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Reducing the calculation workload of the Green function for
electromagnetic scattering in a Schwarzschild gravitational field*

Shou-Qing Jia( % 51 i)’

School of Computer Science and Engineering, Northeastern University, Shenyang 110819, China

(Received 15 February 2019; revised manuscript received 25 April 2019; published online 30 May 2019)

When the finite difference time domain (FDTD) method is used to solve electromagnetic scattering problems in
Schwarzschild space-time, the Green functions linking source/observer to every surface element on connection/output
boundary must be calculated. When the scatterer is electrically extended, a huge amount of calculation is required due to a
large number of surface elements on the connection/output boundary. In this paper, a method for reducing the calculation
workload of Green function is proposed. The Taylor approximation is applied for the calculation of Green function. New
transport equations are deduced. The numerical results verify the effectiveness of this method.
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1. Introduction

It is important to understand the property of the electro-
magnetic waves in gravitational filed'~® for electromagnetic-
wave-based communication between spacecraft in deep space.
Numerical simulations of electromagnetic waves in curved
space-time have been exploited by researchers. The electro-
magnetic particle-in-cell (EMPIC) algorithm is used to study
the physics of high-frequency electromagnetic waves in a gen-
eral relativistic plasma with the Schwarzschild metric.!”! The
Kerr—Schild metric is incorporated into the EMPIC code for
the simulation of charged particles in the region of a spin-
ning black hole.®! Finite difference time domain (FDTD)
method and Green function method (GFM) were extended to
Schwarzschild space-time in Ref. [9]. They were applied to
electromagnetic scattering problems (not by black holes) in
Ref. [10].

When solving electromagnetic scattering problems (not
by black holes) in Schwarzschild space-time by FDTD and
GFM, which have been introduced in Refs. [9] and [10], all
of the Green functions linking source/observer to every sur-
face element on connection/output boundary should be cal-
culated (Fig. 1(a)). For an electrically extended scatterer, a
large amount of calculation is required due to the huge num-
ber of surface elements on the connection/output boundary. A
method to reduce the amount of calculation of Green function
is proposed in this paper. The Taylor approximation is applied
for the calculation of Green function in Section 2.

The main computational cost of solving the Green func-
tion is to solve differential equations numerically. After using
the Taylor approximation, only the value of Green function at
the center of the region needs to be numerically solved, while

DOI: 10.1088/1674-1056/28/7/070401

the value of the Green function at other points can be obtained
directly by Taylor approximation, without the need to numer-
ically solve the differential equation, thereby greatly reducing
the amount of computation.

connection/output
boundary

(b)
i d

Fig. 1. Green function linking source/observer to connection/output
boundary. (a) Before approximation; (b) after approximation.

The classical Runge—Kutta method is applied to solve
differential equations numerically. The complexity is O(n),
where n is the number of grids. The method proposed in this
paper does not reduces the complexity but also reduces the
scale of the problem.

Green function’s partial derivatives should be calculated
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before using the Taylor approximation. The partial derivatives
can be expressed with covariant derivatives. These quantities
cannot be calculated using the old version program. The trans-
port equations for these quantities are deduced in Section 3.
The numerical examples in Section 4 verify the effectiveness
of this method.

The symbols in this paper are the same as those in
Refs. [9] and [10].

2. Taylor approximation for the Green function

The Green function in curved space-time is!!!~14]

Gap (x,X) = Uqp (x,X)8(0(x,x'))
+ Vap (x,5)0(—0 (x,x)). (1)

In the above expression, the bi-scalar & (x,x’) is Synge’s world
function!'>! which is defined as half the square geodesic dis-
tance between the points x and x/, Uqp and Vypr are two bi-
tensors, 6 is Dirac function, and 0 is the step function

1, 0>0,
9(6):{0 6 <0.

Generally, the source and observer are far away from

2

the scatterer, so the Green function linking source/observer
to a point on connection/output boundary changes only
slightly spatially. Therefore, only the Green function linking
source/observer to the midpoint on connection/output bound-
ary needs to be calculated, and the Green function link-
ing source/observer to the other points on connection/output
boundary can be obtained with Taylor approximation. By tak-
ing Uyp: as an example, the following expression can be de-
rived:

Ua[;/(x—kd,x/ —|—d/)
~ Ugpr (6,X') + Uppr (6,0 )d? +Ugpr  (x,X)d7, (3)

where x’ denotes the coordinate of the source/observer, x' +d’
denotes the coordinate of a point near x’, x denotes the coordi-
nate of the midpoint of connection/output boundary, and x + d
denotes the coordinate of a point near x (Fig. 1(b)). The spa-
tial coordinates d(i = 1,2,3) and d"' (i’ = 1,2,3) are known.
However, the temporal coordinates d" and d° are unknown.
The Schwarzschild space-time is a static space-time, in which
time interval is irrelevant to the starting point of time. Accord-
ingly, it can be set d"% =0. The temporal coordinate d° can be
acquired in the following way.

By taking Synge’s world function ¢ as a Taylor expan-
sion, the following expression can be derived:

o(x+d, X +d)
= G(x,x’)+Ga(x,x')da+Ga/(x,x/)d'°‘/+Q+~~, 4)

where Q is quadratic term

1 N g0 1B N go 1B’

0= Ecaﬁ(x,x)d d” + 04 p (x,x")d*d
] ! !

+ 50, pr(x,x)ddP. (5)
The Synge’s world function of the null geodesic is equal to
zero; i.e., o(x+d,xX' +d') = 6(x,x') = 0. By ignoring higher
order terms in Eq. (4), the following equation is acquired:

O (%, )d% + O (x,x)d'* =0. (©6)

By substituting d " — 0 into the above equation, the expression
of d° is acquired

d’=—

N i A4
Go(x7x’) [Gi(xvx )dl + oy (x,x )d ' ]7 7
where the indices i and ' vary from 1 to 3.
The approximation error can be evaluated by the
quadratic term Q in Eq. (4). Let us set d’ = 0 and d' = d/ &},
by substituting Egs. (5) and (7) into inequation

10| <&, (®)
we obtain
. . €
0] < diy (€) = . ,
2 [o})) 27 (o}))
i=1,2,3. )

For a specified approximation error €, the permissible spa-
tial range can be acquired by the above formula. The con-
nection/output boundary can be divided into subareas based

i
on dmax

(i =1,2,3) as shown in Fig. 2. The Green func-
tion linking source/observer to the midpoint of these subar-
eas can then be calculated, while the Green function link-
ing source/observer to the other points on connection/output

boundary can be obtained by Taylor approximation.

T s w[ 2
Zd?{mx le

l /|

I 2d12nax
r'g

Fig. 2. Subareas on connection/output boundary.
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3. Transport equations

Using Green function method, eight quantities should be
calculated (Eq. (57) in Ref. [9])

Oa, 00/, O 0/, OO 0 5 U(Xﬁ’v U(xﬁ’;)/a U(xﬁ’A,O’ y Vgﬁ/ . (10)

Their partial derivative on x and x’ should be calculated be-
fore using Taylor approximation. The partial derivative can
be expressed with covariant derivative. Taking Uqgp v y @s an
example, it can be calculated as

Uaﬁ/,O’.y = Uaﬁ/;O’y+(Ual’;y"_rp(X’J/Upl/)F)L B
+I 0 Uspr- (11)

In the above equation, Ugpr.y, cannot be calculated using the
old version program. The quantities that cannot be calculated
with the old version program include

0%y, 0%y, 0%pye, 0% pys, 0% pysers 0 pyse
Uap'sys:Unpriy s Uapriysers Uapriyse: Vapriy Vapry - (12)
Their transport equations are deduced as below.

3.1. Transport equation for 6% g/,

Equation (59) in Ref. [9] can be rewritten as
O'aﬁ/”Gu—l—(Gaﬂ—aa“)Guﬁ/:O. (13)
Differentiating the above equation with respect to x’, we obtain
0%pryuct + 0%ty 0%ty
+ (6“#—8“#) O'uﬁ/}/ =0. (14)

The initial value problem for 6%g/,, can be acquired from the
above equation

dGaﬁ/Y/
dr +

Fa;wﬁlﬁ/}/u“

1
T7 [6%uproty +0%ypotp+ (0% —8%) ot py] =0,
%gryl,_y =0 (15)

We can obtain the limit formula

c” /
(IM) = [0%ppu]
t—0

1 / / /
== g (Ra ,},’ﬁlul +Ra H/ﬁ/yl) I/tlJ (16)

from the covariant expansion of 6% g,

0%y =8%ws” g {[6“ppul i +O (D)}, (D)

where [] denotes coincidence limit x — x".['!] We can obtain
the limit formula

Ga ’ ’
<IM> = [0%prpu]
t—0

1/ , ,
=3 (R“ gy + R Wﬁ,) W (18)

from the covariant expansion of 6% g/,

GOCB/Y' :gaa/{[caﬁl,ylu] tuul+0(t2)}. (19)
The expression of coincidence limit [0%g,,] and [6%g/y,,]

can be found in Ref. [11].

3.2. Transport equation for G[‘;‘y,
Differentiating Eq. (28) in Ref. [9] with respect to x’, we
obtain
0%pyuc” +0%pu0ty —R%up0Py 0t —R% g0 0y
+Ga”)/0'uﬁ+(0'au75aﬂ) G“B}/ =0. (20)

The initial value problem for 6%g, is

dGaﬁV
dt
+R® pup Py +R% upp Py Jut

— (0“1 Ty =T %10 py

I
+-[0%pu 0"y + 0%y 0t g+ (0% — 8%) 0¥ py] =0,
sy =0 en

3.3. Transport equation for 6%, 5

Differentiating Eq. (20) with respect to x’, we obtain

0%pyon 0" +0%puy 0t +0%pup 0ty + 0%, 0%y
—R%pup0Pyy 0t —R%p 0Py oty

~R%up0Py0ty —R%pupoPolyy

+0%uy5 0t p+ 0%y 0t gy + 0%y 0tpy

+ (0% —8%) ot pys =0. (22)

The initial value problem for 6% g4 is

dO'aﬁj/é/
dr
+Rpup 0P yer +R%upp 0P e ut

— (0% aps T pu =T %10 gy

1
+- (0% —8%) gy

I
+ 2 (0%pu0t v + 0%y gy + 0% 0¥ py)

I
+ 1 (0%uyer 0" g+ 0%puy oty + 0% pus oty

+R%ppu0Py oty + R g, 0P 50ty ) =0,
1

- (R“i o +R% ) 23)
=0 3 (X3(X2(X4 064062063 .

o ooy
We can write the following covariant expansion:
%uys 0t +0%puy oty +0%us 0ty
+R%ppu0Py 0t s +R%ppu0P 510y
/! ! !
= R ypis + R srpry +[0%py o] + [0%py o] 1

— [0%gsy] — [0%psyu] 1" — [6%pys]

070401-3
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— [Gaﬁy&u] tu”/ +0 ([2) .

Using Ricci identity,!>-!"1 we obtain the limit formula from
the above equation

1
{, (0%uysotp +0%puyots

+Gaﬁu6'<’“rR°‘pﬁquv<’“6'+R°‘pﬁu<’p6"’”7’)} 0
t—

= ([0%gysru] — [0%psyul — [0%pyoru]) ut" (24)

The coincidence limits in the above equation can be acquired
by applying Synge’s rule!'!! on Eq. (44) in Ref. [9].

3.4. Transport equation for 6% gy

Differentiating Eq. (34) in Ref. [9] with respect to x’, we
obtain

0% pyou0" + 0%y 085+ 0%upar 0ty + 0%ty
+0% ot + 0%yt ps

+0%u50" gyt (0% — 8%) 0¥ gy

— R pupy0” 570" —R%pppy 0P oty

—R%pup0Pys 0" —R%pcP 4ot s

—R%puy0” g 0t — R puyP ot s

+Rpﬁuy0'ap5/0'u+Rpﬁuy0'ap0'u5/ =0. 25)
The initial value problem for 6%gys is

dGaﬁ,yy
dr
a P o p o P
+R pup:y0" 5 TR upp:y0- 5 + R pup0”ys

o A a A o A
— (0% e T pu+0%pas T yu — T30  pysr

+Rpuy0 gy + 0% R py ) u
1
+y [0%up0™ 5+ 0%uy0* gy
+0%u5 0" gyt (0% — 8%) 0¥ gy ]
1
+ 7 (0% s + 0% upar 0ty + 0%y ot
+O'apRpﬁ“y0"u5/) =0,
1 ' '
o Byor|_g = 3 (R ypio + R 1y ). (26)
We can write the following covariant expansion:
0% g0t +0%ups 0ty + 0% s 0t
+R%ppu0Py0" s + R pyu 0P g0t 5 + R gyyy0®p ot
! !
= —[0%pys] = [0%pysu] 1t + [0% g ] + [0 yporu ] 10
+ [0y ] + [0%ppor] 1 + Ry +0(%).

Using Ricci identity, we obtain the limit formula

1, o
L m a m a m
{I(G ByuO & + 0 ups0 y+ 0 ys10 g

+R%ppu0Py0" 5 + R pyuoPgot'y
+RPBMGQPG”5’)}

= (= [0%ysu) +[0%psru] + [Gaﬁ)«s’u])”w- @7

t—0

3.5. Transport equation for 6% g5,/
Differentiating Eq. (34) in Ref. [9] and commuting co-
variant derivatives, we obtain
0%pysu0t +0%py0" s + 0% p50ty + 0% 50t
+06% 50" y5 + 0%yt g5 + 0% 50" gy
+ (0% —8%) ¥ pys — R%pupy50” 0" — R 5407 50"
—R%pup:506°y0! —R% 17507 ot +RP gy 50%p 0
—R%u50° gy0" + R u50%py0t +RPy 50%gp 0t
—Rpup0P 50" = R%puyo? s o™
+RP g, 0% 50" = 0. (28)

Differentiating the above equation with respect to x’, we obtain
o

the initial value problem for OByser
do®pyser A A
—a; (O el g+ 0% pase I

+0% el oy — T 20" pyoer

+RYpupy50” e + R pp 4507

TR pupy0” 56 + R pup:60° yer

TR puy.50° per + 0% per R s

+ R 5u56% pyer + R pup 0P yser + R ppy0® pser

+0% 0y RP gy + 0% poer RP gy + 0% pper RP 5 ) u

1
T3 (0% = 8%) 0" pyser

+ % (0% upy0" s + 0% ups0™ o + 0% uy50" per

+0%uper 0¥ y5 + 0% e ¥ s + 0% 50 oM gy

+0%up0" 51 + 0% uy0" pser + 0% 450" prer + 0% e ¥ pys
+R%,5u 0P 50" e + Ry 0P gsot e + R 5, 0P gy ot
+0%psR? puy0t e + 0% RP 50" o + 0% g R 501 1)
+;(Gauﬁye'cu5 +0%upser oty

+0%yee 0" g+ 0%pr5u0" e

+R gy 56" e + R% o507 0 e

+R% 5y.56P gOH e + 0%y RP 1 56M ) =0,

o0 030404

1

= ——— (R ot oyt ot oyt Ryt ot oyt oyt
12( al(x3a20£4,a5 061064062063,0!5)

1

- 4 (Roc{ afod oo +Rai afoy ool

t=0

Rojoqagodiol + Rafagodagia) 29
We can write the following covariant expansion:

o o o o
0%gysu0t e + 0% upyer 0% s + 0% upser oMy + 0% s 0t

070401-4
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R pupy0P 50 e —R%pupi50°y0Hes
— R puy50Pp0t e + R puys0%p 0ty
= —[0%gyoe] — [0% gyoeu] 11t + [0 5pyer]
+ [0% sppern] 10+ [0%pser] + [0 ypoern] 1t
+ [0%gyoer] + [0% pyoern]
+R” ey + R yerpris + 0 ().

[15]

Using Ricci identity and Bianchi identity,''>' we obtain the

limit formula
1, u o u
;(G BysuC g +0 uBye' 0" s
o o
+0%upser 0y + 0% uyser 0 p
(04 o
—R%pupy0° 50" e —R%pp.50° 40! e

o o
—R%,,4.50° 0" o +RP g1y 50 po”gf)}
t—0

= (= [0%ysen] + [0%pysern] + [0% psern]
+ [0%spyern] )t (30)
The coincidence limit [0%gys¢,] can be derived by differenti-
ating 0%o,, = 20 for six times, and then taking coincidence
limit. The coincidence limit [O‘E‘VS e u] can be acquired by ap-
plying Synge’s rule.

3.6. Transport equation for c* Byse

Differentiating Eq. (28) with respect to x, we obtain the
initial value problem for 6%g,se

dGaﬁygs
dr

a A o A a A
+0"gyael "5+ 0" gysal " ep —I'" 20" pyse

A A
—(0%aysel " pu+ 0% pasel " yu

+ G“MgR’lﬁw + G“nglyg“ + G“MAR%W
+R%14e0” py5 + R pupiyoe0”

+RYpupiys0” e + R pupiye 0 5 + R%pupi5e 0Py
+R puy5e0° g + R 1 ppy50Pe
+R%pupy0” 52 + R pup:50° ye + R% ppuy56° e
+Rpu5:e0” py+ R ppure 0 ps

+0%peRP g5+ 0% o R pspue + 0% psRP pyyce
+0% 5o R ysye + 0% pRP gy se

+R% 156”7 pye + R pup0” yoe

+RYpuy0” pse + R pupe0” s

+06%0yeRP poy + 0% p5eRP gy + 0% g peRP vy ) ut

1
T [(0% —38%) 0" pyse

a u a u a u
+O0 upy0 e T O upsO ye T 0 uys0" pe

o u o u o u
10 upe0  ys T 0 uye0 s + 0 1u5e0 gy

a u a u a u o u
+0 0" ys5e + 0 uy0  pse + 0 u50" Bye T 0 ue0" pys

R S TRy S
TR ppu0" y50" e + R pyuG g0 e + R p5,0" gy0" ¢

+0%psR? gyt e + 0% pyRP 50 e + 0% pRP 1y 50 ]
+ % (0%uprec” s + 0% upse o™y

+0%uy5:0" +0%py5u0"e

+R” ppuy0” 50" e + R ppuuss0° yo'e

+R o567 g0 e + 0% RP gy 501 ) =0,

Gou-as |

1

= 3 (Rejaged et T Roqogagogiol + Refogagoiay
+Ra{a§aj‘a£;a§ +Ra{a§a§a§;a§ +R(x{ agagaé;ajt) . (31)
We can write the following covariant expansion:

o o o [0
0%Bysu0" e + 0% upye 0’ s + 0% e 0y + 0% uyse 0t g
—R%pupy0” 50 e —R%pup.50° 40t e
R puy50P g0t + R puy50“p0te

_ a a u a
=2 ([G proe] +[0%pyoen] tu ) +[0%spye]
o u a
+ [0%spyen] 11t +[0%pse]
! ! !

+ [O'a’yﬁ(sg”] tut — R“ S'e'Bly —R“” Ye'Bls! +0 (lz) .
Using Ricci identity and Bianchi identity, we obtain the limit
formula

1
+0%upse0ty+ 0% 1y5e0" p

1
{ (0%pyouc’c + 0% uppecs

—R%pupy0” 50 e —R%pup.50°y0He

— R ouy.50°7 0" e + RP gy 50%p0te) }
t—0
= (2[0%pysen] + [0%spyen] + [0%ypsen] Jut . (32)
3.7. Transport equation for Uyp/.p s
By swapping x and x’ in Eq. (21) in Ref. [9], we obtain
!/ 1 !

Va0t +5 (0" —4) Uar = 0. (33)

Differentiating the above equation with respect to x’ and com-
muting covariant derivatives, we obtain

UaB/;)/H/O'HI +Rp/ﬁ/“/y/Uap/O'ul +Uaﬁ/;”/0'ul}/
1 / 1 '
+§Uaﬁ/0'u “/)/-f—i (G” #/—4) Uaﬁ’;)/ =0. (34)

Differentiating the above equation with respect to x’, we obtain
the initial value problem for Ugg.y s

dUOtﬁ';)/S’ 2
7(11‘ — (F p'wUarrys

A A
+F ry/ul aBI;AIEI +F 51“1 aﬁ’;’)"k/

/ ’ / /
—I—RA B's'u! ocl’;)/cu ~§—RA Yo aﬁ’;ﬂuff”
—I—Rp/ﬁ/y/'u/;g/Uap/O'“, +Rp/[3/,)/ﬂ/Uap/;5/)M“l

1 U ' U '
+5[ ap’;8'0 ﬂ’7/+ ap' O wys

070401-5
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+Uapriy 0" s + (0" w =) Uapriyes]

1 A ,
+ 2 Uaprw 0 yo 4 (Uaprypw o™ s
+Ua[3/;#/516”7/+Rp ﬁ’p’y’UO!p’G“ 5/):07

1
=0 = ERocﬁoclocz- (35)

Uaﬁ’;a]’ o
We can write the following covariant expansion:
UaB’;)/u’Gu s+ (]O‘ﬁ/;u/a/dlJ Y +Rp ﬁ’u’)/UOCp/Gu s
= 2[Uapiys] +2 [Uaprysv] 11’ + Rapsy + O (),

from which we can obtain the limit formula

1((] I. /G“, /+U 1oyt /Gul
¢ \Japiyu s af’;u'é Y

+R gy Ugpro* 6’)}

t—0
2
=2 [Uapryerv] = 5 (Rapysiy + Rapyss) u”s (36)

where [-] denotes limit x' — x. Ugp is the product of parallel
propagator g, and Van Vleck determinant!'!l A

Unpr = gapA/>. (37)

Differentiating the above equation and then taking coincidence
limit, we can acquire the coincidence limit of Uypg/’s covariant
derivative of each order.

3.8. Transport equation for Ugp.y 5
Differentiating Eq. (30) in Ref. [9] with respect to X/, we
obtain the initial value problem for Ugp:.y 5

dUspys
dr

A Uapripal ™ 5+ RP quUpprey ) ut

— (F)La“Ulﬁ/;}/g

1 u 1 n 1 u
-I—; Uaﬁ/;”G 5)/+§U06ﬁ’;7’6 ”5+§Uaﬁ/0' usy
1 1 L u
+5Uap50" uy + 5 (0% = 4)Uspriys

1
+; (Uaﬁ’;SuGu"y’ +Rpau5UpB’Gu)/+U(x[3’;)/u6u5) =0,

1
Uaﬁ/;}/(;’l:o = _ERO‘/B/?/S/' (38)

We can write the following covariant expansion:
UaB,;5u6“3/ +Rpau5UpB/O'ﬂy/ +UO£[3’;)//JG#5
= — [Uaprsy] = [Uaprsyu] 11" —Rprarysr
+ [Uapiys] + [Uaprypsp] 1 +0(2),
from which we can obtain the limit formula
1
{ — (Uapou 0™y + R ausUppr 0"y + Unpriypuots) }
= (= [Uapioyu] + [Uaprysu]) u
2 1 /
= <3R0t/ﬁ'7’5';u —+ 6Ra/B/5/“/;yl) I/llJ 5 (39)

where [-] denotes limit x — x'.

t—0

3.9. Transport equation for Uyg:.ys./

Differentiating Eq. (30) in Ref. [9] with respect to x, we
obtain

Uap'you0" +RP quy.sUpp 0" +RP apyUppr, 50+

+Rpau5Upﬁ’;yG”+pr/.15UaB’;pGH+U05[3/;/,L)/Gu5
1 1
+Uaﬁ’;y56uy+ EUaﬁ’o-'uu)@—’—Uaﬁ’;ucuyﬁ—'_EUOC,B/;EG##Y

1 1
+ EUOCB/;YO'“I_“s +5Uapiys (o*u—4)=0. (40)

Differentiating the above equation with respect to x’, we obtain

the initial value problem for Ugygp/.ys¢/

dUa /; 68/
# — (M anUspryse + Uaprnse T
—‘rUaﬁ/;yAS/rla“ +Rpa7u;5Upﬁ’;e/ “I‘RpayuUpﬁ’;g/a
+Rpa5uUpﬁ’;8/y+Uaﬁ’;s/pprSu)u“

! n n n
—&-Z[Uaﬁ/;ygo' pe' TUaper60" uy+UqgprieryO s

-‘rUaﬁ’;e/G“ny + Uoc,B/;So-”uys’
+Uaﬁ’;ycuﬂ5£’ + U(Xﬁ’;y&s’(d“ll — 4)]

1
+;(Rpau’yUpﬁ/;56IJ£, —l—Rpa“gUp[;/;yG“s/

+UappR” s 0" e +Uapruy0* ser
+Uapus 0" yer + Unpriern 0" o
1
+Uapp 0" y5er + EUaﬁ’G“uYSE’)
1
+ - (Uaptuye 0% s + Unpruse 0y
+Uapriysp0 e + R quysUppr ot'er) =0,

1 1
= _gRa’ﬁ’a{aﬁ;aé + gRalﬁ/ai%;aﬁ' “41)

U, g /
oo
1%2%3 =0

We can write the following covariant expansion:

Uap'uye' "5+ Uapruser 0ty
+Uapryou0te + R apysUpp ot'er

= [Uapr:syer] + [Uapr;5yeru] it + [Uapryse']
+ [Uapryoeru] ' — [Uapyse]
— [Uaprysen] 1"+ Raprery,r +O(1%),

from which we can obtain the limit formula
! i u
P (Uapryuyer 5 +Ugpruser o'y

+Uaprysu0" e + RP apysUpp 0" ) }

t—0

= ([Unprsyern] + [Uaprysern] — [Uaﬁ’;y&u])“”,- (42)
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3.10. Transport equation for Uyg/.ys.
Differentiating Eq. (40) with respect to x, we obtain the

initial value problem for Uyp/.ys¢

dU, ., ar. S
% - (1—‘}L apUnpyse + Uaﬁ'ﬂ&rlw

+Uaprppel ™ s+ UnprogorT eu
+ R aeuUnpriys + R asuUpprze + R ayuUpprsse
+UapasR vep + UaprpeR? ysp + Unprn R sen
+R? yu5Upprie + RP ayuieUppris + RP e Uppry
+UapipR’ ysuie + R ayuiseUppr ) u*
+ % [Uapryse (041 —4) +Usprys " e
+Uqpr:560" uy+Uapriye 0" 45
+ Uy yse +Uaprs6* uye + Unpre 0" 1ys)

1
T (Uapruyo* se + Uapruso* ye
+Uaprue 0" y5 + Uapru 0" yoe
+ %Uaﬁ’cywﬁe + R apyUppris0™ e
+R au5Uppriyt'e + Uaprp R yu50™e)
+ % (Uaprureo" s + Uapruse o™y

e +RP uysUppr o) =0,

1
g (Ra/ﬁ/,ylsl;s/ +Ra/ﬁ/)/el;6/> .

+Uapryou
Uaﬁ’;}«?s‘z:o == (43)
We can write the following covariant expansion:
Uapysu™'e + Unpruye0*'s
+U(xﬁ’;péscuy+Rpayy;5Upﬁ’G”£
2 [Unpryse] +2 [Uapryoen] 10" + [Uapsye]
+ [Uocﬁ/;éyeu] tut +Rﬁ’a’s’y’;5/ +0(l2),

from which we can obtain the limit formula
1
{; (Uaprysu0" e +Uapruye s

+Uapiuse0" y + R auysUpp o) } 0
1—

!/

[Uaprsyen]) u* - (44)

3.11. Transport equation for Vgﬁ/_},

= (2 [Uapryen] +

Differentiating the second equation of Eq. (23) in Ref. [9]
with respect to x, we obtain

0 u 1
VapryuO" +Vap 0y +5Vap o uy

1
+5 (6" u=2)V. ﬁ/y—*(DUaB)y« (45)

The initial value problem for Va By is

0
dVaﬁ’;J" Fﬂ.

1|1
0 0 0
ar L aVapptt 5 Vap Oy Va0t

1
+ (G“H_Z) Vgﬁ’,}/_z(DUaﬁ’),}/} :0,

N =

0
Vﬂfﬁ’;y’ _

=0. (46)
=0

We have limit formula

LE: = Ve W - Lo W47
<I>H0_ [ oc[i’;q/#:|“ T 6 [( aﬁ’);ﬂy]“ » (47)

where [Vgﬁ/_y, u] can be acquired by differentiating Eq. (45)
and then taking the coincidence limit. The limit formula

(48)

(F)0) (ot )

can be acquired by the covariant expansion of (OUgp). "

3.12. Transport equation for Vg By

Differentiating the second equation of Eq. (23) in Ref. [9]
with respect to x, we obtain

VOO + R ey Vg 0"

1 0 0
+5 [G“MVaﬁ/ +(0"y-2) Vaﬁ’;y}

1
+ Vg Oty — 3 (DUaﬁ/);y =0. (49)
The initial value problem for V,, ﬁ,
av?
_aply A 0 0
dr — (F (XHVAB’ +V ﬁ/ }’F YU

1
+Rlayuvloﬁ/)u + Vﬁ/(f wy
11 0 0 1
+; |:2 (GIJIJ —2) Vaﬁ/;y—FVaﬁ/;“Gﬂy— Z(DUaﬁ/);y:| :O,

0 —
Vol =0 (50)

We have limit formulas which are similar to Eqgs. (47) and (48)

0
(F22) = Vi

I G

4. Numerical results

= < [(Wag) ] D

(52)

The computing platform is configured as follows. CPU:
Intel Xeon E3-1240 v3; memory: 32GB; operating system:
Windows 10 professional; language: MATLAB.

The first example is to validate the connection boundary.
The Schwarzschild radius is set to 1 m. There is no scatterer in
FDTD domain (Fig. 3). The FDTD mesh size is set to 0.02 m.
The FDTD domain is: 5 m to 6 m in the x direction, —0.5 m
to 0.5 m in the y direction, and —0.5 m to 0.5 m in the z direc-
tion. The number of perfectly matched layer (PML) is set to
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10. The connection boundary is: x=5.5£0.2 m,y =+0.2 m,
and z = 0.2 m. A z-directed electric dipole is placed at Py
(20 m, 0 m, O m) (the midpoint of the two charges). The wave-
form of charge is a Gaussian pulse

() = A-exp {—; (;—4)1, (53)

where A = 1 x 107 C and 6 = 0.966 ns. The z component of
the electric field at P (5.5 m, 0 m, O m) is calculated by FDTD
method with Taylor approximation and Green function method
without approximation (calculate Green function linking P to
P). The approximation error € is set to 0.01. The results are
shown in Fig. 4 in which the horizontal axis represents the
light speed multiplying time (the unit is meter).

event horizon

dipole

—

connection boundary

Fig. 3. Validating the connection boundary.

5 . .
—— FDTD with
4r approximation |
3t -+ GFM without 1
n approximation
g 2 1
S
S ot
—1F
—2+
15 16 17 18 19 20
ct/m
Fig. 4. E; at P.

To calculate the single point Green function, the old pro-
gram needs to calculate 8 quantities (see Eq. (10)). In the new
version, it needs to calculate 20 quantities (see Eqgs. (10) and
(12)), which is 2.5 times as much as the old version. This is
only a rough estimation because the time required to calculate
different quantities is also different. Although the new version
for the single point Green function is more computational, it
needs to calculate a lot fewer points than the old version. In
this example, there are 20 x 20 x 6 = 2400 elements on the
connection boundary, so the old version program needs to cal-
culate the Green function at 2400 points. The new version
program only needs to calculate the Green function at six cen-
tral points on the connection boundary; i.e., 1/400 of the old

version. Therefore, the calculation amount of the new version
is about 2.5/400 = 0.625% of the old version. The time com-
parison between the new version and the old one are shown in
Table 1.

Table 1. Time comparison for connection boundary.

New version
6 hr 17 min

Old version
569 hr 21 min

CPU time

When changing the waveform of source into a differential
Gaussian pulse

- we (e[ (-]

(o

(54)

and the results are shown in Fig. 5.

8 . . .
6l — FDTD with
approximation
4 .-+ GFM without
7 2+ approximation ]
=
> Of
¥
R —2f
4}
_6l

8 16 17 18 19 20 =21
ct/m

Fig. 5. E, at P.

The second example is to validate the output boundary.
The Schwarzschild radius is set to 1 m. A z-directed elec-
tric dipole is placed at P (5.5 m, 0 m, O m). The wave-
form of charge is a Gaussian pulse with A = 1 x 107° C and
o0 =0.966 ns (Eq. (53)). The FDTD mesh size is set to 0.02 m
and the number of PML layers is set to 10. The FDTD domain
is: 5 m to 6 m in the x direction, —0.5 m to 0.5 m in the y
direction, and —0.5 m to 0.5 m in the z direction. The output
boundary is: x =5.5£0.02 m, y = 40.02 m, and z = +0.02 m
(Fig. 6). The z component of the electric field at P (20 m, 0 m,
0 m) is calculated with FDTD method with Taylor approxima-
tion and Green function method without approximation (cal-
culate Green function linking P to P). The approximation er-
ror € is set to 0.01. The results are shown in Fig. 7. The pulse
amplitude of this example is several orders smaller than that
of the first one. According to Eq. (12) in Ref. [9], the closer to
the event horizon, the greater the equivalent permittivity and
permeability, and the greater the energy density. Therefore,
the magnitude of the response is the same order of magnitude
as that of the first example. The number of surface element on
output boundary is 20 x 20 x 6. With the new version program,
only the six midpoints are calculated. The time comparison
between the new method and the old one is shown in Table 2.
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event horizon

dipole
L]t

xT P, P

output boundary

Fig. 6. Validating the output boundary.

10 r r
—FDTD with
approximation
sl - -GFM without

TE approxiamtion
>
=
R ol

15 16 17 18 19 20

ct/m
Fig.7. E; at P.

Table 2. Time comparison for output boundary.

New version
4 hr 23 min

Old version
570 hr 43 min

CPU time

The third example is scattering by a thin plate. The
size of the thin perfectly electric conductor (PEC) plate is
0.28 mx0.28 m.
(Fig. 8), and the center is located at (5.5 m, 0 m, O m). The

It spreads out in the plane x = 5.5 m

Schwarzschild radius is set to 1 m. A z-directed electric dipole
is placed at P (20 m, O m, O m). The waveform of charge is a
Gaussian pulse with A = 1 C and o = 0.483 ns (Eq. (53)).
The FDTD mesh size is set to 0.01 m, and the number of
PML layers is set to 10. The FDTD domain is: 5.25 m to
5.75 m in the x direction, —0.35 m to 0.35 m in the y direc-
tion, and —0.35 m to 0.35 m in the z direction. The con-
nection boundary is: x = 5.54+0.05 m, y = £0.17 m, and
z = =20.17 m. The output boundary is: x =5.5+0.1 m,
y==£0.2m, and z = £0.2 m. The approximation error € is set
to 0.01. The number of surface element on connection bound-
ary is 34 x 34 x 24 10 x 34 x 4 and the number of surface el-
ement on output boundary is 40 x 40 x 2420 x 40 x 4. With
the new version program, only the six midpoints of connec-
tion boundary and the six midpoints of output boundary are
calculated for Green function. The time comparison between
the new method and the old one is shown in Table 3. The z
component of the scattered electric field (both in time domain

and frequency domain) at P is shown in Fig. 9. The scattered

electric field in flat space-time is also shown in Fig. 9. The ef-
fective light speed is smaller than that in flat space-time. This
leads to time delay which is shown in Fig. 9(a). The inhomo-
geneity leads to pulse broading in time domain and red shift in
frequency domain, which is shown in Fig. 9(b).

event horizon FDTD domain

Fig. 8. Scattering by a thin PEC plate.

1.5 T T T T T r r
— Schwarzschild spacetime
(@) ; |
I . - -flat\spacetime
_ 1.0 IIl
| h
g 05 '
< X
= RO
ST
S 7] ','
—0.5¢ noy
]
—1.0F
29 30 31 32 33 34 35 36
ct/m
1.4 r
(b)
T 1.2F
N RN
,F' 1.0f // AN
I ’ R
g osf / :
| 0.6 ] \\
g II N
E 0.4+ II \\\
= 02 ! — Schwarzschild spacetime “X
’ /s --flat spacetime
0= 4 6 8 10

Frequency/10% Hz
Fig. 9. E; at P. (a) Time domain and (b) frequency domain.

Table 3. Time comparison for scattering.

New version
10 hr 23 min

Old version
2378 hr 14 min

CPU time

5. Summary and discussion

To reduce the computation workload of the Green func-
tion, the Taylor approximation is applied. The transport equa-
tions for Green function’s covariant derivatives are deduced.
The connection/output boundary can be divided into subar-
eas. The Green function linking source/observer to the mid-

point of these subareas can then be calculated, while the Green

070401-9



Chin. Phys. B Vol. 28, No. 7 (2019) 070401

function linking source/observer to the other points on connec-
tion/output boundary can be obtained through Taylor approx-
imation. The numerical results verify the effectiveness of this
method. Although the amount of computation of single point’s
Green function is increased, the total computation workload is
greatly reduced because the number of computation points for
Green function is greatly reduced, which is helpful in calcu-

lating the scattering of electrically extended objects.
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