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Two-dimensional systems with chiral symmetry allow stable discrete band crossings (nodal points) in Brillouin zones.
Here we study the local evolutions of these nodal points under chiral symmetry preserving perturbations. We find that these
evolutions can be classified by different types of local 𝑘 ·𝑝 models around the nodal points. Several concrete examples are
calculated to illustrate our results.

Keywords: nodal points, chiral symmetry, 𝑘 ·𝑝 model

PACS: 71.90.+q, 03.65.Vf DOI: 10.1088/1674-1056/28/7/077101

1. Introduction
Topology has emerged as a central concept in the research

field of condensed matter physics for over 30 years.[1–3] By
combining topology and band theory, we can calculate the
Berry connection which can be viewed as a U(1) gauge field
in the Brillouin zone (BZ) to obtain a topological quantity,
the Chern number. Hence, all the two-dimensional insula-
tors can be further classified by the Chern class, based on the
first Chern number. Inspired by this new approach to classify
the phase of matter beyond the Landau’s spontaneous sym-
metry breaking approach, many new states of gapped phases
have been found both theoretically and experimentally, such as
quantum spin Hall insulators, three-dimensional topological
insulators, topological crystalline insulators, and topological
superconductors.[4–8] These new phases all focus on gapped
systems, whose Berry connection and Berry curvature can be
well defined in the whole BZ.

Recently, the concepts of topology are found to be well
defined in gapless systems, namely, topological protected
semimetals (TS).[9] In these semimetals, there exist topolog-
ically stable band degeneracies in the BZ, which are robust
against weak (symmetry preserving) perturbations. Accord-
ing to the dimension of band degeneracies, these topologi-
cal protected semimetals can be classified roughly into the
nodal point (NP) and nodal line semimetals. For the for-
mer case, the band degeneracies are discrete points in the
BZ, such as Weyl semimetals, Dirac semimetals, and type-II
Weyl semimetals.[10–12] For the latter case, the band degen-

eracies are one-dimensional nodal lines in the BZ, which can
form loops, chains, links, or even knots.[13–19] Many topologi-
cal semimetal phases have been predicted by first-principles
calculations[20] and observed by angle-resolved photoemis-
sion spectroscopy (ARPES) experiments.[21] Searching for
new topological phases and possible emergent behaviors
has been new research frontiers both theoretically and
experimentally.[22–38]

In general, the topologically stable band degeneracies
are protected by discrete symmetries and global topologi-
cal invariants, e.g., Chern number,[1] winding number,[39] or
Z2 charge.[4,6] The topological stability of band degeneracies
means that the NPs or nodal lines cannot be eliminated by
symmetry preserving perturbations. In this paper, we con-
sider a two-dimensional multi-band model with chiral sym-
metry, and study the NPs evolutions under possible small per-
turbations. The model can be interpreted as a Bogoliubov–
de Gennes (BdG) Hamiltonian with time-reversal symmetry
in addition to the electron band model. Under the time rever-
sal 𝒯 and the particle–hole symmetry 𝒞, a BdG Hamiltonian
transfers as[40]

𝒯 ℋBdG(𝑘)𝒯 −1 =ℋBdG(−𝑘),

𝒞ℋBdG(𝑘)𝒞−1 =−ℋBdG(−𝑘). (1)

The chiral symmetry 𝒮 is the combination of 𝒯 and 𝒞 as
𝒮 = 𝒯 𝒞. By calculating the moving directions of the NPs un-
der generic forms of symmetry preserving perturbations, we
classify the local evolutions of nodal points by the type of 𝑘 ·𝑝
models around these points.
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2. Hamiltonian and symmetry
Consider a general multi-band Bloch Hamiltonian ℋ0(𝑘)

with chiral symmetry 𝒮 = σz. Under the chiral symmetry,

𝒮ℋ0(𝑘)𝒮−1 =−ℋ0(𝑘), (2)

from the anti-commutation relations of Pauli matrices
{σi,σ j} = δi j, we can easily check that the Hamiltonian can
be written as

ℋ0(𝑘) =ℋ+
0 (𝑘)σ++ℋ−

0 (𝑘)σ−, (3)

where σ± = (σx ± iσy)/2. The condition for the band cross-
ing is determined by the vanishing of det[ℋ0(𝑘)], which can be
expressed as det[ℋ0(𝑘)] = det[ℋ+

0 (𝑘)]det[ℋ−
0 (𝑘)] = 0. Since

det[ℋ+
0 (𝑘)] = det[ℋ−

0 (𝑘)]
*, the condition for gap closing is

reduced to the following condition:

det[ℋ+
0 (𝑘)] = γ

r
0(𝑘)+ iγ i

0(𝑘) = 0, (4)

where γ r
0(𝑘) and γ i

0(𝑘) are the real and imaginary parts of
det[ℋ+

0 ], respectively. Generally, if we consider a two-
dimensional (2d) system with 𝑘 = (kx,ky), the solution of

γ
r
0(𝑘) = γ

i
0(𝑘) = 0 (5)

is discrete points (nodal points) in the BZ, as the co-dimension
of the degeneracies is 2 = 2 − 0.[41] These NPs are stable
against chiral symmetry preserving weak perturbations. Now
assuming there exists a nodal point NP0 at 𝑘0 = (k0,x,k0,y) in
the BZ, we ask how will this NP moves under perturbations.

In general, a chiral symmetry preserving perturbation can
be written as

ℋ1(𝑘,λ ) =ℋ+
1 (𝑘,λ )σ++ℋ−

0 (𝑘,λ )σ−, (6)

where λ is the external parameter to control the perturbation,
ℋ =ℋ0 +ℋ1. When λ → 0, ℋ →ℋ0. Under this perturba-
tion, the gap closing condition is determined by

det[ℋ+
0 (𝑘)+ℋ+

1 (𝑘,λ )] = γ
r(𝑘,λ )+ iγ i(𝑘,λ ) = 0. (7)

Obviously, γ r/i(𝑘,λ ) satisfies γ r/i(𝑘,λ = 0) = γ
r/i
0 (𝑘). Hence

we can re-express the equations for the gap closing under per-
turbations as

γ
r
0(𝑘)+λγ

r
1(𝑘,λ ) = 0, γ

i
0(𝑘)+λγ

i
1(𝑘,λ ) = 0, (8)

where γ
r/i
1 (𝑘,λ ) = [γ r/i(𝑘,λ )− γ

r/i
0 (𝑘)]/λ . This expression

simplifies the discussion in the next section.

3. Nodal points evolutions

Now we want to track the motion of the NP0 in the BZ
as λ changes. Without loss of generality, we can assume
λ > 0 in the following discussion. We consider a 2-band
model for simplicity, which can be generalized to multi-band
cases using the method we discuss below. The observation is
that we can regard λ as a third dimension in addition to the
original 2d BZ. Thus the band degeneracies of the Hamilto-
nian ℋ0(𝑘)+ℋ1(𝑘,λ ) are 1d nodal lines which contain NP0,
namely, 𝑘0, as shown in Fig. 1. The NP0 moves along the
tangential direction of the nodal line under perturbations. No-
tice that the nodal line lies on both surfaces γ r/i(𝑘,λ ) = 0, as
shown in Fig. 1. So its tangent vector 𝑛(𝑘0,λ = 0) is perpen-
dicular to the gradient directions 𝑛r(𝑘0,λ = 0) = ∇γ r(𝑘0,0)
and 𝑛i(𝑘0,λ = 0) = ∇γ i(𝑘0,0) of these two surfaces, respec-
tively, as shown in Figs. 1(a) and 1(b). We write them down
explicitly for further convenience

𝑛(𝑘0,λ = 0) = 𝑛r(𝑘0,0)×𝑛i(𝑘0,0)

=

∣∣∣∣∣∣∣
𝑒̂x 𝑒̂y 𝑒̂λ

∂xγ r
0(𝑘0) ∂yγ r

0(𝑘0) γ r
1(𝑘0,0)

∂xγ i
0(𝑘0) ∂yγ i

0(𝑘0) γ i
1(𝑘0,0)

∣∣∣∣∣∣∣ . (9)

Notice that 𝑛(𝑘0,λ = 0) can also be defined as 𝑛i(𝑘0,0)×
𝑛r(𝑘0,0), which means we have two directions. However,
only one of them is the moving direction with λ > 0. We
clarify that the moving direction is determined by the third
component of 𝑛(𝑘0,0), which is

nλ (𝑘0,0) = ∂xγ
r
0(𝑘)∂yγ

i
0(𝑘)−∂xγ

i
0(𝑘)∂yγ

r
0(𝑘)|𝑘0 . (10)

If nλ (𝑘0,0) > 0, the moving direction of NP0 is the projec-
tion of 𝑛(𝑘0,0) in the λ = 0 plan (which is the 2d BZ of the
original Hamiltonian ℋ0(𝑘)), (nx(𝑘0,0),ny(𝑘0,0)), as shown
in Fig. 1(d). If nλ (𝑘0,0) < 0, the moving direction of the NP
is (−nx(𝑘0,0),−ny(𝑘0,0)). Next we use some concrete ex-
amples to illustrate the above procedures and provide some
insight into the classification of the local evolutions.

λ

kx

ky

BZ

NP

λ

kx

ky

BZ

NP

λ

kx

ky

BZ

NP

λ

kx

ky

BZ

NP

(a) (b) (c) (d)

Fig. 1. The method to determine the moving direction of a NP (black dot at the original point). Panels (a) and (b) show the surfaces γ r
0+λγ r

1 = 0,
γ i

0 +λγ i
1 = 0 and their normal directions, respectively. Panel (c) shows that the tangential direction of the NL (with red color) is perpendicular

to the above two normal directions. (d) The projection of the NL onto the λ = 0 plan is the trajectory of the NP and the tangential direction is
the moving direction.
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4. Examples
In the first example, we take γ r

0 = sinkx, γ i
0 = sinky,

γ r
1 = 1+ sinky, and γ r

1 = λ +2sinkx.
The band degeneracies occur at (0,0), (π,0), (0,π), and

(π,π) in the 1st Brillouin zone. As they are locally sepa-
rated, we can only consider the NP at 𝑘0 = (0,0) for sim-
plicity, which is shown in Fig. 2(a1). Around this point, the
𝑘 ·𝑝 model can be written as γ r

0 ≃ kx, γ i
0 ≃ ky, γ r

1 ≃ 1+ky, and
γ i

1 ≃ λ + 2kx. After a simple calculation, we obtain the two
normal directions 𝑛x(𝑘0) = (1,0,1) and 𝑛z(𝑘0) = (0,1,0).
Based on these results, we can obtain the moving direction
𝑛(𝑘0) = (−1,0,1), as shown in Fig. 2(a2). Because nλ (𝑘0)>

0, this NP moves along the −𝑒̂x direction under the perturba-
tion with 1 ≫ λ > 0, as shown in Fig. 2(a3). The NP moves
along this direction, and cannot be eliminated by small ex-
ternal perturbations, as shown in Fig. 2(a4). This feature is
only determined by the property of 𝑘 ·𝑝 Hamiltonian at the
NP. Indeed, if we add a more general kind of perturbation
ℋ1(kx,ky,λ ) = λγ r

1(kx,ky,λ )σx + λγ i
1(kx,ky,λ )σz, the mov-

ing direction 𝑛(𝑘0) is

𝑛(𝑘0) =

∣∣∣∣∣∣
𝑒̂x 𝑒̂y 𝑒̂λ

1 0 γ r
1(0,0,0)

0 1 γ i
1(0,0,0)

∣∣∣∣∣∣

= (−γ
r
1(0,0,0),−γ

i
1(0,0,0),1). (11)

Thus the moving direction of the NP in the BZ 𝑘0 is
(−γ r

1(0,0,0),−γ i
1(0,0,0)). We can easily check that the NP

just moves in the BZ and cannot disappear or transit to multi-
NPs unless γ r

1(0,0,0) = γ i
1(0,0,0) = 0 under small finite per-

turbations.
In the second example, we take γ r

0 = 1−coskx, γ i
0 = sinky,

γ r
1 = 1+ sinky, and γ i

1 = λ +2sinkx.
In this case, we choose the NP at (0,0), the effective 𝑘 ·𝑝

Hamiltonian around the NP is γ r
0 ≃ k2

x/2, γ i
0 ≃ ky, γ r

1 ≃ 1+ ky,
and γ i

1 ≃ λ + 2kx, as shown in Fig. 2(b1). Thus the two nor-
mal directions are 𝑛x(𝑘0) = (0,0,1) and 𝑛z(𝑘0) = (0,1,0)
and the moving direction is 𝑛(𝑘0) = (−1,0,0), as shown in
Fig. 2(b2). However, there is a crucial difference compared
to example 1, that is, the third component of 𝑛(𝑘0) is zero,
which is nλ (𝑘0) = 0 and 𝑛(𝑘0) ̸= 0. Note that the NL is either
above or blow the λ = 0 plan. We can check that external per-
turbations either eliminate the NP or transit it into two NPs.
Figure 2(b4) shows the transition to two NPs with a finite per-
turbation 0 > λ ≫−1. Notice that this feature is related to the
band dispersion around the NP in which the dispersions are
linear along one direction and quadratic along the other.

λ

kx

ky

BZ

NP

λ

kx

ky

BZ

NP

λ

kx

ky

BZ

NP

λ

kx

ky

BZ

NP

λ

kx

ky

BZ

NP

λ

kx

ky

BZ

NP

λ

kx

ky

BZ

NP

λ

kx

ky

BZ

NPNP

λ

kx

ky

BZ

NP

λ

kx

ky

BZ

NP

λ

kx

ky

BZ

NP

λ

kx
ky

BZ

NP
NP

NP

NP

(a1) (a2) (a3) (a4)

(b1) (b2) (b3) (b4)

(c1) (c2) (c3) (c4)

Band dispersion Moving direction Trajectory of NP NP evolution

Fig. 2. The classification of the evolutions of nodal points. The classification is based on the first column, that is nλ (𝑘0) and 𝑛(𝑘0). The second and
third columns show the constraints of the band dispersion around the NP and the possible geometry forms of the nodal line in kx–ky–λ space passing
the NP, respectively. The last column shows the possible evolutions of NPs under a general form of perturbations. One can notice that the Dirac
point (with linear dispersion along every direction) is stable against any chiral symmetric perturbation and cannot disappear nor transit to multi-NPs.

In the third example, we take γ r
0 = 1− coskx, γ i

0 = 1−
cosky, γ r

1 = 1+ sinky, and γ i
1 = 3+λ +2sinkx.

In this case, the effective 𝑘 ·𝑝 Hamiltonian around the NP
(0,0) is γ r

0 ≃ k2
x/2, γ i

0 ≃ k2
y/2, γ r

1 ≃ 1+ky, and γ i
1 ≃ 3+λ +2kx,

as shown in Fig. 2(c1). Thus the two normal directions are
𝑛x(𝑘0)= (0,0,1) and 𝑛z(𝑘0)= (0,0,3) and the moving direc-
tion is 𝑛(𝑘0)= (0,0,0), as shown in Fig. 2(c2). Notice that the

calculated 𝑛(𝑘0) is equal to zero, which means the nodal line
does not have a well defined tangential direction at this point
as shown in Fig. 2(c3). The external perturbations either elimi-
nate the NP or transit it into multi-NPs. Figure 2(b4) shows the
transition to four NPs with a finite perturbation 0 > λ ≫−1.
Notice that this feature is related to the band dispersion around
the NP, which is non-linear along all directions.
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λ

BZ

Criteria Band
nλ ≠ 

n ≠  nλ/

n/

two linear

no linear

one linear

Possible configurations
one tangential direction with nλ ≠  

one tangential direction with nλ/ 

no tangential direction

Evolutions of NPs
can't be eliminated

(a4)

(b4)

(c4)

NP1

BZ

NP2

BZ

BZBZBZBZ

NP1

BZ

NP1

BZ

NP1

BZ

NP1
NP2

BZ

λ λ λ

BZ

BZ

BZ

(a1)
(a2)

(b2)

(b3)

(a3)

(b3)

(c3)

(b1)

(c1)

disappear/transit to 2 NPs

any case is possible

Fig. 3. The classification of the evolutions of nodal points. The classification is based on the first column, that is nλ (𝑘0) and 𝑛(𝑘0). The
second and third columns show the constraints of the band dispersion around the NP and the possible geometry forms of the nodal line in
kx–ky–λ space passing the NP, respectively. The last column shows the possible evolutions of NPs under a general form of perturbations. One
can notice that the Dirac point (with linear dispersion along every direction) is stable against any chiral symmetric perturbation and cannot
disappear nor transit to multi-NPs.

These different features of the NP evolutions under per-
turbations reveal that NPs may have inner structures. We dis-
cuss these findings in detail in the following.

5. Classification of the evolutions
According to the above examples, we can classify the

evolutions of the NPs by the third component of the moving
direction 𝑛(𝑘0) into three cases

(I) 𝑛λ (𝑘0) ̸= 0,
(II) 𝑛λ (𝑘0) = 0,𝑘(𝑘0) ̸= 0,
(III) 𝑛(𝑘0) = 0.
We first notice that the above three classes are complete.

Any 2d kind of NP must belong to one of them. The next step
is to find the constraints of the above conditions to the band
structure and possible evolutions of NPs. We analyze the three
cases respectively.

Case (I) In this case, we first notice

nλ (𝑘0) = (∂xγ
r
0,∂yγ

r
0)× (∂xγ

i
0,∂yγ

i
0)|𝑘0

= ∇γ
r
0 ×∇γ

i
0|𝑘0 . (12)

If this term does not equal to zero, one can always take a rota-
tion of the momentum space around the NP 𝑘0, such that

∇γ
r
0(𝑘0) = (∂x̃γ

r
0(𝑘0),0),

∇γ
i
0(𝑘0) = (∂x̃γ

i
0(𝑘0),∂ỹγ

i
0(𝑘0)), (13)

where ∂x̃ = ∂/∂ k̃x and ∂ỹ = ∂/∂ k̃y. Thus we can write down
the effective Hamiltonian around the 𝑘0 point, which is

γ
r
0(δ 𝑘̃)≃ ∂x̃γ

r
0(𝑘0)δ k̃x +o(δ 𝑘̃2),

γ
i
0(δ 𝑘̃)≃ ∂x̃γ

i
0(𝑘0)δ k̃x +∂ỹγ

i
0(𝑘0)δ k̃y +o(δ 𝑘̃2). (14)

Thus the constraint nλ (𝑘0) ̸= 0 guarantees that the 𝑘 ·𝑝 Hamil-
tonian is linear along every direction around the NP to the

leading order. Now we discuss the possible evolutions of NPs.
As pointed out before, the evolution of NP depends on the tan-
gential direction of the NL in the kx–ky–λ space. Now if we
consider the presence of the tangential direction 𝑛(𝑘0) with
nλ (𝑘0) ̸= 0 of the NL, the moving direction of the NP in the
2d BZ is

sgn[nλ (𝑘0)](nx(𝑘0),ny(𝑘0)), (15)

which means the topology of the NL around the NP must be
equivalent to that in Fig. 3(a3). And the moving direction of
the NP with small perturbations is unique. This kind of NP
cannot be eliminated by external perturbations, as shown in
Fig. 3(a4). The results are summarized in Fig. 3(a).

Case (II) The first condition nλ (𝑘0) = 0 implies the flow-
ing three possible realizations:

(i) ∇γ r
0(𝑘0) = 0, ∇γ i

0(𝑘0) ̸= 0,
(ii) ∇γ r

0(𝑘0) ̸= 0, ∇γ i
0(𝑘0) = 0,

(iii) ∇γ r
0(𝑘0) ∝ ∇γ i

0(𝑘0) ̸= 0.
The effective 𝑘 ·𝑝 Hamiltonian under these constrains can be
written down as

(i) γ
r
0(δ 𝑘̃)≃ o(δ 𝑘̃2),

γ
i
0(δ 𝑘̃)≃ ∂x̃γ

i
0(𝑘0)δ k̃x +o(δ 𝑘̃2), (16)

(ii) γ
r
0(δ 𝑘̃)≃ ∂x̃γ

r
0(𝑘0)δ k̃x +o(δ 𝑘̃2),

γ
i
0(δ 𝑘̃)≃ o(δ 𝑘̃2), (17)

(iii) γ
r
0(δ 𝑘̃)≃ ∂xγ

r
0(𝑘0)δ k̃x +o(δ 𝑘̃2),

γ
i
0(δ k̃)≃ ∂x̃γ

i
0(𝑘0)δ k̃x +o(δ 𝑘̃2). (18)

These mean the dispersions at the NP are linear in one direc-
tion and quadratic or higher orders in the other to the leading
order.

The second equation 𝑛(𝑘0) ̸= 0 requires the perturbation
satisfying

(i) γ
r
1(𝑘0,0) ̸= 0,
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(ii) γ
i
1(𝑘0,0) ̸= 0,

(iii) ∂x̃γ
r
0(𝑘0)γ

i
1(𝑘0,0) ̸= ∂x̃γ

i
0(𝑘0)γ

r
1(𝑘0,0). (19)

The conditions nλ (𝑘0) = 0 and 𝑛(𝑘0) ̸= 0 require that the tan-
gential direction of the NL at the NP is in the λ = 0 plan and
the possible topology of the NL around the NP is shown in in
Fig. 3(b3). Any external perturbation satisfying Eq. (19) tran-
sits it into two NPs or disappears. This case is summarized in
Fig. 3(b).

Case (III) In this case, we first emphasize that we clas-
sify the general kind of perturbation terms. In case (II), if
the perturbation terms break Eq. (19), the NP with linear and
quadratic dispersions also satisfies 𝑛(𝑘0) = 0. However, this
requires a special kind of perturbation. Thus we do not con-
sider this case in our classification tables. A more general case
satisfying 𝑛(𝑘0) = 0 is

∇γ
r
0(𝑘0) =∇γ

i
0(𝑘0) = 0. (20)

This means the 𝑘 ·𝑝 Hamiltonian around the NP has quadratic
or higher order dispersion to the leading order along both di-
rections. The vanishing of 𝑛(𝑘0) implies that the NP is a
singularity point on the NL. The results are summarized in
Fig. 3(c).

6. Conclusion
We study the evolutions of NPs in systems with chiral

symmetry, which can host discrete nodal points in the BZ.
Figure 3 shows the classification of the NP evolutions under
general form of perturbations. We exhaust all the possible
evolution types of NPs and show that the classification can be
achieved according to the type of 𝑘 ·𝑝 model around the NPs.
Only the nodal points with linear dispersion along every direc-
tion are robust against perturbations and cannot be gapped.
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