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We report a theoretical work on the properties of modulational instability and bright type nonlinear localized modes
in one-dimensional easy-axis weak ferromagnetic spin lattices involving next-nearest-neighbor couplings. With a linear
stability analysis, we calculate the growth rates of the modulational instability, and plot the instability regions. When
the strength of the next-nearest-neighbor coupling is large enough, two new asymmetric modulational instability regions
appear near the boundary of the first Brillouin zone. Furthermore, analytical forms of the bright nonlinear localized modes
are constructed by means of a quasi-discreteness approach. The influence of the next-nearest-neighbor coupling on the
Brillouin zone center mode and boundary mode are discussed. In particular, we discover a reversal phenomenon of the

propagation direction of the Brillouin zone boundary mode.

Keywords: modulational instability analysis, intrinsic localized spin-wave modes, weak ferromagnets, next-
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1. Introduction

Modulational instability is a common nonlinear process,
which can appear in various fields of physics.!~® The modula-
tional instability is characterized by an exponential growth of
arbitrarily amplitude perturbations on account of the interplay
between dispersion (or diffraction) and nonlinearity.[”) The-
oretically, a particular region of wave numbers of the plane
wave configurations becomes unstable to modulations due to
the modulational instability, which leads to the rapid growth
of the unstable modes and eventually to localization in con-
figuration space. In nonlinear systems, the modulational in-
stability is of crucial significance for creating localized excita-
tions, such as bright solitons,!'%~13] breathers,[!*!3! and rogue
waves.[!%] In general, the modulational instability is a vital
characteristic of continuum and discrete nonlinear systems.
Up to now, modulational instabilities have been identified in
many real physical systems, including electrical transmission
line, discrete optical nonlinear arrays, Bose—Einstein conden-
sates, and so on.l7-19]

The character and the significance of modulational insta-
bilities of plane waves in the dynamics behavior of nonlin-
ear lattice systems have been extensively investigated.?0-23]
In many published works, modulational instabilities of plane
waves were studied in the context of different types of discrete
nonlinear Schrodinger equations, which are often used to de-
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scribe the dynamics of nonlinear lattices. The modulational in-
stability is identified as the first step to localization in discrete
nonlinear systems.!>3! For discrete nonlinear systems, the in-
stability rapid growth brings about a relaxation process upon
the energy equipartition, which causes the formation of local-
ized modes.”* Generally, the bright nonlinear localized mode
appears in the parameter range in which the discrete nonlinear
lattice reveals modulational instability. [>!]

The spin chain model is a typical nonlinear lattice sys-
tem. In spin chains, the modulated spin plan waves may de-
velop into nonlinear localized modes when the instability is
completely evolved. Naturally, this lattice model provides a
good stage to exhibit modulational instability and nonlinear
localized modes.[?9) Lai and Sievers pointed out that the for-
mation of the localized spin excitations comes from extended
spin waves via the discrete modulational instability.>”) From
their point of view, both discreteness and strong nonlinearity
may be fundamental for the generation of the stable spin lo-
calized mode. Until now, much attention has been focused
on the research of discrete modulational instability and local-
ized spin wave modes in one-dimensional ferromagnetic spin

s.[28-341 1 our previous work, we found that the discrete

lattice
modulational instability of the ¢ = 0 plane spin wave occurs
in the easy-axis anisotropy ferromagnetic spin lattice. 33! This
finding suggests that a localized spin wave mode with bright

construction can exist at the Brillouin zone center. More-
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over, Nguenang et al. proposed several new characteristics
of localized spin wave modes in an easy-plane ferromagnetic
spin lattice with biquadratic isotropic exchange interaction by
analyzing the discrete modulational instability of spin plan
waves. 3% Lately, Kavitha ef al. studied discrete modulational
instability and localized spin wave modes in an easy-axis weak
ferromagnetic spin lattice chain only with nearest-neighbor
couplings.*¥ They showed that the Dzyaloshinsky—Moriya
(DM) interaction can evidently influence nonlinear localized
spin wave modes, and this ferromagnetic spin lattice with the
DM interaction supports the stable localized spin wave mode.
It is well-known that the DM interaction was put forward by
Dzyaloshinsky®!l and Moriya!*?! to characterize weak ferro-
magnetism in magnets. Furthermore, many researchers found
that the appearance of the Dzyaloshinsky—Moriya interaction
can cause many interesting physical effects,?’#? such as the
asymmetry of the magnon dispersion relation,?®! the creation
of a unidirectional spin-wave emission, ! and the asymmetric
magnetic domain-wall motion. [4?!

In this study, we analytically investigate the modulational
instability and localized spin wave modes with bright-profile
in a one-dimensional easy-axis weak ferromagnetic spin lat-
tice with the nearest-neighbor (NN) coupling and the next-
nearest-neighbor (NNN) coupling in the semiclassical limit.
The main aim of this theoretical study is to explore the in-
fluence of next-nearest-neighbor couplings on the properties
of discrete modulational instability and bright localized spin
wave modes in weak ferromagnets. The framework of the pa-
per is as follows. In Section 2, we expound the present weak
ferromagnetic lattice model and drive the corresponding equa-
tion of motion in the Glauber state representation. In Sec-
tion 3, the discrete modulational instability in our weak ferro-
magnetic spin lattice is analyzed via the linear stability anal-
ysis. We also forecast the parameter regions for the existence
of bright type localized modes. In Section 4, taking advantage
of a quasi-discreteness approach, we obtain analytical forms
of the bright nonlinear localized modes and analyze their ex-
istence condition. In particular, both the bright Brillouin zone
center mode and boundary mode are achieved. The last section
is devoted to summarizing our work.

2. The spin lattice model and equation of motion

In this research, we focus our attention on an easy-axis
anisotropy weak ferromagnetic lattice model with NN and
NNN couplings. The Hamiltonian for the system under an
external magnetic field can be written in the following form:

H = *2JZSI'SI+1+D'ZSZ X 8111
I 1

+ 7’(-2]2 S;-Si42+D-Y S x Sl+2)
7 7

—AY (S5)* —gusBY S5, (1)
1 [

with D = De; and S; = (S7,S),55), where S (y = x,y,z) is
the ¥ component of the local spin operator on lattice site /,
J(> 0) corresponds to the NN exchange coupling parameter,
A is a crystal field uniaxial anisotropy parameter, D stands
for the intensity of the NN DM interaction, and B denotes
the intensity of the external magnetic field along the z direc-
tion. Obviously, the ground-state profile of the weak ferro-
magnetic chain system corresponds to all local spins aligned
along with the external magnetic field. The main characteris-
tic of the weak ferromagnetic lattice system is that the coef-
ficient y (0 < y < 1) is variable, which manages the relative
intensity of the NNN interactions to the NN interactions. A
special case of Y = 0 corresponds to the usual weak ferromag-
netic chains with NN interactions only. For a general case of
Y # 0, we then propose the weak ferromagnetic chains involv-
ing the NNN interactions. In our previous works, the other
lattice models involving the NNN interactions have been con-
sidered. In Ref. [43], we have studied modulational instability
and discrete breathers in a nonlinear helicoidal lattice model,
which is motivated by a helicoidal optical lattice for ultracold
atoms. By using the semidiscrete multiple-scale method, we
have obtained analytical solutions of discrete breather modes
in this helicoidal lattice with different types of nonlinearities.
In Ref. [44], we have investigated discrete breathers and mod-
ulational instability in a one-dimensional ¢4 lattice with the
NNN coupling interaction, which is a pure classical lattice
model. The evident difference from these two lattice models
is that the present weak ferromagnetic chain contains the DM
interaction, which is antisymmetric. Physically, some new ef-
fects may occur when the weak ferromagnetic chain has the
NNN exchange coupling interaction and the NNN DM inter-
action.

To obtain the second quantized expression of the Hamil-
tonian for the weak ferromagnetic lattice system, we can take
advantage of the Dyson—Maleev transformation!*#6! for all
local spin operators

Si=S—ata, @)
+

Sf=(29)"? (1 - “’Zg’) ar, 3)

S; = (28)"2a;, )

with S = SF £iS), where a; (a;") corresponds to the local
magnon annihilation (creation) operator in the /-th lattice site,
and S is the absolute value of the spin magnitude. For sim-
plicity, the Planck constant is set to & = 1 throughout the pa-
per. The substitution of Egs. (2)—(4) into the Hamiltonian (1)
yields a bosonlized Hamiltonian, which reads

H = —Sk*Y (aiaf | +yaiaf,,) — Sk Y (a] a1+ va) ais2)
] 7
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+4(1+)ISY af a; +AQ2S 1)) af g
I 1
K*
+g,uBBZal+al + 5 Z (a;;lafalal + ya;;zal*alal)
1 I
K

+ 3 Z (af @) yarprai + va) a] Hai0a112)

]
_ 2]2 (altrlalﬂa;ral + yaltrza/uafm)

]

—AZafafalal, (5)
]

with Kk =2J 41D and x* = 2J — iD. In this equation, the zero-
point energy of the weak ferromagnetic chain system has been
abandoned.

To characterize the constituents of the quantum state cor-
responding to the weak ferromagnetic spin chain system, one
may adopt the Glauber coherent-state | ) 47! as a basic repre-
sentation of the present spin lattice chain. Thus, the quantum
state for the weak ferromagnetic lattice [¥(¢)) can be written
in a product of the form

¥ (1)) :H|a1>, (6)

with (W (¢)|¥(¢)) = 1. Theoretically, we can make use of the

Ehrenfest theorem so as to obtain the equation of motion for

the expectation of the Hermitian operator.[*3] After carrying

out some mathematical derivations, one may obtain equations

of motion corresponding to the coherent-state amplitude o,

(m=1,2,...), namely,
. Cl(Xm

I—— = WOy

™ — S[K*(Om—1 + YOm—2)

+ K(am+1 + Yam+2)]

*

K
+7[|am71 |2O‘m4 +a:1+lanz1]
K* 2 * 2
+ 7’7 [[Otn—2|" G2 + Oy 0]
K
+ EH(XMH ‘zamH + a;—lar%t]
K
+ r5 [ Om12 1 Qs + 0 5 0]

*2-](|am71|2+ |am+1 |2+'}/|am72|2

+7|am+2|2)am_2A|am|2am7 (7)

with @y = 4(147)JS+A(2S — 1) + gupB. It is obvious that
the discreteness and nonlinearity effects in the weak ferromag-
netic spin chain that we consider are completely involved in

Eq. (7).

3. Discrete modulational instability analysis

Theoretically, the presence of the bright type nonlinear
spin wave localized mode is associated with the discrete mod-
ulational instability of the spin plane wave. Hence, the discrete
modulational instability of Eq. (7) will be investigated by us-
ing a linear stability analysis.[*”! Let us start to do the linear

stability analysis by seeking discrete plane wave solutions of
Eq. (7), which is

Oy = aoei(qmafwl% (8)

where o is an invariable amplitude, g represents the wave
number of discrete plane waves, a corresponds to the lattice
constant, and @ denotes the circular frequency of the discrete
plane-wave. The insertion of the discrete plane wave solutions
(8) into the equation of motion (7) leads to a nonlinear disper-
sion relation, which reads

o = ay—4JScos(qa)+2DSsin(ga) —4yJS cos(2qa)
+2yDSsin(2ga) +4J & cos ga — 2Dag singa
+ 47Ja§ cos2qga — 2}/Da§ sin2qa
—4J(14 7)o —2A04. 9)

Next, we introduce a small perturbation d,, in Eq. (8)
and suppose that the solution of Eq. (7) is

O (1) = [0l + 80ty (1)] (@31, (10)

By inserting the above solution (10) in Eq. (7) and keeping
those linear terms for the perturbations 6 ¢, and S c,),, we ob-
tain a linear differential equation

iaéam —l—SK*eiiqa((S(Xm,] . S(Xm)
ot
+SK(80 11 — 80) e + YSK* (802 — Bty ) e 1

+YSK(O 012 — Sam)eZiq“
—(K*8y_1e 9+ kS, e ad

—2i 2i 2
—Y(K* 00 _pe” M+ KO Opi2e” ) o

1 ) )
— S (K" ke ) (Sag,  + 80t )0

= T B o) (S0t + 801.0) 04

+2J(X3(6(1m,1 +6am+l +6a;1,] +6(X;;l+])
+20Y0G (82 + 8Osz + 80ty 5+ 8 2)

In the light of the process of the linear stability analysis, we
need to suppose that the above equation has the following gen-
eral solution: !

sy = () et

= gcos[(mQa — Qt)]+ iy sin[(mQa — 2t)]. (12)

Here, Q and Q are, respectively, the wave number and the cir-
cular frequency corresponding to the small disturbance ampli-
tude. Moreover, ¢ and y denote two arbitrary real variables.
Substituting the general solution (12) into Eq. (11), then we

Q—-A;n Ap S
=0. 13
( An Q-Mz)(%) (13)

have
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The condition for Eq. (13) with untrivial solutions is given by
the second order equation for the perturbation frequency €,
i.e.,

Q—-Ay Ap
Ay Q—-Apn

=0, (14)
with
A1l = Ay = S[4Jsin(ga) +2D(cosq)] sin(Qa)
+ yS[4J sin(2ga) + 2D cos(2qa)]sin(2Q0a)
— [4J sin(ga) + 2D cos(ga)] sin(Qa) o
— y[4J sin(2ga) 4+ 2D cos(2qa)] sin(2Qa) o,
Ajp = S[4Jcos(ga) —2Dsin(ga)]cos(Qa)
+ yS[4J cos(2qa) — 2D sin(2qa)] cos(2Qa)
— S[4J cos(ga) —2Dsin(qa))
— ¥S[4J cos(2ga) — 2Dsin(2qa)],
Ay = S[4Jcos(ga) —2Dsin(ga)] cos(Qa)
+2yS[2J cos(2qa) — Dsin(2qa)] cos(2Qa)
— S[4J cos(ga) —2Dsin(qa))
—29S8[2J cos(2ga) — Dsin(2qa))
—4[2J cos(qa) — Dsin(ga)] cos(Qa) o
— 4y[2J cos(2qa) — Dsin(2qa)] cos(2Qa) o
+8J[cos(Qa) + ycos(2Qa)]| o +4Aag. (15)
After carrying out a simple derivation, equation (14) can be
rewritten as
{Q —28[2Jsin(ga) + Dcos(qa)]sin(Qa)
—2yS8[2J sin(2qa) + Dcos(2qga)] sin(2Qa)
+2[2J sin(ga) 4 Dcos(qa)]sin(Qa) o
+2y[2J sin(2ga) + Dcos(2qa)] sin(2Qa) od }*
= {2S8[2Jcos(ga) — Dsin(ga)] cos(Qa)
+27v8[2J cos(2qa) — Dsin(2qa)] cos(2Qa)
—28[2J cos(ga) — Dsin(qa)]
—27yS8[2J cos(2qa) — Dsin(2qa)]}
x {28[2J cos(ga) — Dsin(ga)] cos(Qa)
+27vS[2J cos(2qa) — Dsin(2qa)] cos(2Qa)
—28[2J cos(ga) — Dsin(qa)]
—27vS8[2J cos(2ga) — Dsin(2qa)]
—4[2J cos(ga) — Dsin(ga)] cos(Qa) a3
— 4y[2J cos(2qa) — Dsin(2ga)] cos(2Qa) o
+8J0g[cos(Qa) + ycos(2Qa)] +4Aad }. (16)
The discrete plane spin wave solution (8) is thought to
be modulationally unstable when the right-hand side part of
Eq. (16) is negative.l!l In the present physical scenario, the
growth rate of the modulational instability can be expressed as
G(g.0) = Im()
= Im([{2S[2J cos(ga) — Dsin(ga)] cos(Qa)

+27vS8[2J cos(2qa) — Dsin(2qa)] cos(2Qa)
—28[2J cos(ga) — Dsin(qa))

—29S8[2J cos(2qa) — Dsin(2qa)]}

x {28[2J cos(ga) — Dsin(ga)] cos(Qa)

+2yS[2J cos(2ga) — Dsin(2qa)| cos(2Qa)
—28[2J cos(ga) — Dsin(qa))

—29S[2J cos(2qa) — Dsin(2qa))

—4[2J cos(ga) — Dsin(ga)] cos(Qa) o

— 4y[2J cos(2qa) — Dsin(2ga)] cos(2Qa) o
+8J[cos(Qa) + ycos(20a)] o +4Aad}]'/?), (17)

where Im denotes the imaginary part of the perturbation cir-
cular frequency 2. If the modulational instability of the dis-
crete spin plane wave takes place, then the bright localized
solution to the equation of motion (7) can exist. Here, we
will consider two cases: without the DM interaction and with
the DM interaction. Our goal is to study the influence of the
NNN couplings on modulational instability regions in the two
cases. Moreover, considering that the easy-axis anisotropy is
quite crucial for the presence of the bright Brillouin zone cen-
ter mode in the ferromagnetic spin chain system, the value of
the easy-axis anisotropy parameter will be large enough in the
analysis that follows.

First, let us discuss the case of D = 0; i.e., the absence
of the DM interaction. In Fig. 1, we plot the area (white) of
discrete modulational instability on plane (g, Q) for the corre-
sponding easy-axis ferromagnetic chain with different relative
coupling strengths y. In Fig. 1, we can directly see that the
form of the area of the discrete modulational instability varies
remarkably with the increase of y. In particular, new modu-
lational instability regions arise near the first Brillouin zone
edge once v is sufficiently large. It is obvious that the g =0
spin plane waves are always modulationally unstable near the
perturbation wave number Q = 0 with the increase of y. Phys-
ically, the occurrence of the discrete modulational instability
means that the spin lattice chain system supports the bright
type localized spin wave mode in the corresponding parame-
ter regions.

Next, we consider the case of the presence of the DM
interaction. In Fig. 2, we present the corresponding modula-
tional instability region in plane (g, Q) for different strengths
of NNN couplings. Compared with Fig. 1, we clearly see that
the modulational instability areas shift to the left-hand side
of the first Brillouin zone because of the introduction of the
DM interaction. Physically, the emergence of this effect is
due to the antisymmetric property of the DM interaction. In
Fig. 2, one also can observe the effect of the increase of NNN
couplings on the configuration of the modulational instability
regions for the weak ferromagnetic chain. We note that two
asymmetric modulational instability regions appear in the left-
hand and right-hand edges of the first Brillouin zone when 7 is
large enough.
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=3

Fig. 1. Modulational instability regions (bright zone) on the (¢, Q) plane for different values of y: (a) 0, (b) 0.2, (¢) 0.3, (d) 0.5. The relevant
parameters include D =0,J=1,S=10,a=1,A =10, and oy = 0.3.

3 —2 -1 0 1 2 3 23 22 21 0 1 2 3
q q

Fig. 2. Modulational instability regions (bright zone) on the (g, Q) plane for different values of y: (a) 0, (b) 0.2, (c) 0.3, (d) 0.5. The relevant
parameters are setto D =2,J=1,S=10,a=1,A =10, and ap = 0.3.
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4. Nonlinear localized modes
4.1. Reduction of the equation of motion

In the present study, we shall employ a quasi-discreteness
approach?! to study the effects of nonlinearity and discrete-
ness of the weak ferromagnetic chains involving the NNN
interactions. By means of this quasi-discreteness technique,
one can look for the analytical expression of the nonlinear
localized mode in nonlinear lattice systems. In the quasi-
discreteness approach, we first need to expand the coherent-

state amplitude o, in terms of the small coefficient €, namely,

(T ém’ m)+
= Z e’ o, (18)
v=1

0, (2) = eal (‘L’ Emy O) + €2 al

(v)

With tym = ul (17 &n, Bn). Here, &, and 7 correspond to
the multiple-scales mathematical variables that are given by
&n = €(ma— pt) and T = €1, respectively. Actually, p stands
for the group velocity of the carrier wave, which shall be
demonstrated by taking advantage of a solvability condition.
0,, = mqga — wt signifies the phase of those carrier waves. In
addition, a corresponds to the lattice constant of the present
weak ferromagnetic chain; ¢ and o are, respectively, the corre-
sponding wave number and circular frequency. After inserting

Eq. (18) into Eq. (7), we then obtain

i—= —a)ga,(,{znﬁ—s(lc*oc() _ F Ko r(nZnH)
+S(k ), 5+ ke, ) = Nil, (19)
with
Niytn = 0,
(1) 2o ooV
2 _ 805m7m * mm—1 'm,m+-1
Nm,m = )via&m +Sx*a 8§,n Ska agm
d ar(nl ))n72 d O‘;quf)wrz
+2SK GW _2SKaW7
(2) 1) 920V
Niow = g 20mm _O0min _ gl 2O Onm-t
’ &, ot 2 0&2
15122;1 1 2 320‘;];);172
+SK*a 8é —2ySa”k* 86‘2
da? 51 2oV
* mm—2 - 2 ‘m,m-+1
+2ySx ai&ém 2S1ca 785,3
—Ska 7’512’3"“ -2 Sazk; a’il’z"“
25, o
)
o
—mwmﬁgﬁ
1 * n 12 o
+2K( rElr)n 1(1,(,12,106,(",)” r(ngnﬂ‘ ar<n72n+l)

2
1)« 1
+5 ?’K( rqun 2“751znamm+‘ mm+2’ ar(n,z)n+2)

1, 1 2 1) ) (1
+§K ( ar(n anl‘ 06,5172,1,1 +a}51,l)n+la”(”v')”a7(’h')">
2 Dx (1) (1
+5 YK (‘ ™,m— 2‘ a151;)n—2+ar(n,2n+2ar<"a’>"a’£')”)
2
(1)
2](‘ ‘m,m— 1’ + mm+]‘ )am,m
2

—2w(hmwa‘+k%mﬂ‘)®&
2 od!h[ ol 0)

which can be solved analytically by making use of the step by
step procedure. It should be pointed out that the detailed ex-
pressions of terms N,s, m (j=4,5,...) are not written in this
equation for simplicity. First, let us consider the first-order ap-
proximation (j = 1), one then obtain the linear wave equation

1
D0t (1) . (1) SOM

liat —a)Oam,m+S(K a, 'mm— | KO ‘mm+1
+yS(ral) ,+Kal 5)=0. @1)

Evidently, the above equation exists the following solution:
(X,E:),, =U(1,&,)exp(i6,), (22)

where U is the envelope function of T and &,,. This can be
determined in the following derivations. By inserting the so-
lution (22) into Eq. (21), it is easy to obtain the dispersion
relation of the linear spin waves, which is

o = ay—2S[2Jcos(qa)
—29S8[2J cos(2ga)

— Dsin(ga)]
— Dsin(2qa)]. (23)

In Fig. 3, we plot the magnon dispersion curves of the
present ferromagnetic chain system for different values of
the relative next-nearest-neighbor coupling intensity y. Fig-
ures 3(a) and 3(b) correspond to the ferromagnetic chain with-
out and with the DM interaction, respectively. We can clearly
see that the increase of the relative next-nearest-neighbor cou-
pling constant can affect the shape of the magnon dispersion
curve significantly. When the DM interaction is absent, from
Eq. (23) we can give the following exact results: (i) for the
cases of y < 0.25, the magnon frequency has a minimum
value at ¢ = 0 and a maximum value at ¢ = 7/a; (ii) for
the cases of y > (0.25, a new maximum arises at wave num-
ber g. = +[m —cos™!(1/4y)]/a. These results are visually
presented in Fig. 3(a). The effect of the DM interaction on
the magnon dispersion curves can be observed by comparing
Fig. 3(a) with Fig. 3(b). It is not hard to find that the introduc-
tion of the DM interaction causes that the magnon dispersion
curves shift to the left end of the first Brillouin zone. More-
over, in Fig. 3(b), it is clearly see that the extreme points of the
magnon frequency move left in the first Brillouin zone with in-
creasing 7.
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Fig. 3. The magnon dispersion curves of the present ferromagnetic
chain system with different values of y: (a) D =0, (b) D =2. The
other parameters are settoJ =1,5=10,a=1,A=10,g=ug =1,
and B=1.

Next, we analyze the second-order approximation (j =
2). After doing a simple calculation, one has

douim @) ) 2)
iT;_abanz7m+S(K*a 1+Kamm+l)
+ ,}/S(K (1'51 2}1 2 + K, r(nl)n+2)

= i{p —2Sa[2Jsin(ga) + Dcos(ga))

—4vySa[2J sin(2qa) + Dcos(an)]} exp(1 On). (24)

&,

On the basis of the perturbation approach, those terms
proportional to exp(i6,,) in Eq. (24) should be equal to zero.
Hence, we can obtain the following relation:

p = 28a[2Jsin(ga) + Dcos(ga)]

do
+4ySa[2J sin(2ga) + Dcos(2qa)] =V, = 40 . (25)

q
In the above equation, p has been certified to be equal to the
group velocity. Making use of the solvability condition (25),
one can obtain a particular solution to Eq. (24), which has the

following form:

2 .
At = W(t,En) exp(i6,). (26)
Here, W = W (7, &,,) is still an uncertain envelope function.
In principle, it can be determined in higher-order approxima-
tions. However, from the standard procedure of the quasi-
discreteness approach,?>*%! we do not need to consider this

process.

Now, we pay attention to the case of j =3 in Eq. (19).
With the help of the obtained results, one can obtain the fol-
lowing equation:

(3)
2L gl (o)

e 1—H<oc<> )
+YS(K*O‘() T KO r(anl+2)

‘m,m+1

— { i a—U + [Saz(ZJcos(qa) — Dsin(qa))

k3
9?U
&
2Dsin(qa) + y(4J cos(2qa)

+4ySa*(2J cos(2qa) — Dsin(2qa))] =45

—[4J cos(ga) —
—2Dsin(2qa)) —4J(147) — 24] |U|2U} exp(i6,,). (27)

To make sure that the perturbation theory is reasonable,
these secular terms in the above equation must disappear. Con-
sequently, we have

iaU—i- 3Z§m+QU| U=0, (28)
with
P = Sa*[2J cos(ga) — Dsin(ga))
+4ySa*[2J cos(2qa) — Dsin(2qa)], (29)
0 = —{2[2Jcos(qa) — Dsin(qa)]
+2y[2J cos(2ga) — Dsin(2qa)]
—4J(147)—24}. 30)

Introducing the functional transformation U(7,&,) =

(1/€)u(X,,, t) and utilizing T = €2, one can rewrite Eq. (28)
in the form
%u
8 +PaX2+Q|u| u=0 31

where X, = ma — Vyt. Evidently, equation (31) is a general
(cubic) nonlinear Schrodinger equation (NLSE). In general,
the NLSE is totally integrable. Its solutions, such as soliton,
breather, and rogue wave, can be constructed via the inverse
scattering method, >3 the Hirota bilinearization method, %4>
and the Darboux transformation. 2671

4.2. Bright soliton modes

Since we mainly focus on the bright type localized spin
wave modes in the easy-axis weak ferromagnetic chain, we
need to consider the bright soliton solution of the NLSE. The-
oretically, only when P and Q satisfy sign(PQ) > 0, equa-
tion (31) has the bright soliton solution, which is

u(t,X,,) = Cosech [\ / Z—QPCO(Xm —XO)] exp (igCgt) , (32)

where Cj corresponds to the bright soliton amplitude and Xj
denotes the corresponding initial position. After performing
some simple derivation, we have

Q(r) = Cosech { \/gCo[(m—mg)a—Vgt]}
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X exp <i§C§t> expli(kma—wr)],  (33)

which is obviously a bright (discrete) soliton mode of the easy-
axis weak ferromagnetic spin lattice chain. The central posi-
tion of this nonlinear localized mode is at site m = m, which
is linked to the original excitation situation of the lattice chain
system.

INER
cooo
arw N
.\-I 1 1 1

T T T T T T T T T T T

—2000 |- N/ ]

—-0.4 0 0.4 0.8
q/m

Fig. 4. The product PQ versus the wave number ¢ for different values

of y: (a) without the DM interaction; (b) in the presence of the DM in-

teraction. The used system parameters in the two figures are the same

as those in Figs. 1 and 2, respectively.

—-0.8

In Section 3, we have predicted the wave number region
corresponding to the emergence of the bright nonlinear local-
ized mode by the discrete modulational instability analysis.
Here, from Egs. (29) and (30) one can directly confirm that
the bright type nonlinear localized spin wave mode appears in
a specific wave number region, in which P and Q must follow
sign(PQ) > 0. In Fig. 4, we display the product PQ function
curves with wave number g under different values of y. Fig-
ures 4(a) and 4(b) correspond to the cases of the ferromagnetic
chain without and with the DM interaction, respectively. For
Fig. 4(a), we can calculate the wave number regions that obey
sign(PQ) > 0:

1) y=0,q€(—1.571,1.571);

(i) y=10.2, g € (—1.092,1.092);

(ii)) y=0.3, g € (—3.142,-2.810) U (—1.014,1.014) U
(2.810,—-3.142);

(iv) y=0.5,g € (—3.142,—-2.574)U(—0.9359,0.9359) U
(2.574,3.142).

Similarly, for Fig. 4(b), we can also give the correspond-
ing wave number regions:

i y=0,q e (—2.356,0.7854);

(i) y=0.2, g € (—1.651,0.5443);

(iii) y=10.3, g € (—3.142,-3.018) U (—1.514,0.5079) U
(2.453,3.142);

(iv) y=10.5,g € (—3.142,—2.874) U (—1.390,0.4705) U
(2.223,3.142).

We find that these results agree well with Figs. 1 and 2,
respectively. That is to say, our predictions based on the dis-
crete modulational instability analysis are responsible.

In the following, we will consider two special nonlin-
ear modes, i.e., the Brillouin zone center mode and boundary
mode. We expect that the bright nonlinear localized modes
may appear at the Brillouin zone center or boundary. Further-
more, for the present easy-axis weak ferromagnetic chain, the
introduction of NNN couplings may lead to new features of
these modes.

4.3. Brillouin zone center mode

At the center of the first Brillouin zone ¢ = 0, one has

P =2JSa*(1+4y), (34)
0 =24, (35)
=0, = wy—45J —4ySJ, (36)
Vg = V¢ =2(142y)SaD. (37)

In the absence of the DM interaction, the Brillouin zone cen-
ter mode is obviously a stationary intrinsic localized spin wave
mode (or spin discrete breather) with bright-type structure that
can be written as

o (t) = Cosech[\/D1Co(m —mg)a)exp(—iit), (38)

with Dy = (Q/2P) _, and Q| = &, — ACj. Here, Qi is the
eigen-frequency of the Brillouin zone center mode, which is
below the base of the linear spin wave frequency band. The
temporal evolution (3D figures) corresponding to the square
modulus of the coherent state amplitude for our Brillouin zone
center mode (38) is displayed in Fig. 5(a). From Fig. 5(a), we
clearly see a stationary bright localized structure.

When the DM interaction is introduced, the Brillouin
zone center mode becomes a moving bright soliton mode,
which reads

04 (t) = Cosech{v/D1Co[(m —mo)a — Vs1]} exp(—iQ11). (39)

The velocity of the bright soliton mode (39) is equal to V. In
Fig. 5(b), we plot the time evolution of the Brillouin zone cen-
ter mode (39). It is clearly seen that a moving bright soliton
mode is presented in Fig. 5(b). From Eq. (37), we find that
the soliton velocity is proportional to y for the case of D # 0.
Hence, in the easy-axis anisotropy weak ferromagnetic chain,
varying Y can control the velocity of the Brillouin zone center
mode.
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Fig. 5. Temporal evolution of the Brillouin zone center mode: (a) D =0,
(b) D = 2. The relevant parameters are set to J =1, S =10, a =1,
Y=0.2,A=10,Cy=0.08, mp =300,g =g =1,and B=1.

4.4. Brillouin zone boundary mode

At the boundary of the first Brillouin zone ¢ = +m/a, we

have
P = (4y—1)2JSda°, (40)
Q0 =2A+8J, (41)
Ve =Vy =2SaD(2y—1), (42)
0=, =wy+4SJ —4ySJ. “43)

Obviously, the bright type localized spin wave mode may ap-
pear at the first Brillouin zone boundary for y > 0.25. When
the DM interaction is absent, the Brillouin zone boundary
mode is a stationary bright intrinsic localized mode, which has

(b)

(a)

0,010 80 . 0.010
= 0.005 40 ¢ 35/ 0.005
s 3

600 0 600

m

the following form:
Oy, (t) = (— l)mC() SeCh[\/D2C() (m — mo)a] exp(—i.ta), 44)

with Dy = (Q/2P),_ /, and £ = @, — (A+4 J)C3. Here,
£, is the eigen-frequency for the Brillouin zone center
mode, which lies within the linear spin wave frequency band.
Hence, the Brillouin zone boundary mode (44) is a resonant
mode (%89 with the bright localized structure. Since such lo-
calized modes are in resonance with those linear spin waves,
they have a limited lifetime in magnetic systems.

In the presence of the DM interaction, the Brillouin zone
boundary mode is a bright soliton mode, which can be written
as

o (t) = (—l)ngsech{JﬁgCo[(m—mo)a—ngt]}
x exp(—iQat). (45)

The velocity of the bright soliton mode (45) is equal to V.
From Eq. (42), we can confirm that the Brillouin zone cen-
ter mode is still a stationary intrinsic localized mode with
the bright profile when Y = % = 0.5. What is more, we find
that the velocities of the bright soliton modes are opposite for
Y < ¥ and Y > ¥%. Hence, ¥ is the transition point of the
velocity direction of the bright soliton mode. In Fig. 6, we
show the time evolution of the Brillouin zone boundary mode
(45) for the three cases of ¥ < %, Y= ¥, and ¥ > ¥.. Fig-
ure 6(b) displays a stationary bright type intrinsic localized
resonant mode. In Figs. 6(a) and 6(c), we clearly see two mov-
ing bright soliton modes, whose speeds are along opposite di-
rections. Based on the above analysis, it not difficult to affirm
that changing v (y € [%. — 8, % + 0], 8 < 1) can cause a rever-
sal effect of the speed direction of the Brillouin zone boundary
mode in the present easy-axis anisotropy weak ferromagnetic
chain.

(c)

80
80

0.010

40 ¢ 40 t

0.005

lam ()|

600 400 200 0
m

Fig. 6. Temporal evolution of the Brillouin zone boundary mode: (a) ¥ = 0.4, (b) y= 0.5, (c) ¥ = 0.6. The corresponding parameters are as
follows: J =1,§=10,a=1,D=2,A=10,Cy = 0.08, mp =300, g =ug =1, and B=1.

5. Summary

We have studied the discrete modulational instability and
bright type localized spin wave modes in a one-dimensional
easy-axis weak ferromagnetic spin lattice system involving
NNN couplings by using a semiclassical treatment. Carrying
out a linear stability analysis, we calculated the growth rates

of the modulational instability and we plotted the instability
regions. Due to the induction of the DM interaction, the in-
stability regions shift to the left end of the first Brillouin zone.
Furthermore, we found that two asymmetric modulational in-
stability regions appear in the left-hand and right-hand edges
of the first Brillouin zone when ¥ is sufficiently large. By
employing the results of the discrete modulational instability
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analysis, we can predict the parameter regions for the exis-
tence of bright nonlinear localized spin-wave modes.

We also obtained analytical forms of the bright nonlin-
ear localized modes and analyzed their existence condition by
means of a quasi-discreteness approach. The presence con-
ditions of such bright localized modes were shown to be in
agreement with the prediction of the modulational instability
analysis. Our results show that the present weak ferromag-
netic chain cannot support the stationary bright Brillouin zone
center mode. What is more, the velocity of the Brillouin zone
center mode is proportional to the value of y. However, a sta-
tionary bright Brillouin zone center mode is possible in the
system for the case of Y = 7. Surprisingly, we confirmed that
controlling ¥ (around ¥) can cause a reversal effect of the
speed direction of the bright Brillouin zone boundary mode.
This result is very interesting. Our finding may be helpful to
understanding the effect of the long-range coupling on bright
nonlinear localized modes in weak ferromagnets. Physically,
the bright nonlinear localized mode is a localized wave packet,
which can propagate without spreading and energy dissipa-
tion. Thus, the bright nonlinear localized mode in ferromag-
nets may have potential applications in quantum-information

storage or transmission. >’ With the development of the ex-

8-70]

periment and theory,® we expect that our theoretical re-

sults will be confirmed in the related experiments.
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