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The adiabatic control is a powerful technique for many practical applications in quantum state engineering, light-
driven chemical reactions and geometrical quantum computations. This paper reveals a speed limit of nonadiabatic tran-
sition in a general time-dependent parametric quantum system that leads to an upper bound function which lays down an
optimal criteria for the adiabatic controls. The upper bound function of transition rate between instantaneous eigenstates of
a time-dependent system is determined by the power fluctuations of the system relative to the minimum gap between the
instantaneous levels. In a parametric Hilbert space, the driving power corresponds to the quantum work done by the para-
metric force multiplying the parametric velocity along the parametric driving path. The general two-state time-dependent
models are investigated as examples to calculate the bound functions in some general driving schemes with one and two
driving parameters. The calculations show that the upper bound function provides a tighter real-time estimation of nonadia-
batic transition and is closely dependent on the driving frequencies and the energy gap of the system. The deviations of the
real phase from Berry phase on different closed paths are induced by the nonadiabatic transitions and can be efficiently con-
trolled by the upper bound functions. When the upper bound is adiabatically controlled, the Berry phases of the electronic
spin exhibit nonlinear step-like behaviors and it is closely related to topological structures of the complicated parametric
paths on Bloch sphere.
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1. Introduction
Quantum mechanics concerns more about equilibrium

properties of a system by solving stationary Schrödinger
equations to find intrinsic energy structures. It is a time-
independent problem and many numerical methods have been
developed such as the first principle calculation based on the
density functional theory. However, in recent years, more
attentions turn to quantum state control in order to manipu-
late quantum systems in a desired manner, guiding a quantum
system evolving from an initial ground state to a target state
through purposely designed parametric driving.[1]

The quantum control or engineering is definitely a time-
dependent problem and needs real-time feedback for a practi-
cal application, for example, in the intermediate-state guiding
chemical reactions (quantum catalysis)[2] or in the adiabatic
quantum computations.[3] The time-dependent problems are
more complicated than stationary ones because the system is
non-conservative and will evolve to nonequilibrium states far-
from-equilibrium dynamic,[4] which even disables an efficient
description of the system because no quantum state can sur-
vive for such a quickly driving on the system.[5] Generally,
not as that in the time-independent Hilbert space, an external
driving always prevents the quantum system from keeping a
complete basis because the Hilbert space is generally open.
Traditionally, the main analytical method to deal with time-

dependent problems is the perturbation theory, which holds
a complete perturbed Hilbert space because the perturbation
is weak. However, in many practical situations, the weak-
driving condition fails and the perturbation method is invalid
even in a very short driving time. But, fortunately, in most
cases, the quantum control happens between two systems with
different time scales, one is a classical driving system with
relatively slow characteristic frequencies, and the other is the
driven quantum one holding a fast intrinsic frequency deter-
mined by its internal levels. In this situation the adiabatic the-
ory becomes a powerful tool and the adiabatic approximation
is an important condition for the adiabatic dynamics. How-
ever, the normal condition of adiabatic approximation some-
times brings controversial results which, mainly, are derived
from a rough static criterion.[6] Therefore, the adiabatic theo-
rem should be carefully used because it is significant to design
a robust strategy for coherent adiabatic control. As a strict con-
dition for adiabatic approximation requires a very slow evolu-
tion of the quantum sate, fast adiabatic evolution[7] or short-
cut adiabaticity[8] in order to overcome it are also presented.

Due to the above studies on time-dependent problems, in
this paper, we will consider a general state evolution in a time-
dependent parametric driving system. A speed limit of the
state transition and a tighter condition for adiabatic approx-
imation are found. The existence of an upper bound func-
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tion for nonadiabatic transition is related to the energy un-
certainty on the speed of quantum evolution[9] and consis-
tent with the trade-off between speed and cost in the short-
cut to adiabaticity.[10] Our work reveals that the speed of non-
adiabatic transition between instantaneous states is limited by
the state power fluctuations relative to the minimum spectral
gap of the system. Therefore, this real-time bound function
can provide a necessary and sufficient condition for the adia-
batic dynamics if the bound function is closely controlled by a
feedback mechanism.[11] The calculations of this upper bound
for adiabatic dynamics on Landau–Zener transition and elec-
tronic spin control are conducted in a general two-state time-
dependent model. The adiabatic Berry phases along more
complicated state loops in a high-dimensional driving param-
eter space are investigated.

2. Adiabatic evolution and non-adiabatic transi-
tions

2.1. The quantum dynamics resolved by the instantaneous
basis

Generally, a parametric driving quantum system can be
described by the time-dependent Hamiltonian Ĥ(t), such as
the following quadratic Hamiltonian[12,13]

Ĥ(t) =
1
2
[
A(t)p̂2 +B(t)x̂2 +C(t)(x̂ p̂+ p̂x̂)

]
+D(t)p̂+E(t)x̂+F(t), (1)

where all the parameters A(t), B(t), . . ., F(t) are continuous
functions of time which can be used to describe the parametric
driving or controlling of the quantum system. For a quantum
state |Ψ(t)〉 of the above controlled system Ĥ(t), it evolves
according to Schrödinger equation

ih̄
∂ |Ψ(t)〉

∂ t
= Ĥ(t) |Ψ(t)〉 , (2)

starting from an initial state |Ψ(0)〉 to a final state of |Ψ(τ)〉.
The overall shift of the state |Ψ(τ)〉 relative to the initial state
can be described by an overlap

c(τ) = 〈Ψ(0) |Ψ(τ)〉= R(τ)e iα(τ),

where 0 ≤ R(τ) ≤ 1 and α ∈ [0,2π). The change of R(τ) in-
dicates a non-unitary state evolution, and the overall coherent
phase α(τ) accumulated during the evolution can be estimated
by

α(τ) =
1
2i

ln
〈Ψ(0) |Ψ(τ)〉
〈Ψ(τ) |Ψ(0)〉

, (3)

which is contributed by both the state unitary evolution and
the state transition process. The geometrical part of α(τ) ex-
cept for the dynamical part is called Pancharatnam phase (P-
phase)[14] of a quantum wave.

If the Hamiltonian Ĥ(t) is Hermite, the unitary evolution
keeps R(t) = 1, t ∈ [0,τ], no state transition occurs and the
coherent phase Eq. (3) reduces to

α(τ) = Imln [〈Ψ(0)|Ψ(τ)〉] .

However, the detailed evolution of R(t) and α(t) can
not be resolved only by state overlap c(τ) because the state
evolution in a time-dependent Hilbert space is irreversible
([Ĥ(t), Ĥ(t ′)] 6= 0) and the coherent phase α is closely depen-
dent on the evolutionary trajectory of the state.

As the Hilbert space of a real parametric driving system
is closed (the parameters now are real functions for the Her-
mitian property of Ĥ† = Ĥ), the system with time-dependent
parameters admits a complete set of instantaneous eigenstates
satisfying[15]

Ĥ(t) |ϕn(t)〉= εn(t) |ϕn(t)〉 , (4)

and the instantaneous states hold

〈ϕn(t) |ϕm(t)〉= δnm;∑
n
|ϕn(t)〉〈ϕn(t)|= 1 (5)

for n,m ∈ Z. With the above assumptions of instantaneous
basis,[5] any transient state |Ψ(t)〉 of the system Ĥ(t) can be
expanded by

|Ψ(t)〉= ∑
n

an(t) e iαn(t) |ϕn(t)〉 , (6)

and then the coherent phase of state |ϕn(t)〉 can be divided into
two parts

αn(t)≡ θn(t)+ γn(t), (7)

where the first part

θn(t)≡−
1
h̄

∫ t

0
εn(t ′)dt ′ (8)

is called the dynamical phase because it is accumulated from
its energy εn(t), and the second part

γn(t)≡ i
∫ t

0
〈ϕn(t ′)|ϕ̇n(t ′)〉dt ′ (9)

is called the geometric P-phase rediscovered by Berry.[16]

By using Eq. (6), the transient energy of any state |Ψ(t)〉
is

E(t) = ∑
n
|an(t)|2 εn(t)≡∑

n
pn(t)εn(t), (10)

with the initial energy being

E(0) = ∑
n

pn(0)εn(0). (11)

Therefore, the energy change of the state |Ψ(t)〉 induced by
the parametric driving is

Ė(t) = ∑
n

pn(t)ε̇n(t)+∑
n

ṗn(t)εn(t), (12)
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which depends on two aspects: (i) the change of instantaneous
energies of εn(t), and (ii) the change of the population distri-
bution of pn(t) in states |ϕn(t)〉. The energy change of the
instantaneous eigenstates is

ε̇n(t) = 〈ϕn(t)| ˙̂H(t) |ϕn(t)〉 , (13)

which is determined by the average driving power of ˙̂H in state
|ϕn(t)〉, while the change of population distribution is deter-
mined by

ȧm(t) =− ∑
n6=m

e i[αn(t)−αm(t)] 〈ϕm (t)| ϕ̇n(t)〉an(t). (14)

We can see that the equivalence of Eq. (14) to Eq. (2) is sup-
ported by the validity of the transient expansion of Eq. (6)
based on the assumptions of Eq. (4) and Eq. (5) for the para-
metric driving system.

2.2. The conventional adiabatic condition and the adia-
batic states

Based on instantaneous basis, we can write Eq. (14) into
another form of

ȧm(t) =− ∑
n6=m

〈ϕm(t)| ˙̂H(t) |ϕn(t)〉
εn(t)− εm(t)

e i[αn(t)−αm(t)]an(t). (15)

Clearly, equation (15) describes the nonadiabatic state tran-
sition between instantaneous eigenstates. If the parametric
driving is weak, equation (15) can be directly dropped if
ȧm(t)� 1. This gives the conventional criterion for an adi-
abatic approximation[17] when

∑
n6=m

h̄
|εn(t)− εm(t)|

∣∣∣〈ϕm(t)| ˙̂H |ϕn(t)〉
∣∣∣

|εn(t)− εm(t)|
� 1, (16)

which is equivalent to

h̄ ∑
n6=m

|〈ϕm (t)| ϕ̇n(t)〉|
|εn(t)− εm(t)|

� 1.

The above condition actually means

|〈ϕn(t)| ϕ̇m(t)〉| � |〈ϕm(t)| ϕ̇m(t)〉| , n 6= m, (17)

which implies a very weak transition from one instantaneous
state to other (transitionless quantum driving[18]). In a parame-
terized Hilbert space, adiabatic evolution corresponds to a par-
allel transportation of state vectors without any local rotations
for phase accumulations. However, an overall rotation angle
still be available because the parametric path is always con-
fined to a manifold which has a geometrical curvature.

Then, if a state evolution is controlled by Eq. (16), after
an evolution of time t, the state |Ψ(t)〉 should be very near to
the adiabatic state

|Ψ(t)〉ad = ∑
n

an(0)e iαn(t) |ϕn(t)〉 , (18)

which is obtained by ȧm(t) = 0, m = 1,2, . . . from Eq. (6).
Therefore, the energy of the adiabatic state is

Ead(t)≡ 〈Ĥ(t)〉ad = ∑
n

pn(0)εn(t). (19)

Comparing the adiabatic energy Ead(t) with Eq. (10), we
can find that the energy change of an adiabatic process is only
determined by the energy shifts of the instantaneous levels (an
overall level shift or distortion of level profiles with respect
to the system’s parameters). The adiabatic evolution does not
change the population distribution in the eigenstates |ϕn(t)〉
but only gives phase shifts to the initial states as Eq. (18). This
implies that an adiabatic process is beyond any thermal pro-
cess and keeps the population distribution unchanged. Adia-
batic evolution displays a unitary evolution of a set of instanta-
neous eigenvectors of Ĥ(t) and only admits energy shifts fol-
lowing the driving parameters. That means no transition oc-
curs during an adiabatic evolution and the level crossing (en-
ergy degenerate point) is not permitted during the adiabatic
driving processes.[19]

As a reliable condition for the adiabatic approximation
is a key for precise control on geometric phase, the conven-
tional condition of Eq. (16) is weak and have been questioned
by many authors such as in Ref. [20] because equation (16)
only means ȧm � 1 but does not mean ȧm = 0. Therefore,
the constant condition of ȧm � 1 to drop Eq. (15) leads to
many conflict results when ȧm changes with time and many
improved approximate conditions were presented.[21] How-
ever, some new proposals are complicated to apply and lack of
clean physical meanings. Here, we will discuss it physically
to give a more general but tighter condition for the adiabatic
control.

2.3. Upper bound functions for transition rates with en-
ergy gap

We can see that the conventional adiabatic condition of
Eq. (16) is obtained by completely neglecting all the nonadi-
abatic terms in Eq. (15). Instead of dropping them, we use
Cauchy–Schwarz inequality on Eq. (15) to find[22] (see Ap-
pendix B)

|ȧm (t)|2 ≤ ∑
n6=m

∣∣∣∣ 〈ϕm(t)| Ḣ(t) |ϕn(t)〉
εn(t)− εm(t)

∣∣∣∣2 . (20)

By using a simple notation |ϕm(t)〉 → |m〉, we can write the
inequality by

|ȧm (t)|2 ≤ ∑
n6=m

〈m| Ḣ |n〉〈n| Ḣ |m〉
h̄2

ω2
nm(t)

,

where the instantaneous transition frequencies are defined by

ωnm(t) =
εn(t)− εm(t)

h̄
.
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If the eigenenergy levels of the system keep crossing avoided
during the quantum evolution (without level crossings) and the
minimum level gap exists ∆0 =minm 6=n |εm−εn|, then we have
h̄ωnm(t)≥ ∆0 and

|ȧm (t)|2 ≤ 1
∆ 2

0
∑

n6=m
〈m| Ḣ |n〉〈n| Ḣ |m〉

=
1

∆ 2
0

[
〈m| Ḣ2 |m〉−〈m| Ḣ |m〉2

]
. (21)

Equation (21) indicates that the magnitude of the non-
adiabatic transition rate in any eigenstates |ϕm〉 must be
smaller than the variance of energy changing. Certainly, this
conclusion is based on an assumption of the minimum level
gap existing during the evolution. However, the adiabatic the-
orem beyond a gap was also discussed in Ref. [23].

If we introduce a driving power operator of the system by
the negative energy changing rate of the system

P̂(t) =− d
dt

Ĥ (t) ,

then we can give an upper bound of non-adiabatic transition
rate from eigenstate |m〉 by

|ȧm (t)|2 ≤ 1
∆ 2

0

(√
〈P̂2〉m−〈P̂〉2m

)2

.

If the the power fluctuation in state |m〉 is defined by

∆Pm =

√
〈P̂2〉m−〈P̂〉2m,

then, finally, we obtain the upper bound function for the non-
adiabatic transition rate in state |m〉 as

|ȧm (t)| ≤ ∆Pm(t)
∆0

≡ Γm(t). (22)

The above real-time bound function Γm(t) is actually a damp-
ing rate of am(t) to estimate the non-adiabatic speed in a gen-
eral quantum dynamics of parametric driving. The existence
of the upper bound function Γm(t) reveals that the transition
rate from one instantaneous state to another is limited by the
ratio between standard power fluctuation and the minimum
level gap of the system. Or, reversely, the adiabatic approx-
imation is valid only under the condition that the power fluc-
tuations induced by the parametric driving is smaller than the
minimum gap of the system. This real-time condition indi-
cates that the non-adiabatic transition has a speed limit for a
parametric driving system and the adiabatic process should be
a slow evolution avoiding level mixing.

Based on Eq. (22), the probability amplitude in state |m〉
at time t +δ t can be estimated by

|am (t +δ t) | ≥ e−Γm(t)δ t |am (t) |,

and the probability of remaining in state |m〉 during an adia-
batic driving process (for a small Γm(t)) from an initial time ti
to a final time tf can be roughly estimated by

pm (tf)≥ e−2
∫ tf
ti

Γm(t)dt pm (ti) . (23)

3. The bound function in the driving parameter
space
Considering N independent driving parameters λ j(t), j =

1,2, . . .N, of a quantum system, the Hamiltonian can be writ-
ten as Ĥ(t) = Ĥ [λ1(t), · · · ,λN(t)]≡ Ĥ(𝜆). At a quantum con-
trol time interval t ∈ [0,T ], the instantaneous eigenstates for
Ĥ(𝜆) satisfy

Ĥ(𝜆)|ϕn(𝜆)〉= εn(𝜆)|ϕn(𝜆)〉, n = 1,2, . . . .

Then any transient state |Ψ(t)〉 can be expanded by

|Ψ(t)〉= ∑
n

an(t) |ϕn(𝜆)〉 ,

starting from an initial state |Ψ(0)〉 = ∑n an(0)|ϕn(𝜆0)〉, and
the coefficients an(t) of the transient state can be estimated by
the bound function as

|ȧn (t)| ≤
∆Pn(λ )

∆0
≡ Γn(λ ). (24)

In the N-dimensional parameter space of 𝜆, a transient state
of Ĥ(𝜆) corresponds to a point, and the power operator in the
parametric Hilbert space is

P̂(λ ) =−∇λ Ĥ · 𝜆̇, (25)

where −∇λ Ĥ gives a gradient field of the system and 𝜆̇ de-
scribes the dynamical equations of the parameters. If we de-
fine a general parametric force of the energy field and velocity
in the parameter space as

𝐹̂λ =−∇λ Ĥ(𝜆) =−
N

∑
j=1

∂ Ĥ
∂λ j

λ̂ j,

𝑣λ = 𝜆̇=
N

∑
j=1

dλ j

dt
λ̂ j,

respectively, where λ̂ j is the unit vector, then the power of
Eq. (25) will be in a familiar form

P̂ = 𝐹̂λ ·𝑣λ , (26)

which is the same as that defined in Ref. [24]. Alternatively,
the above equation gives

∆E =
∫

P̂dt =
∫

C
𝐹λ · d𝜆, (27)

where ∆E is the energy change when the system evolves along
a path C in the parameter space 𝜆. Clearly, if the field satisfies

∆E =
∮

C
𝐹λ · d𝜆= 0 (28)
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along any closed path, the field of the system Ĥ(𝜆) is conser-
vative and has no singular point in the parameter space.

Therefore, if the parameters are controlled by the exter-
nal driving, the bound Eq. (24) means that the non-adiabatic
transition rates of the instantaneous eigenstates are limited by
the fluctuations of “work” done by force 𝐹λ per second when
the state moves along the parametric driving path C. Basically,
the force field of Ĥ(𝜆) is determined by the energy structure
of the system and the path C depends on the solutions of the
parametric equations 𝜆̇(t) due to the driving schemes.

Usually, a parametric driving Hamiltonian Ĥ(t) is solv-
able and it can be written in a form of

Ĥ(t) = Ĥ(𝜆) =
N

∑
j=1

λ j (t) L̂ j, (29)

where the operators {L̂1, L̂2, . . . , L̂N} can generate a finite M-
dimensional Lie algebra by repeated commutations,

[
L̂i, L̂ j

]
= ih̄

M

∑
k=1

γ
k
i jL̂k,

with γk
i j = −γk

ji. In most cases, the number of independent
driving parameters satisfies N ≤M. Therefore, the driving pa-
rameters λ j(t) are piecewise continuous real functions defined
on the control time interval. Surely, equation (29) is not unique
and different parameterized form can be obtained by different
Lie algebras defined on the diving system. Generally, the so-
lutions of Eq. (29) can be obtained by the Lie transformation
method.[13]

Further, if there exists a dynamical invariant for the above
Hamiltonian Ĥ(t) in a form of[25]

Î (t) =
M

∑
j=1

g j (t) L̂ j, (30)

then a useful parameter space of 𝑔 = (g1,g2, . . . ,gM) can also
be introduced and the continuous complex functions g j (t) at
the same time interval will determined by the parametric equa-
tions of

ġk (t) =
M

∑
i, j=1

λi (t)γ
k
i jg j (t) . (31)

If the parameter path g j(t) can be solved from Eq. (31), then
the system has an invariant variable Î(t) which can be used to
discuss the adiabatic control by Lewis–Riesenfeld invariants
method.[25,26] It is well known that the instantaneous eigen-
states of Î(t) provide an optimal basis to expand |Ψ(t)〉 by[8]

|Ψ(t)〉= ∑
n

bn(0)e iβn(t) |φn(t)〉 , (32)

where

βn(t) =
1
h̄

∫ t

0

〈
φn
(
t ′
)∣∣ ih̄ ∂

∂ t ′
− Ĥ

(
t ′
)∣∣φn

(
t ′
)〉

dt ′.

Compare Eq. (32) with Eq. (18), we can see a similar form of
adiabatic state on this basis because the force field disappears
in g-parameter space along the parametric path of Eq. (31) (the
path is on a constant-energy surface). Therefore, a proper pa-
rameter space chosen to reveal the topological properties of
Hamiltonian becomes important for an adiabatic control.

3.1. Bound functions for nonadiabatic transition in an
avoided level crossing system with one driving param-
eter

Specifically, we consider a two-state system as an exam-
ple, such as in a scheme of Landau–Zener transition shown in
Fig. 1,[27] with only one driving parameter λ (t),

Ĥ (t) = h̄
(

λ (t) Ω0
Ω0 −λ (t)

)
, (33)

where h̄λ (t) and−h̄λ (t) are the instantaneous energies of two
bare states of |e〉 and |g〉, and Ω0 is the coupling strength be-
tween them. Then the instantaneous eigenstates of Eq. (33)
satisfy

Ĥ (λ ) |ϕ± (λ )〉= ε± (λ ) |ϕ± (λ )〉,

where the instantaneous energies are

ε± (λ ) =±h̄
√

λ 2 (t)+Ω 2
0 ,

and the instantaneous states are

|ϕ+ (λ )〉=
(

cosθ (t)/2
sinθ (t)/2

)
, |ϕ− (λ )〉=

(
sinθ (t)/2
−cosθ (t)/2

)
,

with

cosθ (t) =
λ (t)√

λ 2 (t)+Ω 2
0

, sinθ (t) =
Ω0√

λ 2 (t)+Ω 2
0

.
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Fig. 1. The avoided crossing energies of two-level system controlled
by only one driving parameter λ (t). The dashed lines are the energies
of bare states when the coupling rate Ω0 is zero. Different sweeping
processes enabled by the parametric setups are indicated by the arrows.
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Here, we also introduce an instantaneous energy gap

∆ (t) = ε+(t)− ε−(t) = 2h̄
√

λ 2 (t)+Ω 2
0 , (34)

and we define ∆0 = min [∆(t)]. Therefore, the nonadiabatic
transition rates from states |ϕ± (λ )〉 have a limit of

|ȧ±(t)| ≤
∆P±(t)

∆0
≡ Γ±(t), (35)

where the power operator of the parametric Hamiltonian is de-
fined by

P̂(t)≡− ˙̂H =−∂ Ĥ
∂λ

λ̇ (t) .

3.1.1. Landau–Zener transition by linear sweeping driv-
ing

If the parameter λ (t) enables a linear sweeping scheme
as

λ (t) = λ0−β t,

where β is the chirp-rate of the driving field. The power oper-
ator

P̂(t) = h̄β

(
1 0
0 −1

)
and its variance in state |ϕ− (λ )〉 is

∆P− = |h̄β sinθ(t)| ≤ |h̄β |. (36)

As shown in Fig. 1, the maximum nonadiabatic transition
happens at the energy-level crossing point by ∂ε− (λ )/∂λ = 0
(at λ = 0) where the energy gap in this case is

∆(t) = 2h̄
√

(λ0−β t)2 +Ω 2
0 ,

and the minimum gap is ∆0 = 2h̄Ω0. Then the bound function
in this case for state |ϕ−(λ )〉 is

|ȧ− (t)| ≤
∆P−
∆0

=
|h̄β |
∆(t)

≡ Γ−(t). (37)

The above bound function reveals that the instantaneous tran-
sition rate is closely dependent on the energy gap and reaches
the maximum value of |β/2Ω0| at the energy-level crossing
point (∆(λ )/dλ = 0), which is often called the non-adiabatic
point.

As the two-state system is closed, then

〈ϕ−|
(

∂ Ĥ
∂λ

)2

|ϕ−〉= | 〈ϕ−|
∂ Ĥ
∂λ
|ϕ+〉 |2 +

(
∂ε−
∂λ

)2

,

and the non-adiabatic bound Γ−(t) can be written as

|ȧ− (t)| ≤
|λ̇ (t) |

∆0

∣∣∣∣〈ϕ− (λ )| ∂ Ĥ
∂λ
|ϕ+ (λ )〉

∣∣∣∣ ,

which, actually, is similar to the Fermi’s golden rule. There-
fore, the bound function gives Eq. (23) as

p− (tf)≥ exp
[
−2
∫ tf

ti
Γ−(t)dt

]
p− (ti) , (38)

and which can be used to estimate the transition probability
when Γ− � 1. As the maximum transition rate from ground
state |ϕ−(−∞)〉 = |g〉 to upper state |ϕ+〉 is Γ−(t), the proba-
bility remaining in the state |ϕ−〉 after the parametric sweeping
from right to left satisfies

p−(∞)≥ exp
[
− 1

Ω0

∫
∞

−∞

|β sinθ(t)| dt
]
≈ exp

[
− |β |

2Ω 2
0

]
, (39)

which gives a lower probability in the state |ϕ−〉 after a time
interval of 1/2Ω0 across the energy avoided crossing point.
In Fig. 2, we exactly calculate the probabilities of p± (t) =
|a±(t)|2 (thick solid lines) as well as pg,e(t) (thin solid lines),
where the bound probability of p±(∞) determined by Eq.(39)
and the Landau–Zener formula, pZL = exp(−2πΩ 2

0/2β ), for
pg,e(∞) are also shown by the horizonal dashed lines. If
β/(2Ω 2

0 ) � 1, the system will keep an adiabatic evolution
with a weak transition probability from the instantaneous state
|ϕ−(t)〉 to |ϕ+(t)〉. As this model can be exactly solved, the
upper bound function seems to be a bad estimation compared
to the exact Landau–Zener formula,[28] but in a high dimen-
sional parameter space, this bound will be a very useful tool
for the real-time adiabatic control if an exact transition formula
is absent.
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Fig. 2. The evolutions of the probabilities p±(t) (thick lines) in the in-
stantaneous eigenstates of |ϕ±〉 and pe,g(t) (thin lines) in the bare states
of |e,g〉. The horizonal dashed lines are the probabilities predicted by
the Landau–Zener formula and the upper bound determined by Eq. (39).
The parameters are λ0 = 12 Hz, β = 0.3 Hz/s, and Ω0 = 0.4 Hz.

3.1.2. Landau–Zener transition by back and forth
sweeping driving

If the driving parameter gives a back and forth sweeping
scheme as

λ (t) = λ0−β sin(ωt +φ),

where β > 0 is the level sweeping amplitude around λ0. The
power operator in this case is

P̂(t) = h̄βω

[
cos(ωt +φ) 0

0 −cos(ωt +φ)

]
,
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and its variance is

∆P− =
h̄ |βωΩ0 cos(ωt +φ)|√

λ 2 (t)+Ω 2
0

≤ h̄ |βω| .

Therefore, the real-time bound function of the transition
rate is

|ȧ− (t)| ≤
|h̄βωΩ0|√

(λ0−β )2 +Ω 2
0

|cos(ωt +φ)|
∆(t)

≡ Γ−(t),

and when β < |λ0| or β > |λ0|, the bound function will be

|ȧ−(t)| ≤
|h̄βω cos(ωt +φ)|

∆
(t)≡ Γ−(t).

20 40 60 80

-2

-1

1

2
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∆0 ∆↼t↽
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2Ω0

Fig. 3. The evolutions of the instantaneous energies ε±(t) of eigenstates
|ϕ±〉 and the bound function of Γ−(t). The parameters are λ0 = 12 Hz,
β = 1.4 Hz, and Ω0 = 0.4 Hz.

Figure 3 demonstrates the transition bound Γ−(t) and re-
veals that the transition rate is closely dependent on the energy
gap of the system and, for all the above cases, the bound func-
tion reveals a closer condition than the conventional adiabatic
approximation of

Γ−(t)≤
∣∣∣∣ h̄βω

∆0

∣∣∣∣= ∣∣∣∣ βω

2Ω0

∣∣∣∣� 1.

As there is no explicit analytical formula for transition
probability in this case, the bound functions can give a rough
transient estimation of the probability remaining in the state
|ϕ−〉

p− (δ t)≥ e−2Γ−(t)δ t p− (0)≈ exp
(
−
∣∣∣∣ βω

2Ω0

∣∣∣∣δ t
)
, (40)

when the system starts from the ground state for p−(0) = 1.
Surely, this probability is a very bad prediction for a longtime
evolution, but the bound function Γ (t) can provide a better
real-time estimation of the non-adiabatic transition rate for a
robust feed-back adiabatic control during transitionless quan-
tum driving for time-dependent quantum systems.

3.2. Adiabatic control of spin by the sweeping magnetic
fields

Now, let us calculate the upper bound function with more
driving parameters in the two-state system with a general form
of

Ĥ(t) = h̄
[

∆ (t) Ω ∗ (t)
Ω (t) −∆ (t)

]
.

The Hamiltonian can be expressed by Pauli operators
{σ̂x, σ̂y, σ̂z} in a form of Eq. (29)

Ĥ(t) = h̄∆ (t) σ̂z + h̄Ω
∗ (t) σ̂++ h̄Ω (t) σ̂−,

where σ̂± = (σ̂x± iσ̂y)/2 and the parameters ∆ (t) and Ω (t)
can be any time-dependent functions for different driving
schemes in a practical control process.

A typical application of the above model is for spin qubit
control with a varying magnetic field shown in Fig. 4. The
driving magnetic field is usually constructed by superposition
of two varying magnetic fields, one is 𝐵‖ along z direction
and the other 𝐵⊥ is perpendicular to 𝐵‖ and rotates with a
frequency of ω .[16] The combined magnetic field 𝐵 (t) can be
generally described by

Bx (t) = B0 (t)sin [α (t)]cos(ωt) ,

By (t) = B0 (t)sin [α (t)]sin(ωt) ,

Bz (t) = B0 (t)cos [α (t)] , (41)

where the magnitude of 𝐵 (t) is B0 (t) and α (t) is the in-
staneous angle of the sweeping cone. The spin Hamiltonian
Ĥ = e

m𝐵(t) · 𝑆̂ reads

Ĥ (t) =
h̄ω0 (t)

2

[
cosα (t) sinα (t) e−iωt

sinα (t) e iωt −cosα (t)

]
, (42)

where the Lamor frequency of electron spin is

ω0 (t) =
eB0 (t)

m
. (43)

As the sweeping magnetic field 𝐵 (t) can be denoted by
a spherical coordinate: 𝐵(t) ≡ (B0 (t) ,α (t) ,ωt), we can in-
troduce three spherical driving parameters as

λ1(t) = eB0(t)/m≡ ω0(t),

λ2 (t) = α (t) ,

λ3 (t) = ωt, (44)

then the Hamiltonian of Eq. (42) is put into a form of

Ĥ(λ1,λ2,λ3) =
h̄λ1

2

[
cosλ2 sinλ2 e−iλ3

sinλ2 e iλ3 −cosλ2

]
, (45)

which is defined in λ -parameter space. Alternatively, another
popular parameterized form,

Ĥ(u,v,w) = u(t) σ̂x + v(t) σ̂y +w(t) σ̂z,
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is often used to define a generalized Bloch sphere where the
new parameters are defined by

u(t) =
h̄
2

λ1 (t)sin [λ2 (t)]cos [λ3 (t)] ,

v(t) =
h̄
2

λ1 (t)sin [λ2 (t)]sin [λ3 (t)] ,

w(t) =
h̄
2

λ1 (t)cos [λ2 (t)] , (46)

and we can easily find that the Bloch parameters u(t), v(t), and
w(t) satisfy

u2(t)+ v2(t)+w2(t) =
h̄2

4
λ

2
1 (t) .

It is well known that the spin operators {σ̂x, σ̂y, σ̂z} con-
struct a SU(2) Lie algebra and the instantaneous spin eigen-
states and eigenvalues are

|ϕ+ (t)〉=

 cos
λ2 (t)

2

sin
λ2 (t)

2
e iλ3(t)

 , ε+ =+
1
2

h̄λ1 (t) ,

|ϕ− (t)〉=

sin
λ2 (t)

2
e−iλ3(t)

−cos
λ2 (t)

2

 , ε− =−1
2

h̄λ1 (t) ,

which gives an energy gap of ∆(t) = h̄λ1(t).
The instantaneous eigenstates |ϕ+ (t)〉 and |ϕ− (t)〉 rep-

resent the spin-up and spin-down states with respect to the

transient direction of the magnetic field 𝐵(t), respectively.
As spin states |ϕ±(t)〉 follow the direction of 𝐵 (t) controlled
by the driving parameters λ1(t), λ2 (t), and λ3(t), the physi-
cal conditions for a practical spin control satisfy λ1 � λ̇2, λ̇3

(or ω0� α̇,ω) because the internal Lamor frequency of elec-
tronic spin (ω0≈ 1.759×1011B0) is much larger than the vary-
ing speed of the classical driving parameters.

The general spin state Ψ (t) can then be expanded by

Ψ (t) = a− (t) e iθ−(t)|ϕ− (t)〉+a+ (t) e iθ+(t)|ϕ+ (t)〉, (47)

where the dynamical phases are

θ±(t)≡∓
1
2

∫ t

0
λ1(t ′)dt ′.

In this case, the dynamical equations for the transition
rates are

ȧ+ (t) =−a− (t)
〈ϕ+ (t) |Ḣ (t) |ϕ− (t)〉

ε−− ε+
e i
∫ t

0 λ1(t ′)dt ′

−a+ (t)〈ϕ+ (t) |ϕ̇+ (t)〉, (48)

ȧ− (t) =−a+ (t)
〈ϕ− (t) |Ḣ (t) |ϕ+ (t)〉

ε+− ε−
e−i

∫ t
0 λ1(t ′)dt ′

−a− (t)〈ϕ− (t) |ϕ̇− (t)〉, (49)

and the transient power operator P̂(t) of Hamiltonian Eq. (42)
with parameters 𝜆= (λ1,λ2,λ3) reads

P̂(t)≡− ˙̂H
(
𝜆, 𝜆̇

)
=

h̄
2

 λ̇1 cosλ2−λ1λ̇2 sinλ2

[
(λ̇1− iλ1λ̇3)sinλ2 +λ1λ̇2 cosλ2

]
e−iλ3[

(λ̇1 + iλ1λ̇3)sinλ2 +λ1λ̇2 cosλ2

]
e iλ3 − λ̇1 cosλ2 +λ1λ̇2 sinλ2

 . (50)

We can easily verify that equation (50) satisfies Eq. (26) and
the parametric path is determined by the driving scheme of
Eq. (44). Therefore, the upper bound for non-adiabatic tran-
sition rate in this case can be estimated by Eq. (24) in details
if the time-dependent functions of the driving parameters are
given. In the following sections, the bound functions of adia-
batic control with two different driving schemes are calculated
and the geometric phases for the adiabatic spin dynamics are
investigated.

3.2.1. Magnetic field sweeping in the azimuthal direc-
tion

A magnetic field sweeping in the azimuthal direction with
a fixed polar angle α is a conventional scheme to drive elec-
tronic spins, which is realized by the driving parameters of
λ1 (t) = eB0/m = ω0, λ2 (t) = α , and λ3 (t) = ωt (see Fig. 4),
and the transition dynamics for this control scheme will be

ȧ+ = −iω sin2 α

2
a++

iω sinα

2
e iδ ta−, (51)

ȧ− = iω sin2 α

2
a−+

iω sinα

2
e−iδ ta+, (52)

B

<S>

B↼t↽
B||

Bu

θ

α

Fig. 4. The control of electronic instantaneous spin states by (a) a mag-
netic field in z direction and (b) a sweeping magnetic field denoted by
spherical coordinates of 𝐵(t).

where the detuning δ = ω0−ω . Consequently, the power op-
erator reduces to

P̂(t) =
h̄
2

ω0

[
0 −i(ω sinα)e−iωt

i(ω sinα)e iωt 0

]
,
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and the upper bound for non-adiabatic transition rates calcu-
lated by Eq. (24) are

|ȧ±| ≤
∣∣∣∣(1

2

)
ω sinα

∣∣∣∣≡ Γ ,

which can also be directly obtained from Eqs. (51) and (52),
leading to a convectional adiabatic condition of adiabatic con-
trol for Γ � 1. When the spin is initially in spin-down state,
the probability estimation of Eq. (23) on spin-up state at a later
time t� 1 will be checked by the strict solution of

p+ (t) = |a+(t)|2 =
ω2 sin2

α

Ω 2 sin2
(

Ω

2
t
)
, (53)

where the effective flip frequency is

Ω =

√
(ω0−ω cosα)2 +(ω sinα)2,

and equation (23) gives

p+ (t)≈
(

1
2

ω sinα

)2

t2,

which is exactly the expansion of Eq. (53) at a very short time
t� 1. As the rigorous solution of this case is well studied,[15]

the geometric phase in this case is omitted.

3.2.2. Magnetic field sweeping in both azimuthal and
polar directions

Now we would like to consider a more general control-
ling magnetic field for λ̇1 (t) = 0, λ̇2 = α̇(t), and λ̇3 = ω , then
the driving power operator of the system is

P̂(t)≡− ˙̂H (t) =
h̄ω0

2
×
[

−α̇ sinα (α̇ cosα− iω sinα) e−iωt

(α̇ cosα + iω sinα) e iωt α̇ sinα

]
,

and the transition dynamics for this control scheme are

ȧ+ = −iω sin2 α

2
a++

iω sinα− α̇

2
e iδ ta−, (54)

ȧ− = iω sin2 α

2
a−+

iω sinα + α̇

2
e−iδ ta+. (55)

The upper bound function of this control scheme becomes

|ȧ±(t)| ≤
1
2

√
[α̇ (t)]2 +[ω sinα (t)]2 ≡ Γ±(t), (56)

which sets the modulus bound for the changing rates of both
driving parameters as shown in Fig. 5. When both the chang-
ing rates α̇/ω0 and ω/ω0 keep small, the dynamics will con-
duct an adiabatic evolution which leads to an adiabatic geo-
metric phases for |ϕ±〉 as

γ±(t) = i
∫ t

0
〈ϕ±|ϕ̇±〉dτ =∓ω

∫ t

0
sin2

[
α(τ)

2

]
dτ. (57)

Specifically, if the polar angle of α(t) is controlled by a
periodic function of

α(t) = α0 +α1 sin(νt),

the upper bound function for the adiabatic control reads

Γ (t) =
1
2

√
ω2 sin2 [α0 +α1 sin(νt)]+ν2α2

1 cos2(νt).

The dynamics of transition rates |ȧ±(t)| and the bound
function are both shown in Fig. 5 for different driving param-
eters. The bound function exhibits a good real-time constraint
on the transition rate and reveals that low sweeping frequen-
cies (ω and ν) and small sweeping amplitude α1 are critical
for an adiabatic state evolution.
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Fig. 5. The evolutions of the transition rate |ȧ+(t)| (red thin lines), |ȧ−(t)|
(blue thin lines) and their upper bound functions Γ (t) (black lines). The
control parameters are α0 = 0.2, α1 = 0.2, ω = 0.02ω0, (a) ν = 0.04ω0 and
(b) ν = 0.01ω0, with the initial probabilities p±(0) = 0.5.

For an adiabatic case of Γ (t) ≤
√

ω2 +ν2α2
1/2 � 1,

the adiabatic geometric phase along a parametric path will be
strictly calculated by

γ±(t) = ±1
2

ω [J0 (α1)cosα0−1] t

±ω ∑
n 6=0

Jn (α1)
cos(α0 +nνt/2)sin(nνt/2)

nν
, (58)

where Jn(z) is the Bessel function of the first kind, α0 is the
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initial polar angle, α1 and ν are the sway amplitude and fre-
quency of the driving magnetic filed 𝐵(t) along the polar di-
rection. Figure 6 compares the dynamics of strict phases with
the geometric phases of γ−(t) for the instantaneous spin-down
state ϕ−(t) under different frequency ratios ν/ω and α1/α0.
The strict calculations on Eqs. (54) and (55) (the thin blue

lines) verify that equation (58) is a very good result when the
bound function keeps small. However, if the parametric driv-
ing breaks the requirement of a small bound function, equa-
tion (58) becomes inaccurate and the real phase of a−(t) will
deviate from Eq. (58) with irregular oscillations due to the
non-adiabatic state transitions.
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Fig. 6. The geometric phases γ−(t) for instantaneous eigenstate |ϕ−〉 under different driving parameters. The thick black solid lines are the
analytical solutions of Eq. (58), the thin blue lines are the real phases calculated by Eqs. (54) and (55), the black dotted diagonal lines are the
first term of Eq. (58) and the horizonal lines are labeled by Eq. (59) in different driving periods. Insets: the parametric paths of three different
driving schemes in the Bloch space, and all the driving paths are counterclockwise. The driving parameters are ω = 0.02ω0, (a) α0 = 0.2,
α1 = 0; (b) ω/ν = 1/2, α0 = 0.2, α1 = 0.2; and (c) ω/ν = 2/1, α0 = 0.2, α1 = 0.1.

The dynamics of the nonlinear geometric phase in an adi-
abatic process can be divided into two different parts: the lin-
ear part which increases linearly with time (the dotted lines
in Figs. 6(b) and 6(c)) and the nonlinear part which induced
by the parametric oscillation in the polar direction. The adi-
abatic geometric phases related to two periods of T1 = 2π/ω

and T2 = 2π/ν are

γ±(Ti) =±
1
2
[J0 (α1)cosα0−1]ωTi, (59)

which are displayed in Fig. 6 by the grey horizontal grid lines
just for references. Clearly, in a conventional case of α1 = 0,
equation (58) gives the familiar Berry phase in a cyclic period
of T = 2π/ω with a solid angle of ±π (cosα0−1), deriving
only from the linear part of Eq. (58) (see Fig. 6(a)). However,
for a control period of T = 2π/ν along a closed parametric
path for α1 6= 0, the invariant Berry phase will be

γ±(2π/ν) =±π
ω

ν
[J0 (α1)cosα0−1] . (60)

As we have two control frequencies, ω and ν , along the
azimuthal and polar directions, respectively, there exist two
evolutionary periods of T for Ĥ(t+T ) = Ĥ(t) that will lead to
rich geometric structures of the Lissajous parametric paths on
Bloch sphere determined by the frequency ratio of ν/ω and
the amplitude ratio of α1/α0 (see Fig. 7). Therefore, the Berry
phase in this case should be determined by a common period
covering a closed path in the parameter space.

For the adiabatic dynamics, when the driving ratio ω/ν

is a rational number, that is ω/ν = p/q, where p,q ∈ N, the
common period is T = pT1 = qT2 while the adiabatic geomet-
ric phase is γ±(T ) =±pπ[J0(α1)cosα0−1]. For α1/α0 < 1,
the path has a simple form and does not intersect with itself.

But for α1/α0 ≥ 1, the orbit intersects with itself and the re-
gion S covered by the path on the Bloch sphere will be divided
into different overlapped areas and each area enclosed by a
loop contributes its respective part because the total covering
area is the sum of them. This is due to

γ±(t) =∓
∮

C
sin2 α

2
dφ =∓1

2

∫
S

sinα · dS, (61)

where φ =ωt is the azimuthal angle of the path C on the Bloch
sphere and dS is the area element of the region S covered by
the path. Equation (61) reveals a sinα-weighted area contribu-
tion to the geometric phase. That means when the polar angle
α is constant (α1 = 0), the state |ϕ−(t)〉 evolves along a circle
path on the Bloch sphere and its geometric phase increases lin-
early with a slope proportional to sinα as shown in Fig. 6(a).
Figure 6(b) demonstrates that, for a case of ω/ν = 1/2 and
α1/α0 = 1, the path has a knot shape and the region S is di-
vided into two separated areas by one intersection point (one
vertex). Therefore the phases exhibit a two step-like dynamics
during the command period of T = T1. While, for ω/ν = 2/1
and α1/α0 < 1, figure 6(c) shows that the region S consists of
two overlapped areas, which leads to a different phase dynam-
ics with only one step during the command period of T = T2.
The areas enclosed by more loops formed by the complicated
periodic paths are shown in Fig. 7 and the parametric path
has a close relation to a Eulerian path in a view of graph the-
ory. However, when the ratio ω/ν is an irrational number,
no closed path can be found in the parameter space to fulfill
Ĥ(t + T ) = Ĥ(t) and no invariant Berry phase exists in this
case because the parametric path does not enclose an area (no
enclosed boundary).
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Fig. 7. The parametric paths of different driving schemes in the param-
eter space of Bloch sphere. The driving parameters are ω = 0.02ω0,
α0 = 0.2, (I) ν/ω = 1/2, α1/α0 = 1/2; (II) ν/ω = 2/1, α1/α0 = 1/2;
(III) ν/ω = 1/2, α1/α0 = 3/2; and (IV) ν/ω = 2/1, α1/α0 = 3/2.

Therefore, the above analysis indicates that the phase
evolution of a quantum state is closely associated with the
geometric structure of its evolutionary path in the parameter
space. Above all, the topological property of the Berry phase
can be perfectly controlled by the parametric paths through
a designed parametric driving under the control of the time-
dependent bound function proposed in this paper.

Appendix A: The proof of Eq. (20)
The Cauchy’s inequality reads∣∣∣∣∣ n

∑
j=1

x jy j

∣∣∣∣∣
2

≤
n

∑
j=1

∣∣x j
∣∣2 n

∑
j=1

∣∣y j
∣∣2 ,

where x j and y j are arbitrary complex numbers. Therefore,
according to Eq. (15), we have

|ȧm(t)|2 ≤ ∑
n6=m

∣∣∣∣ 〈ϕm(t)| Ḣ(t) |ϕn(t)〉
εn(t)− εm(t)

∣∣∣∣2 ∑
n6=m
|an(t)|2

≤ ∑
n6=m

∣∣∣∣ 〈ϕm(t)| Ḣ(t) |ϕn(t)〉
εn(t)− εm(t)

∣∣∣∣2 ,
where we have used

∑
n 6=m
|an(t)|2 ≤∑

n
|an(t)|2 = 1.
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