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Since the time step of the traditional finite-difference time-domain (FDTD) method is limited by the small grid size, it
is inefficient when dealing with the electromagnetic problems of multi-scale structures. Therefore, the explicit and uncondi-
tionally stable FDTD (US-FDTD) approach has been developed to break through the limitation of Courant–Friedrich–Levy
(CFL) condition. However, the eigenvalues and eigenvectors of the system matrix must be calculated before the time it-
eration in the explicit US-FDTD. Moreover, the eigenvalue decomposition is also time consuming, especially for complex
electromagnetic problems in practical application. In addition, compared with the traditional FDTD method, the explicit
US-FDTD method is more difficult to introduce the absorbing boundary and plane wave. To solve the drawbacks of the
traditional FDTD and the explicit US-FDTD, a new hybrid FDTD algorithm is proposed in this paper. This combines the
explicit US-FDTD with the traditional FDTD, which not only overcomes the limitation of CFL condition but also reduces
the system matrix dimension, and introduces the plane wave and the perfectly matched layer (PML) absorption boundary
conveniently. With the hybrid algorithm, the calculation of the eigenvalues is only required in the fine mesh region and ad-
jacent coarse mesh region. Therefore, the calculation efficiency is greatly enhanced. Furthermore, the plane wave and the
absorption boundary introduction of the traditional FDTD method can be directly utilized. Numerical results demonstrate
the effectiveness, accuracy, stability, and convenience of this hybrid algorithm.

Keywords: unconditionally stable, hybrid FDTD algorithm, electromagnetic problem
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1. Introduction
The finite-difference time-domain (FDTD) method is a

very popular time-domain algorithm in electromagnetics.[1,2]

Nevertheless, due to the limitation of the Courant–Friedrich–
Levy (CFL) condition, it is inefficient to deal with the elec-
tromagnetic problems of objects with multi-scale structures or
fine structures. To break through the limitation of CFL condi-
tion, unconditionally stable FDTD (US-FDTD) methods have
been proposed. At present, unconditionally stable techniques
subject to significant usage or research interest fall into three
categories, including alternating-Direction Implicit (ADI) and
Locally One-Dimensional (LOD) schemes, orthogonal expan-
sions in time and removal of unstable eigenmodes of the spa-
tial discretization.[3] Among them, ADI[4–6] and LOD,[7,8] or-
thogonal expansions are implicit methods.[9–12] Namely, the
inverse of the matrix is necessary to be solved in the process
of iteration. Although these implicit methods are uncondition-
ally stable, they also have some disadvantages. The numeri-
cal dispersion errors of ADI-FDTD and LOD-FDTD increase
markedly when the time step exceeds the CFL condition. The
orthogonal expansions in time methods have a considerably
more complicated formulation than the traditional FDTD, if
the calculation scale is large relative to the wavelength, the

computation efficiency of these methods is not practical. Re-
moval of unstable eigenmodes of the spatial discretization
is an explicit method that does not sacrifice the calculation
accuracy.[13,14] This explicit method avoids matrix inversion,
but it requires eigenvalue decomposition of matrix before time
iteration to filter out unstable modes. Calculating the eigen-
values of a large matrix is also time consuming. In addition,
the excitation of plane wave and disposal of PML absorbing
boundary are complicated.

In view of these problems, a hybrid FDTD algorithm is
proposed in this paper. The computational domain is divided
into three regions, denoted by I, II, and III; as shown in Fig. 1.
Region I represents the fine mesh area, region II represents
the transition area between fine mesh and coarse mesh, and re-
gion III represents the coarse mesh area. Region I and region II
constitute the computational region of the explicit US-FDTD
method, and region III is the computational region of the tra-
ditional FDTD method. Since region I only occupies a small
proportion in the entire calculation area, region II requires only
one layer of FDTD cells, and the unstable modes are only gen-
erated by the mesh of the regions I and II. If the system matrix
is composed of the entire calculation area, then it will result in
a great waste of computing resources. The hybrid algorithm
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proposed in this paper makes it possible to construct the sys-
tem matrix only in regions I and II, and it filters out the unsta-
ble modes according to the time step determined by the coarse
mesh in region III. Thus, it is only necessary to calculate the
eigenvalues of the system matrix consisting of regions I and
II. Accordingly, the identical time step is applied in the whole
computation region after removing the unstable eigenmodes.
Moreover, the plane wave and PML absorbing boundary can
be adopted more easily. Numerical examples involving radia-
tion problem and scattering problem have illustrated the effec-
tiveness, accuracy, stability, and convenience of the proposed
hybrid FDTD algorithm.

hybrid FDTD method

explicit 

US-FDTD

traditional 

FDTD

I

I

IIIII

fine 
mesh 
region

II
transition 

region

III
coarse 
mesh 
region

Fig. 1. Classification of calculation area of the hybrid FDTD method.

2. Introduction to the explicit US-FDTD algo-
rithm
For convenience, take the lossless problem as an exam-

ple. The curl equations of Maxwell can be discretized into the
following forms:[15,16]

{h}n+ 1
2 = {h}n− 1

2 −∆ t𝐷1/µ𝑆e {e}n , (1)

{e}n+1 = {e}n +∆ t𝐷1/ε𝑆h {h}n+ 1
2 −∆ t𝐷1/ε { j}n+ 1

2 , (2)

where {h} represents the vector of all magnetic field un-
knowns 𝐻 , {e} is the vector of all electric field unknowns 𝐸,
{ j} is the current source vector, ∆ t represents the time step,
superscripts n, n+1, n±1/2 denote time instants. 𝑆e denotes
a discretized ∇E× operation, 𝑆h represents a discretized ∇H×
operation. 𝐷1/ε and 𝐷1/µ are diagonal matrices and the diag-
onal entries are 1/ε , 1/µ , respectively.

By substituting Eq. (1) into Eq. (2), we can get the fol-
lowing form:

{e}n+1 = {e}n +∆ t𝐷1/ε𝑆h {h}n− 1
2 −∆ t2𝐷1/µ𝑆h𝑆e {e}n

−∆ t𝐷1/ε { j}n+ 1
2 . (3)

Changing n+ 1 to n, n to n− 1, and n+ 1/2 to n− 1/2, the
following equation can be obtained:

{e}n = {e}n−1 +∆ t𝐷1/ε𝑆h {h}n− 1
2 −∆ t𝐷1/ε { j}n− 1

2 . (4)

According to Eqs. (3) and (4), we can get the following
second-order equation in time for {e}:

{e}n+1−2{e}n +{e}n−1

∆ t2 +𝐷1/ε𝑆h𝐷1/µ𝑆e {e}n

=𝐷1/ε { f}n , (5)

where { f}n is actually−∂ j/∂ t at the n−th time instant. Equa-
tion (5) is a central-difference based discretization of the fol-
lowing second-order wave equation:

∂
2 {e}/∂ t2 +𝑆 {e}=𝐷1/ε { f} , (6)

where
𝑆 =𝐷1/ε𝑆h𝐷1/µ𝑆e (7)

is a sparse matrix composed of discrete operators
1
ε
(∇×) 1

µ
(∇×), which is called the system matrix, and it

is only related to the grid size and the media parameters of the
mesh.

The explicit marching can then be carried out using the
update system matrix as

{e}n+1 = 2{e}n−{e}n−1−∆ t2𝑆 {e}n+∆ t2𝐷1/ε { f}n . (8)

There are stable modes and unstable modes in 𝑆. The eigen-
values corresponding to the unstable modes satisfy the follow-
ing formula:[14]

∆ t2
λ > 4, (9)

where λ is the eigenvalue of 𝑆, and the unstable modes can be
filtered out by the following equation to obtain unconditional
stability:

𝑆l = 𝑆−𝑉h𝑉
T

h 𝑆, (10)

where 𝑉h is the eigenvector corresponding to the eigenvalue
which satisfies Eq. (9), and 𝑆l is the matrix with stable modes.
Replacing 𝑆 in Eq. (8) by 𝑆l , equation (8) becomes an explicit
unconditionally stable iterative equation. After obtaining the
solution of {e}n+1 from Eq. (8), we need to add one more im-
portant step to make the solution correct, i.e.,

{e}n+1 = {e}n+1−𝑉h𝑉
T

h {e}
n+1 . (11)

3. Proposed hybrid method
3.1. The principle of the hybrid algorithm

The hybrid FDTD algorithm is developed in this paper by
combining the explicit US-FDTD with the traditional FDTD
method. According to Ref. [17], the instability is caused by
the fine mesh and the adjacent coarse mesh. Consequently, the
hybrid method is possible to be adopted, in which the time step
can be determined according to the grid size of the region III,
and then filters out the unstable modes in the regions I and II.

For the two-dimensional TE wave (Hz, Ex, Ey), the com-
ponent of the electric field along the x direction Ex can be
divided into two categories; i.e., the boundary electric field
ExT1 and the internal electric field ExT2. Similarly, the com-
ponent along y direction Ey can also be divided into EyT1 and
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EyT2, as shown in Fig. 2. The nonzero elements of 𝑆 in Fig. 3
indicate the spatial correlation between each electric field at
time step n+ 1 and other electric fields at time step n. Ob-
viously, the boundary electric field (ExT1, EyT1) is related to
other four fields while the internal electric field (ExT2, EyT2)
is related to other seven fields. It should be noted that the di-
agonal elements of 𝑆 represent the relationship between the
electric field at the current moment and the electric field at the
previous moment. To show the essence of the second-order
iterative equation clearly, we decompose the curl operator of
space, as shown in Fig. 4. Li and Wi are the side lengths of
the patch. The magnetic field Hup can be obtained from the
electric fields around the upper patch, and the magnetic field
Hlow can be obtained from the electric fields around the lower
patch. Evidently, the curl of the magnetic field around the Ex

is (Hup−Hlow)/Li.

EyT

ExT

ExT

EyT

Li

Wi

↩Hz
⇁Hz Ex Ey

Ex unknown Ey unknown

Fig. 2. Classification of calculation area of explicit US-FDTD method.

The key of the hybrid algorithm is the processing of the
boundary, and the boundary is only related to the space. The
explicit US-FDTD uses a second-order iteration equation of
electric field. In the time domain, the electric field at time in-
stant n+ 1 is related to the electric field at time instant n and
n− 1. In space domain, the electric field is related to all the
electric fields on the patches to which it belongs. As shown

in Fig. 5, e3 is the internal electric field, which is common
to patch 2 and patch 3, there are seven electric fields on the
two patches, so the number of non-zero elements of the row
corresponding to e3 in the 𝑆 matrix is seven. e1 is the left
boundary electric field, it only belongs to patch 2 in the ex-
plicit US-FDTD calculation region, and the number of non-
zero elements of the row corresponding to e1 in the 𝑆 ma-
trix is four. From these analyses, we can see that the contri-
bution of patch 1 to the e1 is not included in the 𝑆 matrix.
Therefore, we need to add the contribution of patch 1 in the
traditional FDTD calculation region to the explicit US-FDTD
iteration; i.e., adding the contribution of the electric fields
Ex (Imin−1/2, j), Ex (Imin−1/2, j+1), Ey (Imin−1, j+1/2),
Ey (Imin, j+1/2) at time instant n on patch 1 to the electric
field e1 at time n+1. It should be noted that Ey (Imin, j+1/2)

255 10 15 20
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5

0

ExT

ExT

EyT

EyT

Fig. 3. Distribution of nonzero elements of system matrix 𝑆.
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∇TE
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Hlow

Li

Wi

Fig. 4. Essence of the second-order iterative equation.
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and e1 represent the same electric field. The traditional FDTD
method uses a first-order iterative equation, and it is only nec-
essary to pass e1 to the Ey (Imin, j+1/2) at time n+1. Taking
the left boundary e1 as an example, the amended formula of
the explicit US-FDTD calculation region is as follows:

en+1
1 = en+1

1 −
[

c1En
y

(
Imin, j+

1
2

)
− c2En

y

(
Imin−1, j+

1
2

)
+c3En

x

(
Imin−

1
2
, j+1

)
− c4En

x

(
Imin−

1
2
, j
)]

, (12)

where c1, c2, c3, and c4 are the correction factors, under the cir-
cumstance of Li =Wi, the absolute values of these coefficients
are ∆ t2/ε0/µ0/L2

i , and the sign can be determined according
to the direction of the right hand spiral in Fig. 2.

3.2. Plane wave and PML absorbing boundary

For the propagation and scattering problems, it is neces-
sary to introduce the plane wave and the excellent absorbing
boundary into the calculation area. For this purpose, this pa-
per presents a simple method to add the plane wave and the
perfectly matched layer (PML) absorbing boundary in the cal-
culation area. Regarding this method, the boundaries in the
explicit US-FDTD and the traditional FDTD are combined.
Figure 6 shows the four types of boundaries in the calculation
area; i.e., the region boundary of explicit US-FDTD, the total
field/scattering field boundary, the region boundary of the tra-
ditional FDTD and the PML absorbing boundary. The explicit
US-FDTD is utilized in the region enclosed with the red rect-
angular and the traditional FDTD is employed in other regions.
One-dimensional FDTD is used to generate a plane wave elec-
tromagnetic field, and then the plane wave is projected onto the
boundaries of the total field/scattering field. Finally, a uniform
plane wave with little leakage can be obtained. The PML ab-
sorbing boundary of the traditional FDTD method can be used
directly, the convolutional perfectly matched layer (CPML) is
adopted in this paper.

the region boundary of 
explicit US-FDTD

total field/scattering 
field boundaries

the region boundary of 
traditional FDTD

the PML absorbing 
boundary

k

Fig. 6. Classification of calculation area of propagation problem.

4. Numerical examples
4.1. Radiation problem

The size of the calculation area is 12.5 m× 12.5 m and
the coarse grid size is Lc = 0.1 m. The entire calculation area

is discretized into 125×125 coarse grids, and the calculation
in the area composed by the central 25×25 grids is done with
the explicit US-FDTD, and the calculation in the rest area is
conducted by the traditional FDTD. A coarse mesh at the cen-
ter of the explicit US-FDTD calculation region is refined with
a size ratio of n = 15. A Gaussian current source along the y
direction is located at the center of the fine mesh in the form
e−4π(t−t0)/τ2

, where τ = 6.66667×10−9 s and t0 = 0.8τ . The
boundary is terminated by CPML. The time step used for the
hybrid FDTD method is 1.6667×10−10 s, while the time step
used by the traditional FDTD method is 1.1111× 10−11 s.
The magnetic field distribution in the calculation area at a
certain time is shown in Fig. 7. To show the good ability of
the proposed method, we randomly take a monitoring point in
the calculation area, and compare the time domain waveform
of the point with the time domain waveform obtained by the
traditional FDTD method, as shown in Fig. 8. As can be seen
from Fig. 8, the results of the hybrid algorithm and the tradi-
tional FDTD algorithm agree well. The time and the dimen-
sion of system matrix for each method are shown in Table 1.
The total consumed time for the hybrid algorithm is 11.15 s,
while it is 218.95 s for the traditional FDTD algorithm. The
traditional FDTD is matrix-free, thus there is no system matrix
for the traditional FDTD. In addition, it should be noted that
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Fig. 7. Snapshot of the magnetic field at a certain moment.
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in this case, if only the explicit US-FDTD algorithm is used,
then the dimension of the system matrix is 31920, and it is
difficult to perform the eigenvalue decomposition. Therefore,
the column corresponding to the time of explicit US-FDTD is
represented by the symbol ‘/’ in Table 1. However, the hybrid
method reduces the matrix dimension 1720, and the computa-
tional efficiency is greatly improved.

Table 1. Results of the dimension of the system matrix and time of
different methods.

the dimension of the system matrix time
traditional FDTD no system matrix 218.95 s
explicit US-FDTD 31920 /

hybrid FDTD 1720 11.15 s

4.2. Scattering problem

The second example is the scattering problem of an infi-
nite PEC cylinder. The maximum frequency of incident wave
is 300 MHz, and the radius of the cylinder is 0.25 m. The
size of the calculation area including absorbing boundary is
2 m×2 m. The cylinder is located at the center of the calcula-
tion region. The coarse grid size Lc is 0.05 m, and the region of
the cylinder is subdivided into fine cells with the contrast ratio
being n = 3. Therefore, the fine grid size Lf is 0.0167 m. The
computational model of hybrid method is shown in Fig. 9, the
explicit US-FDTD method is adopted in the surrounding area
of the cylinder, and the remainder is calculated by traditional
FDTD method. In this example, we also simulate the same
problem using the traditional FDTD method with uniform fine
grids. The traditional FDTD method must use a time step no
greater than ∆ t2 = 5.9503× 10−11 s to perform a stable sim-
ulation. In contrast, the proposed hybrid method is able to
use a time step of ∆ t1 = 1.7851× 10−10 s solely determined
by size of the coarse grid to carry out the simulation. Fig. 10
illustrates the backscattering of the cylinder. Obviously, an
excellent agreement is indicated between the proposed hybrid
method with the traditional FDTD method.

PEC

explicit US-FDTD boundary

traditional FDTD boundary

Fig. 9. The computational model of hybrid method.
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-80
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the hybrid FDTD

the traditional FDTD

Fig. 10. The backscattering of the PEC cylinder.

5. Conclusions
A new hybrid FDTD method is proposed in this paper.

The time step of this hybrid method is only determined by the
coarse mesh, thus this method can achieve unconditional sta-
bility. This hybrid method can also reduce the matrix size of
eigenvalue decomposition and can greatly improve the com-
putational efficiency. Moreover, the hybrid approach success-
fully introduces the plane wave and PML absorbing boundary
into the calculation area, which increases the convenience of
simulation. All of the numerical comparisons show the good
availability of the proposed hybrid method and the advantages
of the proposed method lays the foundation to the analyses of
complex multi-scale structures in the future.
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