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For an open quantum system containing two qubits under homodyne-based feedback control, we investigate the
dynamical behaviors of quantum-memory-assisted entropic uncertainty. Moreover, we analyze the influence of feedback
modes and coefficients on the entropic uncertainty. Numerical investigations show that the memory qubit should be placed
in a non-dissipative channel if the single dissipative channel condition can be chosen, which helps reduce the entropic
uncertainty of the system. For the homodyne feedback control F = Ao, (or F = A0y), due to different roles of the
entangled qubits A and B, when they are subject to feedback control with different feedback coefficients A, the exchange
of feedback coefficients will cause variations of the entropic uncertainty. When the feedback coefficient corresponding to
the memory qubit B is larger (Ag > A4 ), the steady value of the entropic uncertainty will be small, which is conducive to
enhancing the robustness of the system. However, for the feedback control F = Ao;, the difference between the feedback
coefficients has no effect on the steady values of the entropic uncertainty.

Keywords: homodyne-based feedback control, quantum-memory-assisted entropic uncertainties, memory

qubit, open quantum system
PACS: 03.65.Ta, 05.40.Ca, 03.65.Yz

1. Introduction

The quantum uncertainty principle reveals a significant
physical phenomenon, that the measurement outcomes of two
incompatible observables cannot be predicted with an arbi-
trary precision simultaneously in a quantum frame, and was
first proposed by Heisenberg in the case of position and mo-
mentum measurements.'!! With the development of quantum
information theory, various versions of quantum uncertainty
relations have been proposed in recent years.

In order to overcome the defects of the Heisenberg un-
certainty relation, Hirschman et al. used Shannon entropy
to measure the uncertainty in quantum mechanics, and first
proposed the entropic uncertainty relation between position
and momentum.?! Bialynicki-Birula and Deutsch et al. ex-
tended it to any pair of non-commutative mechanical quanti-
ties and proposed a more general classical entropic uncertainty
relation.[3* Later, Maassen and Uffink recast the uncertainty
inequality in terms of Shannon entropy and gave a tighter un-

certainty relation as follows: %!

H(Q)+H(R) > —logc, 6]

where H (Q) (H (R)) is the Shannon entropy of the probabil-
ities of measurement outcomes of the observable Q(R). The

(v
of the observables Q and R with ’y/,% and |yF) being the
eigenstates of Q and R, respectively. Obviously, the lower

2
parameter ¢ = max, , l[/,lf>‘ is the maximal overlap
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bound is independent of the state |y), which means that the
uncertainty principle is an intrinsic nature of incompatible ob-
servables rather than that of the quantum state.

Recently, based on quantum entropy and quantum entan-
glement, Renes et al. put forward a new kind of quantum-
memory-assisted entropic uncertainty relation (QMA-EUR)
with the aid of a quantum memory qubit B that is entangled
with the qubit A to be measured, i.e., the QMA-EUR is[®7!

S(Q|B)+S(R[B) = S(A|B) —log,c, 2

where S(A|B) = S (pas) — S (pg) is the conditional von Neu-
mann entropy of pap, S(p) is von Neumann entropy with
S(p) = —tr(plog,p), S(X|B) with X € (Q, R) is the con-
ditional von Neumann entropy of the post-measurement state
pxs = Li ([wi) (Wi | @ 1) pas (W) (v | @ 1) after the
quantum system A is measured by X, and /g is an identity op-
erator. Obviously, the lower bound of the entropic uncertainty
is reduced whenever S (A |B) < 0.

In the QMA-EUR, since quantum memory provides
quantum information, it breaks the original lower limit of
the classical entropy uncertainty and can reduce or elimi-
nate the uncertainty of the measurement results of two non-
commutative mechanical quantities. Therefore, it is an im-
provement and supplement to the original uncertainty rela-
tionship. Recently, several experiments have confirmed the
QMA-EUR, 101 and several tighter bounds for QMA-EUR
have been put forward.[!"'?! Owing to its appealing perfor-
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mance, the entropic uncertainty relation has attracted much
attention. Some quantum operations of quantum states are
proposed for stable systems, quantum correlation protection
and the reduction of entropic uncertainty,'>-1°! for example,
the behavior of QMA-EUR under different noise, the rela-
tions between the QMA-EUR and teleportation and entan-
glement evidence,””! and the influence of quantum discord
and classical correlation on entropic uncertainty in the pres-
ence of quantum memory.?"??! In addition, QMA-EUR has
many potential applications in the field of quantum infor-

23

mation science, including quantum metrology,!?*! quantum

n,[>*231 quantum key distribution,*8! cryptography,

27,28]

transitio
and quantum randomness. !

Feedback control is the core of control theory, which can
ensure a quantum system has a good control effect even un-
der the influence of decoherence and perturbation.?%*%! Quan-
tum feedback is based on the feedback of measurement re-
sults to alter the future dynamics of the system, and can
be used to control decoherence and entanglement degrada-
tion. Measurement-based feedback is a basic quantum feed-
back method and is closely related to the quantum contin-
uous measurement theory. For example, the measurement-
based feedback can be used to control the solid-state qubits.
Reference [31] obtained the statistical properties of a quan-
tum field by measuring the output current of superconduct-
ing qubits, which provides an effective way of state monitor-
ing. The direct (Markovian) feedback introduced by Wiseman
and Milburn[3>33! has been widely applied by feeding back
the measurement results to systems to modify the future dy-
namics of the system, such as suppressing decoherence,34-36]
improving the creation of steady state entanglement in open

[3738] and enhancing parameter-estimation

quantum systems,
precision.**! Recently, researchers have combined feedback
control with optimal control, Lyapunov control and other con-
trol methods, and proposed corresponding control strategies
for the quantum correlation maintenance of single and double
channels. [4041]

Compared to direct measurement, homodyne measure-
ment is more advantageous since it can detect properties re-
lated to the phase of the system. In this paper we consider
the uncertainty with homodyne-based feedback and address
how different feedback parameters and channels affect the un-
certainty relations. We find that the memory qubit should be
placed in a non-dissipative channel if the single dissipative
channel condition can be chosen, which helps reduce the en-

tropic uncertainty of the system.

2. Investigated model

We consider a system formed by two qubits A and B
(without interaction) locally interacting respectively with a
dissipative cavity, which is illustrated in Ref. [42]. Qubits A

and B are initially entangled, and local quantum homodyne
feedback is applied to qubit A or B. Since the two qubits are
independent, we can first consider the dynamics of a single
qubit in a dissipative cavity. The dynamical evolution of a
quantum state under homodyne measurement is described by
simply dropping the stochastic term

d S 11 1
pdt(t) = —i 5a)cyz—|—§((7.»,.F“i‘F‘o-—)7ps(lt)
+D[/yo- —iF]pS (), )

where F is the feedback Hamiltonian. Without loss of gener-
ality, in this paper, three Hermitian operators A oy, lcy, and
Ao, are selected as the feedback operator to study the effects
of different feedback types on the quantum entanglement and
entropic uncertainty.

For convenience, we combine A 6, with A6, and make

F =A(oysina+oycosar). €))

Obviously, F = F; = Ao, for « = /2, and F = F> = Ao, for
o =0.

When the environment is at zero temperature and the
qubit is initially in a general composite state of its two lev-
els, the single-qubit reduced density matrix p>(¢) in the qubit
basis {|0), |1)} has the form

Sy P1S1(t) Piq'z(f)
)= (p&(r) p%(r))' ®)

Under the feedback of F = A4 (o sin ¢ + o, cos &), we obtain
the elements of the reduced density matrix pS(t) as

pi1 (1) = 1P (0) + V53, (0), ©)
P> (t) = ( —l«ls)Pls1(0)+(1—VS)stz(0)a @)
pia () = &°p1(0) +n°p3; (0), ®)
P31 (1) = 1"5pi(0) + E7p3,(0), O]
us = % A%+ (A*+2y/FAcosa+7y) e 1], (10)
VS = %12 (1—e11), (11)
S l _lry é . . . é
E> = 1¢ 2 [Acosh (Zt i2A sin & sinh 2t ,(12)
ns = —%A ei® <ﬂ+/1ei°‘) ¢ " ginh @t) . (13)
with
I =2A°+2/yAcosa+7, (14)

A= 2\/12(12+2ﬂl cosa+7)— (w+Asina)?. (15)

The specific solution process is shown in Appendix A.

The evolution of the single-qubit reduced density matrix
elements can be easily extended to the two-qubit system. Fol-
lowing the procedures presented in Ref. [43], we find that in
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the standard product basis { [00) [01) [10) |11) }, the diago-
nal elements of the reduced density matrix p(¢) for the two-
qubit system can be written as

pii(t) = uruPpfB(0) + uvPp2®(0) + vAuPp3® (0)
+vAvBp2B(0), (16)
p2(t) = p (1= p®)pP0)+p™(1—vP)pP(0)
VAL = pP)pfP(0) +vA(1—VvP)piP(0), (17)
p33(t) = (1—pu)uBpP(0)+ (1—pu*)vPpP(0)
+(1=vMuPpfP(0)+ (1-vA)vBpgP(0), (18)
paa(t) = (1= p™) (1= pP)pi + (1= ™) (1= vP)p33* (0)
+(1=vh (1= pP)p3(0)
+(1=vh(1=v®)p? (0), (19)
and the nondiagonal elements are
pi2(t) = urER PP (0) + uin®ps® (0) +vAEP P (0)
+vAnPp’(0), (20)
pi3(t) = EAuPp P (0) + EAVEPRP(0) + nuPpii® (0)
+n%vE P (0), @21
pia(t) = EFEPPRP(0) + &% p2 (0) + 0" EP 2R (0)
+n*n°p%(0), (22)
P23(t) = &8Pl (0) + A& 033 (0)+ 0 n P pyP(0)
+1n%Ep3(0), (23)
P2a(t) = EX(1—uP)pis(0)+EX(1—vP)p2P(0)
(1= p®)pP(0) + 0 (1—vB)pP(0), (24)
paa(t) = (1—pM)EPpRP(0) + (1—u™)M®p2P(0)
+(1=vMEP PP (0)+ (1 - v )n®pP(0), (25)
and p (1) = py; (1)
3. Results

Suppose that the observed qubit A and quantum memory
qubit B are initially prepared in X-state, and let A and B in-
dependently pass through the noisy channels. For a two-qubit
system which is described by the density operator, in the stan-
dard computational basis {|00), |01), [10),|11)}, the density
operator can be given by

pin 0 0 puy
0 pnps O

. 26
0 p2p33 O (26)
par 0 0 puy

PAB =

For convenience, based on Eq. (26), we define the right-hand
side of Eq. (2) as!*4]

EB=S(A|B) —log,c=S(pas) —S(ps) —log,c, (27)

and the left-hand side of Eq. (2) as

EU = S(po.s) +S(po.8) —25(ps)- (28)

As stated earlier, EU measures the accuracy of the mea-
surement results. Thus, the higher the accuracy is, the smaller
EU is. EB is the lower limit of the entropic uncertainty, which
can be used to measure the quality of an uncertainty relation.

In this paper, we investigate the effect of feedback con-
trol on the QMA-EUR. We choose Pauli observables Q = oy
and R = o; as the incompatibility to discuss in three cases. In
the first case, we assume that qubit A undergoes a local noisy
environment, and quantum feedback control is applied to it,
while qubit B is free from environment noise. In the second
case, qubit B experiences a noisy environment and quantum
feedback control, but qubit A is independent of a noisy envi-
ronment. The third case is that qubit A and B are respectively
located in an independent environment and suffer local quan-
tum feedback controls which are identical to each other.

In the following simulations, we assume the initial states
of the qubits as:

py (r.0) = [w(0)) (w(0)],|w(6))
= c0s0]00)+sin 0O |11). (29)

3.1. The feedback control with F; = Ao,

In this section we study the case of
= Ao,. (30)

The density matrix can be exactly solved by substituting
o = /2 into Egs. (6)—(25). In order to show the evolution
of the entropic uncertainty under feedback control, we per-
form numerical investigation under different conditions, such
as a single dissipative channel and double dissipative channels.
Figures 1-3 show typical numerical investigation results.

In Fig. 1, we present the time evolution of the entropic un-
= Ao, with the
feedback coefficient A. It can be clearly seen that for the model
studied in this paper, under homodyne measurement feedback

certainty under quantum feedback control Fj

control, the entropic uncertainty of the system increases for
open quantum systems with single dissipative channel or with
double dissipative channels. The physical reasons can be sim-
ply explained as follows. To some extent, the homodyne mea-
surement interferes with the quantum state and causes deco-
herence of the quantum system, thus increasing the uncertainty
of the system. In addition, it is easy to know from Fig. 1 that
although the feedback effect leads to the increase of the en-
tropic uncertainty, with the increase of feedback coefficient
A, the entropic uncertainty is more likely to approach a steady
value, which is conducive to improving the stability of the sys-
tem. Further numerical investigations show that increasing the
feedback coefficient A will increase the steady value of en-
tropic uncertainty. Therefore, from both feedback control and
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system robustness, the feedback coefficient A should take a
smaller value.

2.0
1.6
L2
-]
=
0.8 #
solid line: v, =1.0, yg =1.0
04F dash line: v, =0.0, 75 =1.0
dot line: v, =1.0, v5 =0
0 1 1 1 1
0 1 2 3 4 5

t

solid line: v, =1.0, v5 =1.0

04F dash line: v, =0.0, y3=1.0
dot line: v, =1.0, v5 =0
0 L L L L
0 1 2 3 4 5

t

Fig. 1. The influence of feedback on entropic uncertainty with 8 = /4.
Under the influence of homodyne feedback control, the entropic un-
certainty of an open quantum system, with single dissipative chan-
nel or double dissipative channels, will increase (a) without feedback:
Aa = Ag = 0; (b) with feedback: Ap = Ag =0.5.

In Figs. 2 and 3, we present evolutions of the entropic
uncertainty as a function of time ¢ and feedback coefficient A
under different situations. Figure 2 describes the influence of
a single-sided dissipative channel on the entropic uncertainty
under the feedback control F| = A0;. By comparing Fig. 2(a)
and 2(b), we can see that, under exactly the same feedback
condition, when qubit B serves as the memory qubit and is
placed in the channel without dissipation, the entropic uncer-
tainty first increases to a maximum value, and then decreases
to a smaller steady value. Inversely, if the memory qubit B is
placed in a dissipative channel, the entropic uncertainty will
be significantly increased. Obviously, the greater the entropic
uncertainty relation is, the greater the uncertainty of the mea-
surement results of two non-commuting observables will be,
which will affect its application in quantum information tech-
nology. At present, since people do not have a deep under-
standing of the physical mechanism of the influence of quan-
tum measurement, we cannot properly understand the physical
cause of the difference. Nevertheless, in quantum engineering
applications, previous results tell us that, if possible, memory
qubits should be placed in a non-dissipative channel.

Figure 3 presents the time evolution of entropic uncer-
tainty under the feedback F; = Ao, where A and B are in

identical local dissipative channels. Compared with the single-
sided channel (see Fig. 2(a)), when the corresponding parame-
ters are the same, the increase of dissipative channel enhances
the environmental decoherence effect, leading to a significant
increase in the entropic uncertainty in the initial stage of evo-
Iution. However, there is no obvious difference in the steady

value.
2.0
(a)
1.6+
1.2
-]
= L
0.8
04t solid line: Ay =0.1, Ag=0.1
dash line: A\, =0.0, Ay =0.1
dot line: Ay =0.1, Ag=0
O L L L L
0 1 2 3 4 5
t
2.0 =
(b) :
1.6
1.2
-]
53|
0.8
0.4k solid line: Ay =0.1, Ag=0.1
' dash line: Ay =0.0, Ay =0.1
dot line: Ay =0.1, Ag=0
0 L L L L
0 1 2 3 4 5
t

Fig. 2. Dynamics of the entropic uncertainty as a function of time ¢ in
the single-sided dissipative channel by homodyne-based feedback con-
trol F{ = A0,. (a) Channel A is a dissipative channel with y5 = 1,
channel B is an ideal noise free channel. (b) Channel A is an ideal noise
free channel, channel B is a dissipative channel with 3 = 1.

2.0

16f {7

1.2
-]
€a)

0.8

0.4} solid line: Ay =0.1, Ag=0.1

dash line: Ay =0.0, Az =0.1
dot line: Ay =0.1, Ag=0
0 L L L L
0 1 2 3 4 5

t

Fig. 3. Dynamics of the entropic uncertainty as a function of time
t in the identical local dissipative channels with Yo = ¥ = 1.0 by
homodyne-based feedback control F| = A0y

3.2. The feedback control with F> = A o,

In this section, we suppose that the feedback control is

B =20, 31)
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2.0
(a)
1.6
1.2H
=)
€3]
0.8
0.4 solid line: Ay =0.1, A\g=0.1
T dash line: Ay =0.0, Ay =0.1
dot line: Ay =0.1, Ag=0
O 1 1 1 1
0 1 2 3 4 5

solid line: Ay =0.1, Az =0.1

0-4r dash line: Ay =0.0, A =0.1
dot line: Ay =0.1, Ag=0
O L L L L
0 1 2 3 4 5

t

Fig. 4. Dynamics of the entropic uncertainty as a function of time ¢ in
single-sided dissipative channel by homodyne-based feedback control
F, = Aoy. (a) Channel A is a dissipative channel with y4 = 1, channel
B is an ideal noise free channel. (b) Channel A is an ideal noise free
channel, channel B is a dissipative channel with y3 = 1.

2.0

0.4} solid line: Ay =0.1, Ay =0.1
dash line: Ay =0.0, Ay =0.1
dot line: Ay =0.1, Ag=0

0 L L L L
0 1 2 3 4 5
t

Fig. 5. Dynamics of the entropic uncertainty as a function of time
t in the identical local dissipative channels with ya = ¥ = 1.0 by
homodyne-based feedback control /> = Ao;.

Substituting o = 0 into Egs. (6)—(25), we obtain the en-
tropic uncertainty as a function of ¢ and the feedback coeffi-
cient A.

Comparing Fig. 2 with Fig. 4, and Fig. 3 with Fig. 5
under the same conditions, we find that the homodyne-based
feedback control /> = A6, has almost the same effect on the
entropic uncertainty with F; = A0,. In summary, under the
homodyne-based feedback control Fi = Aoy or F» = A0y,
when only qubit A is in a dissipative environment or both
qubits A and B interact independently with individual environ-
ments, the entropic uncertainty firstly increases with time, then

turns down and tends to a steady value. It is similar to the dy-
namical behavior of QMA-EUR discussed in Ref. [45], where
qubits A and B are in the depolarizing channel, and no feed-
back effect exists. In contrast, when only the memory qubit B
is in a dissipative environment, the entropic uncertainty mono-
tonically increases and tends to a steady value, which is similar
to the dynamical behavior of QMA-EUR, where qubits A and
B are in the phase damping channel, and no feedback effect
exists.

3.3. The feedback with /3 = A0,

As a comparison, the homodyne-based feedback control
F;=Ac; (32)

is investigated below. The solution process is shown in Ap-
pendix B.

The dynamical behavior of QMA-EUR is shown in Fig. 6.
Unlike with the feedback control Fi = Ao, or F, = Aoy, we
find that, under the homodyne-based feedback control F3 =
Aoy, there is no significant difference in the entropic uncer-
tainty either in the single-sided dissipative channel (with or
without dissipation in the channel where the memory qubit is
located) or the two-sided dissipative channels. The feedback
coefficient A also has no obvious influence on the entropic un-
certainty.

2.0

EU

solid line: Ay =0.1, Ag=0.1

0-4 dash line: Ay =0.0, Ag=0.1
dot line: Ay, =0.1, Ag =0
0 . . . .
0 1 2 3 4 5

t

Fig. 6. Dynamics of the entropic uncertainty as a function of time ¢ in
the identical local dissipative channels with y4 = y3 = 1.0 and F = A 0.

4. Influence of the difference between feedback
parameters

The above results show that entangled qubits A and B
play different roles in the uncertainty relation. Thus, under the
single-sided dissipative channel, the entropic uncertainty of
the system is inconsistent for the dissipative or non-dissipative
channel where the memory qubit is located. Our further study
also indicates that it is precisely because of the different roles
played by A and B that the difference of feedback on them
will lead to the difference of entropic uncertainty in the initial
stage of dynamic evolution. Figure 7 exhibits the influence of
difference between feedback coefficients on the entropic un-
certainty. Clearly, from Fig. 7, we find that under F; = Ao, or
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F> = Ao, when the feedback coefficient of the memory qubit
is larger (Ag > Aa), the steady value of the entropic uncer-
tainty is small; the steady value increases with Ag. In addition,
for Ag > Aa, the greater the difference of feedback coefficient,
the greater the difference of entropic uncertainty in the initial
stage, but it has no influence on the steady value (no figures
are given). Under the feedback control F3 = Ao,, however, a
difference in feedback coefficient will only cause a difference
in entropic uncertainty in the initial stage, and have no effect

on the steady value of entropic uncertainty.

2.0
(a)
1.6}
1.2
o
&
0.8
04r solid line: Ay =0.3, Az =0.1
dash line: A\, =0.1, Ay =0.3
0 Il Il Il Il
0 1 2 3 4 5
t
2.0
(b)
1.6}
1.24
oy
&
0.8
0.4f solid line: Ay = 0.3, Ag = 0.1
dash line: Ay =0.1, Ay =0.3
0 Il Il Il Il
0 2 4 6 8 10

t

Fig. 7. The influence of difference between feedback coefficients on the
entropic uncertainty with Yo = ¥ = 1.0. Qubits A and B are in identical
local dissipative channels. (a) F| = A0y. (b) F3 =

5. Conclusion

In summary, we have studied the effect of homodyne-
based feedback control on the QMA-EUR in different dissi-
pative environments. (i) In order to reduce the entropic un-
certainty of the system as much as possible and improve the
robustness of the system against decoherence, memory qubits
should be placed in the non-dissipative channel when the sit-
uation of a single-sided dissipative channel can be selected.
(i1) Due to different roles played by entangled qubits A and
B, when the homodyne-based feedback control is F = Ao, (or
F = A0,) and the control quantities applied to the two qubits
are different (namely the feedback coefficients are different),
then it is more conducive to reducing the entropic uncertainty
of the system when the feedback received by memory qubit B
is larger. (iii) Considering both the feedback control and the
robustness of the system, the feedback coefficient A should be

as small as possible when the homodyne-based feedback con-
trol is adopted.

Appendix A

In what follows, we derive the reduced density
matrix pS(t) of the single-qubit system under F =
A (oysino+ oy coscr).  Substituting Eq. (4) into Eq. (3)

yields the following formulae:

Pi (1) =— (A2 +2y/FAcosa+7)pfi (1) +A%p3,(t), (Al
P (1) =(A%+2y/FAcos o+ 7)pP (1) — A2p5, (1), (A2)
(1) =— % [i2(Asin o+ ®)+21%42,/7A cos a+7] P (1)

— 2 (V7 aei) p5i (1),
PR =—Ae™ (Vy+Ae ) (1)

+ 3 [2(Asina+0)~20>-2FAcoso—] pSi 1),
(A4)

(A3)

We see that equations (A1)—(A4) are separated into two
independent equation groups. For Egs. (A1) and (A2), they
satisfy the following matrix form:

pi)\  [(—(A*+2y/FAcosa+y) A2
<p252(t)> ( A2 (A2+2,/YA cos OH—V))

(AS5)

According to the eigenvectors and eigenvalues of the ma-
trix M, the solution to Eq. (A5) can be obtained; see Egs. (6)
and (7).

Similarly, we can give the solutions of Eqs. (A3) and
(A4).

Appendix B

Inserting Eq. (32) into Eq. (4), the master equation of the
density matrix may be expressed in terms of its component

forms
pfl(t)z—ypfl(miw(p?() pA(1), (BD)
520 =00 1Y (oh - pfie). ®2)
PR =i (143 TP () +i% (1 v pS0)

- % (v+42%) p}(0), (B3)
P = %( PPN~ i (1- VD S

-3 L (r+422) 05,0, (B4)
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When y = 1, we see that equations (B1)-(B4) can be

directly obtained by an integral. The analytical solutions of
Eq. (4) can be expressed as

into

pri(t) =e"piy, (B5)
P> (t) =(1—e™")pP) +p3,(0), (B6)
h92 42
pio(1) =e  GAHOI DY 4 Iz
x [em@H0 e pf0), B
P51 (1) = (p5(1))" (B8)

When 7y # 1, for Egs. (B1)—(B4), we first transform them
the form of a matrix. Then, similar to Appendix A, the

solutions can be given by the eigenvectors and eigenvalues of

the matrix.
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