o in the left or right lead and Ty4 rep-
resents the strength of the tunneling from the left lead with a
momentum k to the right lead with a momentum gq.
The lead’s Hamiltonian, H;, or Hg, is composed of two

parts
ALr =HoLr +Hi LR, 3
with
Ay = Y Eifi 6o+ Y Eablbq. “
k.o q
H = Zwl}g?_k%ﬁk%T—i—H.c.’ Q)

kg Vv Sp

where by, (BL) is the annihilation (creation) operator of a hard-
core boson and (?,Z) annihilates (creates) a superconduct-
\ € + A2, & = WK /2m* — p, m*
is the effective mass of the electron, u is the electrochem-

ing quasiparticle. Ej =

ical potential and is negligible. Here we want to point out
that H; represents the interaction between the superconduct-
ing quasiparticles and the non-superconducting electron pair,
which may come from the direct and indirect interactions be-
tween the electrons. The surface area S &~ 10° nm?, the carrier
density p =~ 103 cm~2, and &, = fv|q|, where v = 0.073¢ and
c is the speed of light in vacuum. The bosonic field represents
the electron pairs in both superconducting state and normal
state. Ag is the energy gap at O K and it includes both the su-
perconducting gap and the energy gap A,. Experiments show
that A, remains finite when the temperature is higher than the
superconducting transition temperature.!®! The quasi-particle
annihilation operator 7 is connected with the bare electron
operator through Bogoliubov transformation.!#!
The interaction potential is

1 (é’q _quk)z
Vi=WV , 6
! 2”|‘1|L\/(5q_Eq—k)2+Ag ©
(

where gmin = Ao/ (hv), and L is the characteristic length of
the system and is approximately 30 nm in the case. The two-
dimensional model can be connected with a one-dimensional

case, with the relation L = S/(2xL’), where S is the surface
area of the two-dimensional electron system (2DES) and L’ is
the length in the one-dimensional case. V, is a phenomeno-
logical parameter, which is from O(0.1 eV) to O(1 eV) and
V. = 0 corresponds to the typical BCS superconductors. The
phenomenological parameter V. directly results in the decay
rate I and the gap states. V] is not allowed to be in the form of
a constant or g%, since both of them will close the zero-width
gap, which contradicts with the experiments. %13
When g =0, V] is set to be a constant

Vi =V @)

The parameters V; and Vs can be determined by STS and
Josephson tunneling, respectively. The Vy represents the cou-
pling between the zero-momentum electron pairs and elec-
trons, which is analogous to the phonon—electron coupling
constant in the BCS theory. The form of the phenomenological
interaction potential comes from the fit with the experiments.

3. Method

The parity of electrons and holes is not obvious, since
STO can be n-doped or p-doped, while the model can be eas-
ily extended to the doped cases. Moreover, the perturbation
theory is applied and we take the first order approximation
(see Appendix A). Furthermore, the local self-energy approx-
imation is used within the perturbation theory. This means
X(k) ~ Z(k =0). With the increase of k, X(k) decreases
monotonically, which means that the density of states is over-
estimated with the approximation.

The calculations of Josephson tunneling are mostly con-
sistent with the typical Green’s function technique!'®! (see Ap-
pendix B).

4. Result

Figure 1) shows an unconventional superconducting
feature. When V. is small, the graph shows a singularity-
like peak, which resembles the BCS case. As V. increases,
the more gap states appear and it transits to an unconven-
tional superconducting phase. The result agrees well with the

experiments[®! at V, ~ 0.02 a.u.

Fig. 1. The density of states, D(®), is plotted along with the variation
of V¢; D(®) and V, are in atomic units.
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The particles along the direction perpendicular to the
surface are supposed to be confined in a parabolic potential
$mw?z2, and its quantum number is n;, the density of states
D(E) = ny(E)Dap, where E = E| +E; and E; = (1/2+n;)ho.
When E increases, n;(E) changes from n to n+ 1, and the elec-
trons have a new plane in momentum space to occupy, D(E)
increases from nDap to (n+1)Dap, in which Dyp = m*S/nh?,
where m* is the effective mass and S is the area of the 2D sur-
face.

For the fit with the boson—fermion model, the supercon-
ducting gap Ag ~ 0.2 neV. The value is small compared to the
experimental result, which is Ag =~ 40 peV. If the 2DES at the
STO/LAO interface is assumed to be a clean superconductor
and the Josephson junction has a point contact, the Kulik’s for-
mula Eq. (B18) can be applied and the superconducting gap is
fitted as Ag ~ 1 peV.

Figure 2 shows a step-like conductance and critical cur-
rent as n; increases. The electrochemical potential u is larger
as E; increases and E; = (1/2 4 n;)ho, so a larger u results
in a greater n, and n, can be viewed as a measure of the gate
voltage V. Figure 2 is in quantitative agreement with the
experiments. ']

B 3.9
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Fig. 2. The blue solid line represents the conductance in normal states
and the red dashed line is the critical current. n, is the number of modes
in the perpendicular direction. Both the boson—fermion model and Ku-
lik’s formula can result in the I.—n; curve.

5. Conclusion

We proposed a two-component boson—fermion model
Within the
model, the feature of the density of states of the unconven-

with s-wave superconducting order parameter.

tional superconducting material STO/LAO can be explained.
It suggests that the gap states come from the pairing of quasi-
particles and the electrons in the superconducting phase are
Bogoliubov quasi-particles. The calculated density of states is
in quantitative agreement with the STS experiments. Besides,
if the increase of the magnetic field can reduce the lifetime of
quasi-particle pairs, then we argue that it can reduce the gap
states, which can be tested in future experiments.
Furthermore, we calculated the Josephson effect at the
STO/LAO interface. The calculated results for the Joseph-

son effect in the STO/LAO interface are in quantitative agree-
ment with the experimental curves of current—voltage and
conductance—voltage. It shows that the Josephson critical cur-
rent is proportional to the superconducting gap, which is due
to the condensation of quasi-particles into pairs with zero mo-
mentum.

Moreover, the Kulik-formula fit of Josephson effect is
also in agreement with the experimental .-V, curve and super-
conducting order parameter, which suggests that the Joseph-
son junction at the STO/LAO interface has a point contact in
the clean superconductor limit.

The model is phenomenological, but it can predict the
density of states fairly well and may provide a hint to the ori-
gin of electron pairing in STO.

Appendix A

With Matsubara formalism, we make the simplest first or-
der approximation to the self-energy of the Bogoliubov quasi-
particles and the self-energy is

S|Vi(k,q)*dq 1
5 (k, :/ ,
(k. ) drngt® ®— (Eg—Eq w)/A 41

1 1
X <expﬁ§q—l+€XPﬁEqk+l>’ (Al)

where § is the surface area of the conductive regions at the
STO/LAO interface. Here, we apply a technique that evalu-
ates V| from & function first and later assumes the self-energy
is k-independent and X (k, ) = X (0, @), which means that the
self-energy is local, since the Fourier transform of X(0, ) is
proportional to §(x) in the real space, where &(x) is a Dirac
function. With the approximation, the decay rate is defined as

I'o)=ImX (0, ). (A2)
With the Kramers—Kronig relation and the hole—particle
symmetry,

20 [~ (o
2’(w)=Re(>:(o,a>))=7“’P/0 %da)’. (A3)

The numerical calculations show X' (@) < A at low temper-
ature and is negligible.
The density of states is defined as

3
D(w) = /4—7T2A(k,a))dk7 (Ad)

where A(k, ) = 1Im(G(k, w)) and G = m We can
get the analytic form of the density of states (see Appendix C).
The density of states of holes can be inferred from that of the
electrons by D(®) = D(—w) with the assumption of particle—
hole symmetry.
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Appendix B

The Josephson current is calculated at 7 = 0 K and volt-
age V. = 0 V and the calculation and notation follow those
presented in Ref. [16]. The current is

I=e(NR). (B1)
where
N =Y éir olhroo- (B2)
k,c
The Josephson current can be defined as
2 —2ietV,
L= ;Im{ exp 78 g (eVe) } : (B3)
with
. Br  expiw,T . . .«
®(i) = — / a2 A@A©), B
0
A1) = Y TipClo(t)epo(t), (B3)

k.p,c

where k represents the particles’ momentum in the right and
p in the left. Py(i®) is the retarded correlation function
of @(iw) and can be calculated by the analytic continuation.
The tunneling of the Josephson junction is composed of two
parts (one is from pair tunneling and the other is single elec-

tron tunneling)!'®! and the current, Iy, is from the former. The

Green’s function .%, .# " is produced by the factoring
expiws T
d(iw) 2];Tkak ,,/ dr—— -
P
x 7' (k,7) 7 (p,—1), (B6)
where
(k1)1 = (Te[ey (1) 4 (0)]), (B7)
and its conjugates
Z (P, 7) = (Tele—p1 (0)2p1 (7)) (BY)

With the approximation ug, > vg, for the electrons above the
Fermi surface,

F(k,7)" ~ F(k,1)" = (T3 (07, O, (BY)
and its conjugates
Z(p,7) = F(p,7) =1 {Te[1-p (O Fpr (1)]).  (B10)

With Egs. (B9) and (B10) and the Fourier-transformed F
and FT, equation (B6) becomes

D(iw ZZTka k, pzh BFT (k,ip)F(p,ip —iw).
ip
(B11)

The Green’s function F' can be obtained by calculating its

time derivative and the result is
. —A'G
Fl= ——n—| (B12)
1p +Ek/h

where

,_ Vb

A = < - \/rTO> (B13)
The A’ can be interpreted as the superconducting gap, since
when A’ equals to zero, the Josephson current vanishes. The
exact form of A’ is not calculated since it contains the phe-
nomenological parameter V;. The value of A’ is estimated as
Ao /h. The simplest case at T = 0 K is studied at which I" = 0
and f(E) = 0 for E > Ep, where f(E) is the Fermi function,
so the Matsubara sum in Eq. (B11) is

1 o
thﬁ "(k,ip)F (p,ip i)

A? 1 1
AT P . (B14)
4EkE h 1w+ _|_ P

la)_f_T

Combined with Eqgs. (B14) and (B11), equations (B3)
yields

Iy =Icsing, (B15)
with
KA,
=5 B16
CT 2me W (B16)
471'e
Gn = —— |T|*DL(Er)Dr (EF), (B17)

where K = 21log2 + 4c + 1% /4, c is the Catalan constant, and
T is the tunneling parameter determined by the apparatus and
|T| ~ 10~7 eV. Dy Rr(Er) is the density of states of the left

or right lead near Fermi level in normal states. The Kulik’s
formula for the critical Josephson current is
L= max 225G, sin tanh =22 (B18)
0<p<2r e 2 2kgT
Appendix C

The calculations partly overlap with those in Ref. [15].
We focus on the denominator of the spectral weight function,
(w— A2+(2m) — X2 4+ T2, where we set i = 1. If the
denominator equals to zero, we have four solutions of the mo-
mentum k in the upper half-plane of the complex plane and
two solutions in the right half. For the two solutions, there are
four different cases

a>0, b>0; (C1H
a>0, b<O0; (C2)
a<0, b>0; (C3)
a<0, b<O0, (C4)
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wherea = (0 —X')> —I'*— A} and b=2I"(0 —X').
For the first case, the two solutions of the momentum k in
the right upper half-plane are

o
ky = \/ZmR1/4epo1, (C5)
ky = i\/2le/4expTl, (C6)

where 6 = arctan(b/a) and R = va? +b2. For the second

case,
ki = v2mR"* exp _Tei, (CT)
ky = iv2mR"* exp%. (C8)
For the third case,
ki = v2mR'* exp @, (C9)
kgzix/%Rl/“exp(_G‘ti_n)i. (C10)
For the fourth case,
ki Z\/ﬂRl/“exp(_G‘li)i, (C11)
k=i 2mR‘/4exp@. (C12)

After applying Jordan’s lemma and the residue theorem,
we obtain the density of states, for case one,

D(o) = ’;—: {w\;ﬁzl cos (g) ¥ %sin (g)} (C13)

For case two,

D(o) = —’;—7‘: {w\;ﬁz’ cos (g) + %sin (g)} (C14)

For case three,

mS[w—X 0+m r . (6+nm
D(w) = 2717[ N/ cos( > )-i—\/ﬁsm (2)]
(C15)

For case four,

D(w) = mS[w—-X' 0—-x r . (6-m
(o =% | R cos | — —&—\/ﬁsm 5 .
(C16)
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