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The recent discovery of superconductivity in the twisted bilayer graphene has stimulated numerous theoretical pro-
posals concerning its exact gap symmetry. Among them, the d+id or p +ip-wave was believed to be the most plausible
solution. Here, considering that the superconductivity emerges near a correlated insulating state and may be induced by
antiferromagnetic spin fluctuations, we apply the strong-coupling Eliashberg theory with both inter- and intraband quan-
tum critical pairing interactions and discuss the possible gap symmetry in an effective low-energy four-orbital model. Our
calculations reveal a nodeless s*-wave as the most probable candidate for the superconducting gap symmetry in the exper-
imentally relevant parameter range. This solution is distinctly different from previous theoretical proposals. It highlights
the multi-gap nature of the superconductivity and puts the twisted bilayer graphene in the same class as the iron-pnictide,
electron-doped cuprate, and some heavy fermion superconductors.
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The recent discovery of superconductivity in twisted bi-
layer graphene (TBLG) has attracted tremendous interest!!-?!
in the condensed matter community. Depending on the
twisted angle, TBLG can exhibit a large variety of ex-

a. [3-30

otic phenomen | For a small twisted angle, as shown

in Fig. 1(a), the lattice can form the so-called Moiré

superlattice>3-3%]

with strongly renormalized low-energy
Dirac fermions.[?>28] At the so-called “magic angles”, their
Fermi velocity can even be reduced to zero.[?->° The su-
perconducting phase in TBLG appears near the first magic
angle (= 1.08°) on the hole-doping side (n < 1), where
the chemical potential is close to a van Hove singularity.
The superconducting transition temperature is 7, ~ 1.7K
with a renormalized electron bandwidth of about 10meV.!!!
This was observed near a correlated insulating state at half-
filling (n = 0.5).
tivity might be mediated by the associated antiferromag-

It is believed that the superconduc-

netic quantum critical fluctuations.*=71 Many theoretical

efforts[32-73

I have been devoted to understanding the effec-
tive low-energy models, 378! the nature of the insulating
state, 3233374249341 and the gap symmetry of the supercon-
ducting phases, [33-33-37.3747.48,53-611 Jeading to the proposals

of d+id-wave, 3737474854361 15 1 ip_wave, 472571 nodal s-

DOI: 10.1088/1674-1056/28/7/077103

wave, 2339 f-wave,[69 and even mixed gap symmetries. 2861

The nature of the superconducting phases is a subject of heated
debate.

The properties of the superconducting TBLG remind us
of some of the features of heavy fermion superconductors like
CeCusSiy."*1 In CeCu,Si,, superconductivity is also me-
diated by magnetic quantum critical fluctuations, with T, ~
0.6 K and a heavy electron band of the width of a few meV,
similar to those of TBLG. For decades, superconductivity in
CeCu,Siy has been believed to be a d-wave,”>~77] but recent
refined experiments have revealed two nodeless gaps.!’%7°]
It was pointed out that such a gap structure may be the re-
sult of the strong interband quantum critical pairing interac-
tion between coexisting electron and hole Fermi surfaces in
CeCu,Si,.% Since the low-energy effective model of TBLG

may also have two bands, 3738

we explore here the possibility
of multiple superconducting gaps and study the detailed gap
structures taking into account both intra- and interband pairing
interactions. For this purpose, we adopt the strong-coupling
Eliashberg approach and consider the magnetic quantum crit-
ical fluctuations as the candidate pairing glues. %! In com-
parison with the experiment, we find the most plausible gap

+

symmetry to be a nodeless s™-wave in the observed range of
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superconductivity. Moreover, when projected into the valley
basis, we obtain f-wave pairing in the valley-singlet compo-
nent and interesting topological features in the valley-triplet
component. Our work highlights the multi-gap nature of the
superconductivity in TBLG and the key importance of inter-
band quantum critical pairing interaction. This suggests that
TBLG might belong to the same class of unconventional su-
perconductivity as iron-pnictide, electron-doped cuprate, and
some heavy fermion superconductors.

Our low-energy effective model is constructed with one
px-like and one py-like Wannier orbital on each site of the hon-
eycomb Moiré superlattice, 38431 as schematically illustrated
in Fig. 1(b). The resulting four-orbital model describes the
four low-energy bands separated by two gaps of about 50 meV
from other bands.['%! At the first magic angle, the lattice con-
stant is a ~ 134 A. The mini-Brillouin zone of the superlattice
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is greatly reduced, as shown in Fig. 1(c). Following Refs. [38]
and [43], we adopt the following effective model:

H=Hy+H| +H,. (D

The first term gives the main feature of valley degenerate va-
lence and conduction bands and can be expressed as

Hy= Y

ije] -ej—pY el e @
{(i.jn® i

where i, j denote the sites, u is the chemical potential which
is responsible for doping away from the Fermi level, and
Ci = (CimCiy)T-
same p, or p, orbitals are considered and #;; takes the value of

In this term, only the hoppings between the

t1,h,13,t4 depending on the distance between the i and j sites.
We consider hoppings up to the fourth nearest neighbor. The

second term lifts the degeneracy of the K and K’ valleys and

\
2 eon
- ¢ \g/

P 2\

Fig. 1. (a) Illustration of the Moiré superlattice in TBLG with small twisted angle. (b) The honeycomb lattice for the tight-binding
model used in this work. The p,/,-like Wannier orbitals and the hopping parameters are labeled in the figure. In both (a) and (b), the
regions enclosed by dashed lines represent a single super unit cell. (¢) Illustration of the mini-Brillouin zone of TBLG. K; and K{ (K
and K}) represent the two inequivalent valleys of the top (bottom) graphene layer. K and K’ represent the two inequivalent valleys of
TBLG. I” and M are the center and middle points of the K—K' line of the mini-Brillouin zone. (d) Effective low-energy band structures
along the high symmetry lines in the mini-Brillouin zone. The dashed lines denote the Fermi energy for n = 0.5 (half-filling) and 1,
where n is one fourth of the total occupation number. n < 1 is at the hole-doping side. (e) Typical Fermi surfaces taken at n = 0.5,
where the two lower bands are half filled. Q1, Q>, and Q3 are the three nesting vectors used in our calculations.
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can be written as

H =15 Z

[(cf x ). +He, 3)
(i)

where the fifth neighbor hopping between the p, and p, or-
bitals is included. The last term including the nearest neighbor
hopping 7] is

Hy =1t Z {c e”eu jch ef;elj c,+Hc} 4
(i,))

where e;; and e - denote the in-plane unit vectors in the direc-
tions parallel and perpendicular to the nearest-neighbor bond,
respectively. This last term accounts for the hybridization be-
tween two valleys and generates a finite Dirac mass at K and
K’ points.*8] The parameters are chosen such that the band-
width is of the order of 10meV and the doping level for half-
filling of the two lower bands (n = 0.5) is close to the van
Hove singularity. Specifically, we adopt the values 1; =2 meV,
t =0.3 meV, 13 =0.05 meV, t4, = 0.15 meV, 15 = 0.12 meV,
and 7] = 0.1 meV. We have ignored the spin—orbit coupling
(SOC) which is only ~ 1peV in graphene and much smaller

than the energy scale considered here.[*0%1]

Figure 1(d) plots
the calculated band structures along high symmetry lines of
the mini-Brillouin zone. The band structures at K suggest
the coexistence of massless and massive Dirac fermions, con-

[38]

sistent with both symmetry analysis'”®! and quantum oscil-

lation experiment.!!! The Fermi surfaces are nested near the
van Hove singularity, as depicted in Fig. 1(e) with the nesting
wave vectors Q1 = 47/3a(1,0), Q> = 41/3a(—1/2,/3/2),
and Q3 = 47/3a(—1/2,—+/3/2). A Lifshitz transition oc-
curs when the chemical potential is tuned across the van Hove
point.

To study the pairing symmetry of superconductivity, we
apply the strong-coupling Eliashberg theory and consider
two separated Fermi surfaces. The interband (finite momen-
tum) pairing is ignored due to the absence of Fermi surface
overlap.®%) Near T, the linearized Eliashberg equations can

be written as

Aoy (k. i@,) = —nTVijéSv a9y (K i@n)

VA (k— K io, — o)

. (27T)2Vk’F|mev (K iom)|’ )
with
Zu(k,i@) = 1+ Z]{ dksgn(on)
Wn v,m
V#V(k*k,,lwnflwm) (6)

2 )
(2m) Vi,

where (1 and v are the band indices, @, is the fermionic
Matsubara frequency, Z, (k,i®,) is the renormalization func-
tion, and ¢, (k,iw,) is related to the gap function through
Ou(k,im,) =Z,(k,i0,)Ay(k,iw,). VYV (k- K i0, —iwy,)

represents the intra- or interband scattering of the Cooper
pairs. This is an eigenvalue equation and each of its eigen
solutions corresponds to a candidate pairing channel. The su-
perconducting symmetry is determined by the leading channel
with the largest eigenvalue A at T.. For quantum critical su-
perconductivity, the pairing interactions take the phenomeno-
logical form!80-811
/9

1+62(q7Q)2+ ‘Vn|/wsf7
where & is the correlation length, @ is the antiferromag-
netic wave vector, and g is the characteristic energy of
the quantum critical fluctuations. The values of & and @y
are chosen such that the effective magnetic Fermi energy,
L = wg(E/a)> = 4.3meV, is approximately equal to the
bandwidth of the two lower bands. VO” ¥ are free parame-
ters to be determined experimentally. The resulting gap struc-
tures only depend on the relative strengths ;] = VO1 iy Vo22 and
rp = VO12 /VZ?, while their absolute values play no essential
role.

To solve the Eliashberg equations, we further approxi-
mate Ay (k,i®,) = Ay (k,inT.) and Z, (k,iw,) = Z, (k,inT.)
and use 2048 Matsubara frequencies and 240 x 240 k-meshes
in the mini-Brillouin zone. Typical solutions of the eigenvalue

V'uv(q> ivn) =

N

equations are plotted in Fig. 2. The leading solution is a spin-
singlet state with nodeless s* or doubly degenerate d-wave gap
symmetry. This may be understood by recalling that the su-
perlattice has a D3 symmetry group with two one-dimensional
and one two-dimensional irreducible representations. The s*-
wave and degenerate d-wave solutions correspond tothe A; : 1,
ki+ky,...and E : (ky, ky), (ki —k3, keky) representations, re-
spectively. A degenerate p-wave solution is also allowed in the
E representation but never becomes dominant in the relevant
parameter range. Figure 2(a) shows the four leading values of
A with varying ry; at fixed ri; = 1.0. For small ri5, the d-
wave solutions dominate, indicating that the intraband interac-
tion favors d-wave superconductivity on both Fermi surfaces.
Since dyy and d,2_» are degenerate, the true gap function here
is their linear combination, yielding a chiral d + id-wave pair-
ing symmetry. 37341 While for large 1, > 1.2, the leading so-

lution is nodeless s*

-wave, induced by a relatively strong in-
terband interaction, as is in pnictide or some heavy fermion
superconductors. 892931 A nodal s-wave solution never wins
out in the whole parameter range. Figure 2(b) plots the leading
eigenvalues at fixed rjp = 1.1. With increasing r{1, the dom-
inant d and nodeless s™-wave solutions exhibit opposite ten-
dencies, reflecting their different physical origins owing to the
intra- and inter-band quantum critical pairing interactions, re-
spectively. The momentum distributions of the two solutions
are plotted in Figs. 2(c)-2(e). Although the d,, and d»
components have nodes, the combined d +id solution is fully
gapped. Therefore, both leading solutions are nodeless and

may be hard to distinguish in the scanning tunneling experi-

—y2

ment.
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Fig. 2. Evolution of the eigenvalues A of four leading solutions with (a) ry, for fixed r;; = 1.0 and (b) ry; for fixed rj» = 1.1. (c)-(e) The gap
distributions on the Fermi surfaces for a typical nodeless s*-wave solution and the degenerate d,>_» and dyy-wave solutions, respectively. We

take as an example the results atn =0.5.
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Fig. 3. Variation of the gap functions in the valley space with the az-
imuthal angle ¢, showing (a) the valley-singlet component dy, (b) the
valley-triplet component d3, (¢) Axx = —d| + id,, and (d) Agrgr =
dy + id, for a typical nodeless s*-wave solution of the band basis. The
upper and lower panels of (c) and (d) plot the magnitude and argument

of the two intravalley components, respectively.
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While these solutions look simple, they contain certain
topological features in the valley space. This may be ana-
lyzed considering Ay (k) = X, anu (k)ay, (—k)Au(k), un-
der a unitary transformation from band (i) to valley (1) bases,
cno (k) = Ly anu(k)cus(k), where apy (k) are coefficients
of the transformation, cys(k) and cus(k) are the electron

The re-
sulting gap function can be quite generally decomposed into

annihilation operators in valley and band spaces.

the valley-singlet and triplet components through A,/ (k) =
Y. ld;(k)TjiTo]yy, where 7; are the unit matrix for j = 0 and
the Pauli matrices for j = 1, 2, 3. The magnitudes of dy and
d = (d1,d,d3) represent the relative importance of the valley-
singlet and triplet contributions. Figure 3 plots the distribution
of d;j(k) on the Fermi surfaces for a typical solution of node-

less s*

-wave as a function of the azimuthal angle ¢. For spin-
singlet pairing, the valley-singlet (triplet) requires odd (even)
gap symmetry in the momentum space due to the Pauli prin-
ciple. As shown in Fig. 3(a), dp indeed is an odd function
in the momentum space. In particular, it has the same sign on
both Fermi surfaces at the same azimuthal angle but the overall
¢-dependence exhibits an f-wave manner. Thus the nodeless
s*-wave solution in the band basis contains a valley-singlet f-
wave component. The angle dependence of the valley-triplet
component is analyzed in Figs. 3(b)-3(d). Quite unexpect-
edly, while d3(k) is real and varies only slightly with mo-
mentum on both Fermi surfaces, d; (k) and d»(k) that corre-
spond to intravalley pairing exhibit unusual topological char-
acters. To see this, we introduce the gap functions on each
valley individually, Axkx = —d| + id> and Agig = d + ids,
and plot the angle dependence of their amplitudes and phases
in Figs. 3(c) and 3(d).
revealed as ¢ varies from 0 to 27, which is a characteris-

A phase change of 47 or —4r is

tic feature of topological superconductor with time reversal
symmetry.[°*l We thus conclude that the valley-triplet com-

077103-4
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ponent has d+id-wave symmetry in the momentum space.
We should note that the existence of Agx and Agigs is as-
sociated with the presumption of valley hybridization in our
model Hamiltonian.[8 The relative importance of different
valley components may be tuned by experimental manipula-
tion of the valley degree of freedom.®>%1 Absent valley hy-
bridization, the gap function becomes topologically trivial. A
similar analysis may be applied to the d + id-wave solution in
the band basis (not shown), where the d3 and d| + id> compo-
nents exhibit the phase change of —47 and —8, respectively,
implying its topological nature as chiral superconductivity.[*4]

Our results are summarized in Fig. 4(a) on a generic phase
diagram with r1; and ry, as tuning parameters. There are two

regions governed by the nodeless s*

-wave for large rj» and
the d+id-wave for small r;;. The overall phase boundary
is only slightly shifted for different doping levels as shown
in Fig. 4(b). Although an exact estimate of the relative im-
portance of the intra- and inter-band quantum critical pairing
interactions is not possible at this stage, some preliminary ar-
gument might still be made by considering V,'" « Rex""(Q),

where y"V(Q) is the static spin susceptibility at the ordering

wave vector @@ and may be estimated under the first order ap-
proximation using the Lindhard function

xpv(q) _ Z fFD(guk) - fFD(gv,k+q> 8)

B )
% Evkiq— Euktid

where fpp is the Fermi-Dirac distribution function and &z
is the dispersion of the p-th band. Taking n = 0.5 once
again as an example, we plot in Fig. 4(c) the real part of
2(q) = Xuv 2"V (q) as a function of q. As expected, Rey(q)
reaches maximum when q approaches the nesting wave vec-
tors (Q1, Q», Q3) at the corners of the mini-Brillouin zone.
The corresponding ry; and ry» can also be estimated and plot-
ted in Fig. 4(d) for generic n. A direct comparison with the
phase diagram in Fig. 4(b) gives the lower shaded area Rc
(0.4 < n <0.6) in which the nodeless s*-wave solution dom-
inates. Experimentally, superconductivity was observed in the
upper shaded area labeled as Rg. Their overlap implies that

nodeless s*

-wave is the most plausible gap symmetry for the
superconducting TBLG near half-filling on the hole-doping

side.

2.0 2.0
(b) |
R
1.5 1.5k
£ 1.0 o
¢ 10 d+id-wave
— n=0.3
0.5 0.5 I
---n=0.5
——n=0.7
0 0 1 1 1
0 0.5 1.0 1.5 2.0
T11
1.0F (c)
0.5 x/meV -1
T@ A \ 1.00
E 0 N 0.90
) J 0.80
& A y 0.75
—0.51
—1.0F \
—-1.0 —-0.5 O 0.5 1.0
gz/mat n

Fig. 4. (a) A typical theoretical phase diagram taken with n = 0.5. The color is calibrated by the difference between the eigenvalues of the
nodeless s* and d + id-wave solutions. The solid line marks the boundary of the two phases. (b) Variation of the phase boundary for different
doping levels, showing only slight change with n. (c) The total spin susceptibility x(q) evaluated from the Lindhard function, showing maxima
at nesting wave vectors. (d) Variation of the estimated r;; and rj5 as a function of the doping level. The shaded area Rc denotes the range
where the nodeless s*-wave becomes dominant, while the shaded area Rg marks the region of superconductivity observed in experiment. The
insulating phase (not indicated) is a very narrow region near half-filling within Rg.

Our prediction of the nodeless s

-wave pairing symme-
try is deduced from an effective low-energy four-band model
with quantum critical pairing interactions and two coexist-

ing Fermi surfaces due to valley hybridization. In previous

studies, [33-37:4748.54-561 4 4 4 id-wave solution was often ob-

tained without considering the presence of strong interband in-
teraction. Absent valley hybridization, p +ip!*’~>>7! or nodal
s-wave solutions°*>°! have also been proposed depending on
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On the other hand, a

more sophisticated analysis using the functional renormaliza-
[60]

the topology of the Fermi surfaces.

tion group (fRG) was shown to yield an f-wave solution.

Actually, this latter work might be consistent with the valley-

+_wave solution, as val-

singlet component in our nodeless s
ley hybridization was neglected in the fRG calculations. Fur-
ther experiments are needed to examine these various possibil-
ities. However, we should note that both the nodeless s* and
d + id-waves are nodeless in the momentum space. Therefore,
it might be difficult to distinguish them with the usual scan-
ning tunneling or photoemission spectroscopies. In this re-
spect, phase sensitive measurements using Josephson devices
for example!®”) have recently been applied to the investigation
of 2D topological superconductivity,[*®! and Kerr rotation ex-
periments may also be used to detect time reversal symmetry
breaking in d +id or p + ip-pairings. ]

To summarize, we explore possible gap symmetry of the
superconductivity observed recently in TBLG based on a four-
orbital model using the strong-coupling Eliashberg equations
with a quantum critical form of the intra- and interband pairing

+

interactions. We find a leading nodeless s™-wave solution for

strong interband interaction and a dominant d+ id-wave so-
lution originating primarily from the intraband pairing inter-
action. Both exhibit interesting topological characters in the

valley basis. A direct comparison between our theoretical and

experimental parameter ranges suggests that the nodeless s*-

wave is the most plausible candidate for the pairing symmetry
in superconducting TBLG, different from previous theoretical
proposals. The quantum critical nature of the pairing interac-
tion has often been ignored in previous theories. Our work
suggests a possible unified description for superconductivity
in TBLG and some other correlated superconductors.
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