
 

Explosive synchronization of multi-layer frequency-weighted coupled complex systems 

Yan-Liang Jin(金彦亮), Lin Yao(姚林), Wei-Si Guo(郭维思), Rui Wang(王瑞), Xue Wang(王雪), Xue-Tao Luo(罗雪涛) 

Citation:Chin. Phys. B . 2019, 28(7): 070502. doi: 10.1088/1674-1056/28/7/070502 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb   

 

What follows is a list of articles you may be interested in  

 

Group consensus of multi-agent systems subjected to cyber-attacks 

Hai-Yun Gao(高海云), Ai-Hua Hu(胡爱花), Wan-Qiang Shen(沈莞蔷), Zheng-Xian Jiang(江正仙) 

Chin. Phys. B . 2019, 28(6): 060501. doi: 10.1088/1674-1056/28/6/060501 

A mini-review on econophysics：Comparative study of Chinese and western financial markets 

Zheng Bo, Jiang Xiong-Fei, Ni Peng-Yun 

Chin. Phys. B . 2014, 23(7): 078903. doi: 10.1088/1674-1056/23/7/078903 

Collective composite-rotating consensus of multi-agent systems 

Lin Peng, Lu Wan-Ting, Song Yong-Duan 

Chin. Phys. B . 2014, 23(4): 040503. doi: 10.1088/1674-1056/23/4/040503 

Robust finite-time stabilization of unified chaotic complex systems with certain and uncertain 

parameters 

Liu Ping 

Chin. Phys. B . 2013, 22(7): 070501. doi: 10.1088/1674-1056/22/7/070501 

Explosive synchronization of complex networks with different chaotic oscillators 

Zhao Jun-Chan 

Chin. Phys. B . 2013, 22(6): 060506. doi: 10.1088/1674-1056/22/6/060506 

-------------------------------------------------------------------------------------------------------------------- 

http://cpb.iphy.ac.cn/EN/abstract/abstract74226.shtml
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/abstract/abstract74018.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract59977.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract58503.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract54320.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract54320.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract53947.shtml


Chin. Phys. B Vol. 28, No. 7 (2019) 070502

Explosive synchronization of multi-layer frequency-weighted
coupled complex systems∗

Yan-Liang Jin(金彦亮)1,†, Lin Yao(姚林)1, Wei-Si Guo(郭维思)2,3, Rui Wang(王瑞)1,
Xue Wang(王雪)1, and Xue-Tao Luo(罗雪涛)1

1Key Laboratory of Specialty Fiber Optics and Optical Access Networks,
Joint International Research Laboratory of Specialty Fiber Optics and Advanced Communication,

Shanghai Institute for Advanced Communication and Data Science, Shanghai University, Shanghai 200072, China
2School of Engineering, University of Warwick, Coventry, UK

3Alan Turing Institute, London, UK

(Received 9 March 2019; revised manuscript received 15 April 2019; published online 12 June 2019)

Synchronization is a phenomenon that is ubiquitous in engineering and natural ecosystems. The study of explosive
synchronization on a single-layer network gives the critical transition coupling strength that causes explosive synchro-
nization. However, no significant findings have been made on multi-layer complex networks. This paper proposes a
frequency-weighted Kuramoto model on a two-layer network and the critical coupling strength of explosive synchroniza-
tion is obtained by both theoretical analysis and numerical validation. It is found that the critical value is affected by the
interaction strength between layers and the number of network oscillators. The explosive synchronization will be hindered
by enhancing the interaction and promoted by increasing the number of network oscillators. Our results have importance
across a range of engineering and biological research fields.
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1. Introduction

In recent years, complex system science has become a
popular area of scientific research. Many phenomena in com-
plex systems can be abstracted into complex networks for re-
search, such as the operation of organisms, the cascading fail-
ures of power grid, and the blocking of Internet.[1,2] How-
ever, the interactions between the constituent elements and
dynamic behaviors of complex systems are complicated, es-
pecially when they involve biology, sociology, computer sci-
ence, and statistical physics.[3–5] Synchronization is one of the
important dynamic behaviors, and has attracted a great deal
of attention, especially the mechanisms generating synchro-
nization and the control methods have become a major fo-
cus of research.[6,7] At present, several oscillator models are
proposed to study synchronization, such as Kuramoto model,
FitzHugh–Nagumo model, and Lorenz oscillator model.[8–11]

In particular, the Kuramoto model is a classical phase model
composed of kuramoto oscillators, which plays an important
role in investigating the synchronization behavior of networks.
Therefore, the corresponding analysis methods have also been
proposed, such as the mean field method,[12] self-consistent
analysis,[13] Ott–Antonsen ansatz, etc.[14,15]

Many researchers have found that the phase transi-

tion process of synchronous is a continuous process to
synchronization.[16–19] However, this phenomenon was chal-
lenged in the scale-free network composed of Kuramoto oscil-
lators, where the phase transition process was proved to be a
discontinuous process when the natural frequencies of the Ku-
ramoto oscillators and the degrees of the nodes are positively
correlated. This abrupt transition from an incoherent state to
a synchronous state in the complex network is named explo-
sive synchronization (ES),[20] and it has opened up a whole
new field of research on synchronization. Li et al.[21] stud-
ied the influence of network topology on ES, and found that
ES occurs when the degree of node is positively correlated
with the natural frequency. Leyva et al.[22] researched the
ES on the complex network model with weights. Recently,
Zhang et al.[23] proposed a single-layer frequency-weighted
model of Kuramoto oscillators and observed the ES in gen-
eral complex networks. They obtained the critical coupling
strength λc = 2 for ES through mean field method and self-
consistent theory, and extended the investigation of ES from
the scale-free networks to the general complex networks. With
the intensive investigation of ES and improvements of the Ku-
ramoto model, many factors affecting ES have been consid-
ered, such as frustration, external force, pacemaker, and fre-
quency distribution.[24–28]
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Although many related works on ES have been published,
these works are all based on single-layer networks. In recent
years, the research of synchronization on complex network has
gradually shifted from the single-layer network to the multi-
layer network. The interaction between layers should be con-
sidered because one network always interacts with other net-
works, such as the interdependence of client system and server
system in computer network;[29] and the interaction control
of communication network and power grid in electric power
infrastructure.[30] Some related works of synchronization in
multi-layer networks have been reported.[31–35] Among them,
Su et al.[32] found that the strength of the inter-layer affects ES
in the two-layer co-evolutionary networks. Zhang et al.[33] ob-
served the phenomenon that the synchronous process changes
from the first order phase transition to the second order phase
transition in multi-layer networks. However, these works on
ES in multi-layer networks are mainly investigated through
numerical verification, while no rigorous theoretical analysis
has been given. Therefore, the theoretical research of ES is
challenged in multi-layer networks of Kuramoto oscillators,
and how to build an appropriate Kuramoto model is a signif-
icant topic. In this work, we present a multi-layer frequency-
weighted coupled Kuramoto model based on two-layer net-
works, in which two subnetworks are connected one-to-one.
A rigorous theoretical analysis by mean field method and self-
consistent theory is provided to obtain the critical coupling
strength of ES in the two-layer networks. We analyze the in-
fluence of ES between layers and verify the theoretical results
by numerical simulation.

This paper is organized as follows. In Section 2, we pro-
pose the frequency-weighted Kuramoto model of two-layer
networks and obtain the critical coupling strength of ES by
mean field and self-consistent methods. In Section 3, numer-
ical simulations are provided for verifying the correctness of
the theoretical results. Finally, we give the discussions and
conclusions in Section 4.

2. Model and related analysis
2.1. The frequency-weighted Kuramoto model of multi-

layer networks

For a frequency-weighted model of N Kuramoto phase
oscillators on a single layer network, the evolution of each os-
cillator follows[23]

θ̇i = ωi+
λ |ωi|

ki
∑

N
i=1 Ai j sin(θ j−θi), (1)

where i = 1, . . . ,N, θi and θ j represent the instant phases of
oscillators i and j, respectively. λ is the coupling strength of
oscillators and ωi is the natural frequency of the i-th oscillator.
ki = ∑

N
j=1 Ai j is the oscillator’s degree, and Ai j is the element

of adjacency matrix 𝐴, hence Ai j = 1 when the oscillators i

and j are connected and Ai j = 0, otherwise. To measure the
synchronization motion, we use a fully order parameter R de-
fined as[21]

Re iΨ =
1
N

N

∑
j=1

e iθ j , (2)

where ψ denotes the network’s average phase, and R ⊆ [0,1].
R = 1 denotes the fully synchronized state and R = 0 is the
incoherent solution.

We consider a frequency-weighted Kuramoto model on a
two-layer one-to-one connected complex system, as shown in
Fig. 1. For a two-layer frequency-weighted coupled complex
network composed of 2N Kuramoto oscillators, each layer of
the network contains N oscillators, and the dynamic behavior
of the oscillators can be described by its phase θi(t). Each
oscillator follows the dynamic equation and is described by

θ̇i,1 = ωi,1+
λ |ωi,1|
ki,1+h

∑
2N
j=1 Ai j sin(θ j,1−θi,1),

θ̇i,2 = ωi,2+
λ |ωi,2|
ki,2+h

∑
2N
j=1 Ai j sin(θ j,2−θi,2),

(3)

where subscripts 1 and 2 denote the first layer and the second
layer, respectively, i= 1, . . . ,N, and h stands for the interaction
strength of inter-layer. Ai j is the element of adjacency matrix
𝐴 on the multi-layer networks given as

𝐴=

[
𝐴1 h𝐼
h𝐼 𝐴2

]
, (4)

where 𝐼 is the identity matrix that represents the one-to-one
interaction between the two layers, and 𝐴1 and 𝐴2 are the ad-
jacency matrices of the first layer network and the second layer
network, respectively.

layer a

layer b

h

λ

Fig. 1. The topology diagram of a two-layered network composed of
fully-connected networks. λ represents the intra-layer coupling strength
and h denotes the inter-layer interaction strength.
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2.2. Related analysis

To simplify the research, we consider the multi-layer net-
works composed of the globally connected networks, and the
natural frequency distributions of the two-layer network os-
cillators are the same symmetric bell curve distribution g(ω).
Therefore, we only need to observe the dynamic evolution of
one of the network oscillators and equation (3) can be rewrit-
ten as

θ̇i = ωi +
λ |ωi|
N +h

[
∑

N
i=1 sin(θ j−θi)+hsin(θ ′i −θi)

]
,

i = 1, . . . ,N, (5)

where θ ′i stands for the instant phase of the other layer net-
work’s oscillator i, and the degree of each oscillator ki ≈ N for
the globally connected network. Through Eq. (2), we have the
imaginary equation

Rsin(Ψ −θi) =
1
N ∑

N
i=1 sin(θ j−θi). (6)

Through self-consistent theoretical analysis and mean field
theory, we can substitute Eq. (6) into Eq. (5) and obtain the
mean field form

θ̇i = ωi +
λN |ωi|
N +h

[
Rsin(Ψ −θi)+

h
N

sin(θ ′i −θi)

]
,

i = 1, . . . ,N. (7)

ψ(t) = ψ(0)+ 〈ω〉 t can be obtained through rotational coor-
dinate transformation, where 〈ω〉 is the average of the oscil-
lators’ natural frequencies. When the natural frequency fol-
lows a symmetric distribution, we have 〈ω〉= 0 and the phase
difference between the instant phase and the average phase
∆θi = θi−ψ , equation (7) can then be rewritten as

∆θ̇i = ωi−
λN |ωi|
N +h

[
Rsin(∆θi)−

h
N

sin(θ ′i −θi)

]
,

i = 1, . . . ,N. (8)

When the system reaches the complete synchronized state, we
have ∆θi = 0 and θ ′i −θi ≈ 0, we can then solve the phase of
the oscillator phase lock

∆θi =


arcsin

(
N +h
NλR

)
, ωi > 0,

arcsin
(
− N +h

NλR

)
, ωi < 0.

(9)

Through Eq. (9), we find that ∆θi only depends on the sign of
ωi but not on its value, ∆θi will gradually approach to 0 with
increasing coupling strength λ . In this case, from Eq. (2) we
can obtain

R =
1
N ∑

N
j=1 e i∆θ j =

1
2
(e i∆θ+ + e i∆θ−), (10)

where e i∆θ+ and e i∆θ− represent the synchronized phases
when the natural frequency is positive or negative, respec-
tively. Substituting Eq. (9) into Eq. (10), we have

R =
1
2
(cos∆θ++ cos∆θ−) =

√
(λNR)2− (N +h)2

λNR
. (11)

Then, we can obtain the unary quadratic equation about the
order parameter R

R4−R2 +
(N +h)2

N2λ 2 = 0. (12)

Through the stability analysis, we have the range of the cou-
pling strength λ > 2(1+h/N) when equation (12) has a non-
zero solution and obtain the critical coupling strength

λc = 2
(

1+
h
N

)
. (13)

Observing Eq. (13), we can find that λc of ES is related to
the interaction strength h of inter-layer and the number of os-
cillators N of the network. λc = 2 is the ES threshold of the
frequency-weighted coupled model in a single layer network
when h = 0. In addition, from Eq. (12) we have

R =

√
λ +

√
λ 2−4(1+h/N)2

2λ
. (14)

Equation (14) implies that ES exists when λ > 2(1+ h/N),
and if the g(ω) is symmetric, then the synchronous behavior
of the oscillators has no correlation with the specific distribu-
tion of the natural frequency.

3. Numerical simulation results
To verify the correctness of the theoretical results,

we simulate the synchronization behavior of the two-layer
frequency-weighted coupled complex system. The two-layer
complex network is composed of the globally connected
networks, and the natural frequency distribution follows
the Lorentzian distribution g(ω) = (1/π)[σ/(ω−ω0)

2 +σ2]

with ω0 = 0 and σ2 = 1. The initial phases of the oscillators
follow a random uniform distribution in the range [0,2π]. To
track the phase transition to synchronization in the two-layer
networks, we use the order parameters R1 and R2, which are
given by

R1 e iΨ1 =
1
N

N

∑
j=1

e iθ j,1 ,

R2 e iΨ2 =
1
N

N

∑
j=1

e iθ j,2 . (15)

First, we increase coupling strength λ adiabatically from λ0

to λ0 + nδλ with an increment δλ= 0.02. Second, we de-
crease coupling strength λ adiabatically from λ0 + nδλ to
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λ0 in steps of δλ . We compute the stationary values of R1

and R2 with λ0,λ0 +δλ , . . . ,λ0 +nδλ for both the increasing
(forward phase transition) and decreasing λ (backward phase
transition) directions. We eliminate the initial phases before
each variation of δλ and integrate the whole system long time
enough by utilizing the fourth-order Runge–Kutta method to
reach the stationary state.

3.1. The influence of inter-layer interaction strength on ex-
plosive synchronization of two-layer networks

Figures 2(a)–2(d) show the dependence of R and λ when
the inter-layer interaction strength h is 0, 20, 40, and 60,
respectively, where the red-solid line represents the forward
phase transition process of increasing λ and the blue hyphen-
ated line stands for the backward process of decreasing λ . R1F,

R1B and R2F, R2B represent the synchronous order parameters
of the forward and backward processes on the first and the
second layers, respectively. In the case of N = 200, we ob-
serve that there are two abrupt transitions at λcF for the forward
phase transition (red line) and λcB for the backward phase tran-
sition (blue line) in each panel of Fig. 2. The two abrupt tran-
sitions take place at different values of λ and the whole syn-
chronization diagram has a significant hysteresis phenomenon.
This discontinuous phase transition indicates that the ES ap-
pears in the two-layer network. In addition, the critical cou-
pling strength λc of backward phase transition is 1.96, 2.18,
2.40, and 2.58 in Figs. 2(a)–2(d), it is demonstrated that the
increase of the inter-layer interaction strength h will prevent
the appearance of ES on the multi-layer network.



.

.

.

.

.

R



.

.

.

.

.

R



.

.

.

.

.



.

.

.

.

.

0 1 2 3 4 0 1 2 3 4

0 1 2 3 4 0 1 2 3 4

R1F

R1B

R2F

R2B

(a) (b)

(c) (d)

λλ

R1F

R1B

R2F

R2B

R1F

R1B

R2F

R2B

R1F

R1B

R2F

R2B

Fig. 2. Synchronous phase transition diagrams of order parameters for different inter-layer interaction strengths ((a) h = 0, (b) h = 20,
(c) h = 30, (d) h = 60) when N = 200.

To emphasize the theoretical results, we show the rela-
tionship between the critical coupling strength λc of backward
phase transition and the interaction strength h of inter-layer
in Fig. 3 when N = 200. The red-solid line is the theoreti-
cal results, and the blue circles represent the simulation results
of the critical coupling strength λc obtained when the inter-
layer interaction strength h is changed from 0 to 100 in steps
of 10. When ES appears, we can find that the simulation re-
sults match with the theoretical ones and λc changes linearly
with the increase of h. Furthermore, we can also observe that
the error of λc between the theoretical and experimental results
is very small in Table 1. This indicates that the simulation re-
sults verify the theoretical analysis.

0 20 40 60 80 100 120

h

1.8

2.0

2.2

2.4

2.6

2.8

3.0

3.2

λ
c

theoretical result

numerical simulation

Fig. 3. Comparison of theoretical results and numerical simulations of
critical coupling strength variation with inter-layer interaction strength.
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Table 1. Error γ between the theoretical λcT and experimental λcE with
different inter-layer interaction strengths.

h λcT λcE γ = |λcT−λcE|
0 2.00 1.96 0.04
10 2.10 2.06 0.04
20 2.20 2.18 0.02
30 2.30 2.36 0.04
40 2.40 2.40 0.00
50 2.50 2.56 0.04
60 2.60 2.58 0.02
70 2.70 2.68 0.02
80 2.80 2.76 0.04
90 2.90 2.88 0.02

100 3.00 2.98 0.02

3.2. The influence of number of network oscillators on ex-
plosive synchronization of two-layer networks

Through the previous theoretical analysis, we can also
find that the critical coupling strength is affected by the num-
ber of network oscillators N. To further analyze the evolu-
tion of the oscillator’s collective behavior, we compute the
oscillator’s effective frequency of one layer along the back-
ward process as ωeff

i =
∫

τ+T
τ

θ̇i(τ)dτ with T � 1 by following
Ref. [20]. We take the case that the number of network oscil-
lators N is 300, 500, 700, and 900 when the inter-layer interac-
tion strength h is 100 as examples and focus on the backward
continuation in λ . Figures 4(a)–4(d) show the result.

In Figs. 4(a)–4(d), we can observe that all the ωeff
i of

the network oscillators will retain the average frequency of
〈ω〉 = (1/N)∑

N
j=1 ωi (since the natural frequency ωi of the

network oscillators follows a symmetric Lorentzian distribu-
tion, 〈ω〉 ≈ 0 in Fig. 4) when λ > λc and then they suddenly
jump to their natural frequencies at the critical coupling λc.
Moreover, we also notice the emergence of ES when λ is
2.64, 2.40, 2.26, and 2.20 in Figs. 4(a)–4(d), respectively. It
is shown that increasing the number of network oscillators N
can incite the appearance of ES when h is constant.

-40

-20

0

20

40

-150

-100

-50

0

50

100

-50

0

50

100

-400

-200

0

200

400
0 1 2 3 4

0 1 2 3 4 0 1 2 3 4

0 1 2 3 4

ω
e
ff
i

ω
e
ff
i

λ λ

(c)

(b)(a)

(d)

Fig. 4. Synchronous phase transition diagram of effective frequency
variation with coupling strength of backward phase transition for differ-
ent network oscillator numbers ((a) N = 300, (b) N = 500, (c) N = 700,
(d) N = 900) when h = 100.

Similarly, to verify that the simulation results are consis-

tent with the theoretical results, we give the relationship be-
tween λc of backward process and N when h = 100 in Fig. 5.
The red-solid line is the theoretical results and the blue dot
stands for the simulation results obtained when the number of
network oscillators is changed from 200 to 1000 in steps of
100. From Fig. 5, we find that λc inversely decreases with the
increase of N and the simulation results match the theoreti-
cal results very well. In addition, the similar results are also
demonstrated in Table 2. These simulation results verify the
correctness of the theoretical results.

100 300 500 700 900 1100

N

2.0

2.4

2.8

3.2

3.6

4.0

theoretical result

numerical simulation

λ
c

Fig. 5. Comparison of theoretical results and numerical simulations of
critical coupling strength variation with network oscillator number.

Table 2. Error γ between the theoretical λcT and experimental λcE with
different numbers of network oscillators.

N λcT λcE γ = |λcT−λcE|
200 3.00 2.96 0.04
300 2.67 2.64 0.03
400 2.50 2.48 0.02
500 2.40 2.40 0.00
600 2.33 2.30 0.03
700 2.29 2.26 0.03
800 2.25 2.24 0.01
900 2.22 2.20 0.02
1000 2.20 2.18 0.02

4. Conclusion
Critical coupling strength is one of the key parame-

ters that determinate the ES in multi-layer complex networks
where the interaction between layers plays an important role.
In this paper, we propose a frequency-weighted coupled model
of Kuramoto oscillators and investigate the ES in the multi-
layer networks. Through mean field method and rigorous self-
consistent theoretical analysis, a critical coupling strength that
ES appears on the multi-layer networks has been given. It is
demonstrated that the critical coupling strength is determined
by the inter-layer interaction strength and the number of net-
work oscillators. Enhancing the interaction strength between
layers will hinder the generation of ES and increasing the num-
ber of network oscillators will promote it. These conclusions
are supported by both theoretical analysis and the matching
numerical simulation results. It is a very significant research
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and has impacted on the generation and control of multi-layer
complex systems in the real-world.

In this paper, we only analyze the multi-layer networks
composed of fully connected networks. What happens if the
topology of networks is non-fully connected, and what is the
influence of node degree on the ES are left as open questions.
Given that the impact of node degree and topology on ES in
multi-layer networks remain unsolved, we will study them in
our further work.
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