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harmonic plus quartic trap
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We consider a SU(3) spin–orbit coupled Bose–Einstein condensate confined in a harmonic plus quartic trap. The
ground-state wave functions of such a system are obtained by minimizing the Gross–Pitaevskii energy functional, and the
effects of the spin-dependent interaction and spin–orbit coupling are investigated in detail. For the case of ferromagnetic
spin interaction, the SU(3) spin–orbit coupling induces a threefold-degenerate plane wave ground state with nontrivial spin
texture. For the case of antiferromagnetic spin interaction, the system shows phase separation for weak SU(3) spin–orbit
coupling, where three discrete minima with unequal weights in momentum space are selected, while hexagonal honeycomb
lattice structure for strong SU(3) SOC, where three discrete minima with equal weights are selected.
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1. Introduction
Ultracold atom system is proven to be an ideal platform

for exploring exotic quantum state in many-body systems.[1,2]

Recently, the experimental realization of synthetic spin–orbit
coupling (SOC) in both Bose–Einstein condensate (BEC)
and quantum degenerate Fermi atomic gas provides us an-
other window to explore novel states of matter, and has pro-
foundly advanced our understanding of quantum phenomena
in condensed-matter physics, such as topological insulators,
quantum spin Hall effect, superconductivity, and so on.[3–20]

The main advantage of such a system lies in the fact that the
SOC can be realized in a bosonic system, which is in stark
contrast to the traditional condensed one, resulting in many
novel quantum states that cannot be found in the traditional
condensed-matter one.[21–23]

Generally speaking, in real ultracold atom experiments,
the atomic gas is trapped by an external potential. The ground
state properties of a spin–orbit-coupled BEC trapped in a
variety of external potentials, such as harmonic trap, opti-
cal lattice, concentrically coupled annular trap, and toroidal
trap, have been well studied.[7,24–26] With the development of
technology, a new type of external potential, that is the har-
monic plus quartic trap, can be realized by adding a quartic
part to a harmonic potential. With the help of such poten-
tial, one can study the ground state and dynamical properties
of BEC when the rotation frequency Ω exceeds the trapping
frequency.[27–31] Very recently, Chen and his coauthors have
investigated the ground-state and rotational properties of BEC,
with or without SOC, in such a type of external potential.[32,33]

So far, most of previous works on spin–orbit coupled
BEC have been restricted to SU(2) type SOC, where the

internal states are coupled to their momenta via the SU(2)
Pauli matrices and a variety of topological defects have been
predicted.[34–42] To completely describe all the pairwise cou-
plings between different internal states in a spin-1 system, the
SU(3) type SOC is more effective, where the spin operator is
spanned by the Gell–Mann matrices.[43–45] Very recently, the
double-quantum spin vortices have been predicted in SU(3)
spin–orbit-coupled Bose gases,[46] in which the ground-state
phases of the SU(3) spin–orbit coupled system are investigated
for a homogeneous system.

Inspired by the works mentioned above, it is of particular
interest to study the effects of both spin interaction and exter-
nal potential on the ground state structure of such a system in
different parameter regions, which is what we attempt to do
in this work. The results show that different from the previ-
ously discussed SU(2) SOC, the ground-state structures of the
trapped system depend strongly on such controllable system
parameters.

The remainder of the present paper is organized as fol-
lows. In Section 2, we formulate the theoretical model de-
scribing a spin-1 BEC with SU(3) SOC confined in a harmonic
plus quartic trap, and briefly introduce the numerical method.
In Section 3, the ground-state structures of such a system for
both ferromagnetic and antiferromagnetic spin interactions are
presented, and the effects of SOC and the external potential are
discussed. Finally, the main results of this paper are summa-
rized in Section 4.

2. Model and method
To begin with, we consider a quasi-two-dimensional

(Q2D) spin-1 BEC with SU(3) SOC, which is confined in a
†Corresponding author. E-mail: fanglin-4444@163.com
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harmonic plus quartic trap. In the zero-temperature mean-field
theory, the energy functional of the system can be written as

E =
∫

d𝑟
{
𝛹 *
(
−h̄2

∇2

2m
+𝒱so +Vext

)
𝛹 +

c0

2
n2

+
c2

2

[
(n1 −n−1)

2 +2|ψ*
1 ψ0 +ψ

*
0 ψ−1|2

]}
, (1)

where 𝛹 = [ψ1(𝑟),ψ0(𝑟),ψ−1(𝑟)]
T denotes the order param-

eter for the spinor Bose gas, and satisfies
∫

n(𝑟)d𝑟 = N with
n = ∑m=1,0,−1 nm and nm = |ψm|2,[47,48] N is the total atom
number. The interaction coefficients in Eq. (1) are given
by c0 = 4π h̄2(a0 +2a2)/(3m) and c2 = 4π h̄2(a2 −a0)/(3m),
where m is the atom mass, a0 and a2 are the s-wave scatter-
ing lengths in colliding channels with total spins 0 and 2, re-
spectively. The SU(3) SOC can be written as 𝒱so = κ𝜆 · 𝑘
with 𝑘 = (kx,ky) being the 2D momentum and κ the strength
of SOC. Different from the SU(2) case, the spin matrices of
SU(3) are

λx =

 0 1 1
1 0 1
1 1 0

 , λy =

 0 −i i
i 0 −i
−i i 0

 , (2)

which are related to the Gell–Mann matrices, i.e., the genera-
tors of the SU(3) group.[49]

In the present work, we assume that the spin-1 BEC with
SU(3) SOC is confined by a harmonic plus quartic trap, which
can be written as[30]

Vext(r) =
1
2

m
(
ω

2
x x2 +ω

2
y y2)+ 1

4
µx4, (3)

where ωx and ωy are the harmonic trapping frequencies along
the x- and y-axis directions, respectively. We note that the
last term on the right-hand side of Eq. (3) represents the an-
harmonic quartic potential with µ being the strength, which
is also only added along the x-axis direction. For the sake of
simplicity, we will work in dimensionless units by using the
natural units with h̄ = m = 1 throughout this paper.

The many-body ground states of the system can be ob-
tained numerically by using the imaginary-time propagation
method to solve the corresponding Gross–Pitaevskii equa-
tions, which can minimize the total energy functional.[50,51]

In our numerical calculations, we start from some proper ini-
tial wave-function, including the ground states of the homo-
geneous system, and propagate it until the fluctuation of the
wave function becomes smaller than 10−6.

3. Results and discussion
As is well-known, in the absence of SOC, the ground

state of a spin-1 condensate is ferromagnetic for c2 < 0 and
antiferromagnetic for c2 > 0. In the presence of SU(3) SOC,
the single-particle energy spectrum of the homogeneous sys-
tem acquires three discrete minima residing on the vertices of
an equilateral triangle, leading to a threefold-degenerate mag-
netized state or a topologically nontrivial lattice state, which

strongly depends on the different choices among such three
minima made by the many-body interactions.[46] In what fol-
lows, we will investigate the ground state structure of a SU(3)
spin–orbit-coupled BEC confined in a harmonic plus quartic
trap for ferromagnetic and antiferromagnetic spin interactions,
respectively. For simplicity and without loss of generality,
we will consider the special case with c0 = 10 and µ = 0.1
throughout this work.[28,30,32]

3.1. Ferromagnetic spin interaction

We first consider the ferromagnetic spin interaction, i.e.,
c2 < 0. In this case, the ground state of the spin-1 ferromag-
netic condensate with SU(2) SOC is a plane wave state with a
finite momentum.[7] Figure 1 shows the ground-state density,
phase, spin, and momentum distributions of ferromagnetic in-
teraction with c2 < 0 for weak SU(3) SOC, where the momen-
tum distribution can be given by using the Fourier transforma-
tion n(𝑘) =

∫
d𝑟n(𝑟)e i𝑘·𝑟. As shown in Fig. 1(b), the phase

distribution of each component and momentum distribution
demonstrate that the ground state of a trapped SU(3) system
is also a single plane wave state, where only one minimum of
the single-particle spectrum is occupied through spontaneous
symmetry breaking. This is consistent with the homogenous
SU(3) system in which one of the three minima of the single-
particle spectrum is selected by spontaneous symmetry break-
ing, and the system shows threefold degenerate instead of dou-
bly degenerate in the SU(2) case.

However, if we look at the density distributions of the sys-
tem shown in Fig. 1(a), we find that the system is phase separa-
tion. It is in stark contrast to the homogenous case, where three
components are phase coexistence or miscible, and the system
is in a magnetized phase with the spatial transitional symme-
try preserved but the time-reversal symmetry broken.[46] To
give a more clear explanation of the above results, we also
plot the spin-component distribution and spin texture of the
system,[47,48] which can be written as

Fx = h̄
[
ψ

*
0 (ψ1 +ψ−1)+ψ0(ψ

*
1 +ψ

*
−1)
]
/
√

2,

Fy = ih̄
[
ψ

*
0 (ψ1 −ψ−1)−ψ0(ψ

*
1 −ψ

*
−1)
]
/
√

2,

Fz = h̄
(
|ψ1|2 −|ψ−1|2

)
. (4)

Figure 1(c) exhibits the spin-component distribution and the
spin texture of the system. From the z-component distribution
of spin, one can easily find the phase separation behavior of
the trapped SU(3) system.

For a relatively strong SU(3) SOC, such as κ = 4.5 shown
in Fig. 2, one find a similar, but more pronounced ground-
state density, phase, spin, and momentum space distributions.
In this case, it is easy to see that the momentum of the plane
wave increases with the strength of the SU(3) SOC, as shown
in Fig. 2(b) for the phase distribution of each component.
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Fig. 1. The ground state of a spin-1 ferromagnetic BEC with SU(3) SOC for c0 = 10, c2 = −1, and κ = 1. (a) The density distribution of each component
and the total density distribution of the system. (b) The phase distribution of each component and momentum space distribution. (c) The spin-component
distribution and spin texture of the system. The strength of the quartic trap µ = 0.1, and the field of view is 6.4×6.4 in dimensionless units with h̄ = m = 1.
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Fig. 2. The ground state of a spin-1 ferromagnetic BEC with SU(3) SOC for c0 = 10, c2 = −1, and κ = 4.5. (a) The density distribution of each component
and the total density distribution of the system. (b) The phase distribution of each component and momentum space distribution. (c) The spin-component
distribution and spin texture of the system. The strength of the quartic trap µ = 0.1, and the field of view is 6.4×6.4 in dimensionless units with h̄ = m = 1.

Figure 3 shows another threefold-degenerate ground state of the system for strong SU(3) SOC κ = 6. In this case, the ground
state of the system is also a plane wave, and only one of the three minima of the single-particle spectrum is occupied. However,
the spin component distribution is totally different from that in the previous cases, where the x- and y-components of the spin
distribution show a funnel structure, as shown in Fig. 3(c). For the last choice of the threefold-degenerate ground state, that is the
lower right corner of the three minima of the single-particle spectrum is occupied, the density and spin distributions are similar
to those in Fig. 3.
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Fig. 3. The ground state of a spin-1 ferromagnetic BEC with SU(3) SOC for c0 = 10, c2 = −1, and κ = 6. (a) The density distribution of each component
and the total density distribution of the system. (b) The phase distribution of each component and momentum space distribution. (c) The spin-component
distribution and spin texture of the system. The strength of the quartic trap µ = 0.1, and the field of view is 6.4×6.4 in dimensionless units with h̄ = m = 1.

3.2. Antiferromagnetic spin interaction

We now turn our attention to the case of antiferromag-
netic spin interaction, that is, c2 > 0. We recall that for the
SU(2) spin–orbit-coupled system, only two points in momen-
tum space of the single-particle spectrum are selected, lead-
ing to the formation of stripe phase.[7] Figure 4 shows the
ground-state density, phase, spin, and momentum space distri-

butions of a spin-1 antiferromagnetic condensate for c0 = 10
and c2 = 1 with weak SU(3) SOC κ = 1. As shown in
Fig. 4(a), the density of each component exhibits obviously
phase separation, where three discrete minima with unequal
weights form a equilateral triangle in momentum space (as
shown in the last column of Fig. 4(b)). This is in stark con-
trast to the homogeneous case, where three discrete minima
with equal weights are selected.
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Fig. 4. The ground state of a spin-1 antiferromagnetic BEC with SU(3) SOC for c0 = 10, c2 = 1, and κ = 1. (a) The density distribution of each component
and the total density distribution of the system. (b) The phase distribution of each component and momentum space distribution. (c) The spin-component
distribution and spin texture of the system. The strength of the quartic trap µ = 0.1, and the field of view is 6.4×6.4 in dimensionless units with h̄ = m = 1.
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For strong SU(3) SOC, such as κ = 4.5 shown in Fig. 5,
the density of each component displays a hexagonal honey-
comb lattice structure, as shown in Fig. 5(a). If we look at
the momentum space distribution shown in the last column of
Fig. 5(b), three discrete minima with equal weights are occu-
pied due to the presence of the strong SU(3) SOC, which is
consistent with the homogeneous case.

Finally, we give an experimental protocol to observe the
above ground-state phases in future experiments. The most
important parameter of the system considered in this work is
the SU(3) SOC. Following the Raman dressing method used in
NIST experiments,[5,52] the SU(3) SOC can be experimentally
realized by using a similar method of Raman dressing, where
three laser beams with different polarizations and frequencies
intersect at an angle of 2π/3. In addition, the strength of the
SU(3) SOC can also be precisely controlled by optical means.
With regard to the contact spin interactions, the ferromagnetic

and antiferromagnetic spin interactions can be realized in 87Rb
and 23Na condensates, respectively. For the quasi-two dimen-
sional system, the dimensionless spin interaction parameters
are usually written as c0 =

4πN(a0+2a2)

3
√

2πξz
and c2 =

4πN(a2−a0)

3
√

2πξz
,[53]

where N is the particle number, ξz =
√

h̄/mωz is the charac-
teristic length of the harmonic potential along z direction with
ωz being the trapping frequency and serves as the unit of spa-
tial coordinate. If we take the real experimental parameters
N = 104 and ωz = 2π ×200 Hz, then c0 = 10 and c2 = 1 cor-
respond to a0 ≃ 4.5aB and a0 ≃ 6.1aB, which are actually so
weak that the mean field theory used in this paper is still valid.
Futhermore, when the strength of the quartic trap is relatively
weak, such as µ = 0.01 or even smaller, the ground-state of the
system shows qualitatively similar structures with the above
results, leaving the main physics analyzed in this work unal-
tered.
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Fig. 5. The ground state of a spin-1 antiferromagnetic BEC with SU(3) SOC for c0 = 10, c2 = 1, and κ = 4.5. (a) The density distribution
of each component and the total density distribution of the system. (b) The phase distribution of each component and momentum space
distribution. (c) The spin-component distribution and spin texture of the system. The strength of the quartic trap µ = 0.1, and the field of view
is 6.4×6.4 in dimensionless units with h̄ = m = 1.

4. Conclusion

In summary, we have considered a spin-1 BEC with
SU(3) SOC confined in a harmonic plus quartic trap. The
effects of SU(3) SOC on the ground-state structure of the
system are investigated for both ferromagnetic and antiferro-
magnetic condensates. Different from the system with SU(2)
Rashba SOC, where the single-particle ground states are in-
finitely degenerate along a circular ring in momentum space,
the SU(3) SOC leads to a threefold-degenerate single parti-

cle ground state in momentum space. When the atomic in-
teractions are taken into account, the SU(3) SOC gives rise
to some novel quantum states, which are different from the
plane wave and stripe phase generated by the SU(2) SOC.
For the ferromagnetic spin interaction in the condensate with
SU(3) SOC, the ground state shows a threefold-degenerate
plane wave ground state, but with a different spin-component
distribution for strong SOC. While for the antiferromagnetic
spin interaction, three discrete minima with unequal (equal)
weights in momentum space are selected for weak (strong)
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SU(3) SOC, and a hexagonal honeycomb lattice structure is
formed for strong SU(3) SOC. These results show that the
ground-state structure of a trapped SU(3) spin–orbit coupled
BEC has strong dependence on both the strength of the SU(3)
SOC and the spin-exchange interaction.
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043614
[46] Han W, Zhang X F, Song S W, Saito H, Zhang W, Liu W M and Zhang

S G 2016 Phys. Rev. A 94 033629
[47] Kawaguchi Y and Ueda M 2012 Phys. Rep. 520 253
[48] Stamper-Kurn D M and Ueda M 2013 Rev. Mod. Phys. 85 1191
[49] Arfken G B, Weber H J and Harris F E 2000 Mathematical Methods

for Physicists (Elsevier: Academic Press)
[50] Press W H, Teukolsky S A, Vetterling W T and Flannery B P 1992

Numerical Recipes in Fortran 77 (Cambridge: Cambridge University
Press)

[51] Bao W Z, Jaksch D and Markowich P 2003 J. Comput. Phys. 187 318
[52] Zhang Y, Mao L and Zhang C 2012 Phys. Rev. Lett. 108 035302
[53] Wen L, Sun Q, Wang H Q, Ji A C and Liu W M 2012 Phys. Rev. A 86

043602

070302-6

http://dx.doi.org/10.1038/nature08609
http://dx.doi.org/10.1038/nphys2824
http://dx.doi.org/10.1038/nature09887
http://dx.doi.org/10.1038/nphys1954
http://dx.doi.org/10.1103/PhysRevLett.105.160403
http://dx.doi.org/10.1103/PhysRevLett.107.150403
http://dx.doi.org/10.1103/PhysRevLett.109.095301
http://dx.doi.org/10.1103/PhysRevLett.108.235301
http://dx.doi.org/10.1103/PhysRevLett.108.235301
http://dx.doi.org/10.1038/nphys3672
http://dx.doi.org/10.1103/PhysRevLett.117.235304
http://dx.doi.org/10.1038/nphys2905
http://dx.doi.org/10.1126/science.aaf6689
http://dx.doi.org/10.1088/0256-307X/33/10/100502
http://dx.doi.org/10.7498/aps.67.20180539
http://dx.doi.org/10.7498/aps.66.220301
http://dx.doi.org/10.1088/1674-1056/26/8/080304
http://dx.doi.org/10.1103/PhysRevA.94.061602
https://doi.org/10.1016/j.aop.2018.01.018
http://dx.doi.org/10.1103/RevModPhys.83.1523
http://dx.doi.org/10.1103/RevModPhys.83.1523
http://dx.doi.org/10.1088/0034-4885/77/12/126401
http://dx.doi.org/10.1088/0034-4885/77/12/126401
http://dx.doi.org/10.1088/0034-4885/78/2/026001
http://dx.doi.org/10.1103/PhysRevLett.108.010402
http://dx.doi.org/10.1103/PhysRevLett.108.010402
http://dx.doi.org/10.1103/PhysRevA.86.063628
http://dx.doi.org/10.1103/PhysRevA.86.063628
http://dx.doi.org/10.1103/PhysRevA.95.033620
http://dx.doi.org/10.1103/PhysRevA.95.033620
http://dx.doi.org/10.1103/PhysRevLett.94.150401
http://dx.doi.org/10.1103/PhysRevA.72.043613
http://dx.doi.org/10.1103/PhysRevA.80.063621
http://dx.doi.org/10.1103/PhysRevA.80.063621
http://dx.doi.org/10.1103/PhysRevA.81.043605
http://dx.doi.org/10.1103/PhysRevA.84.023610
http://dx.doi.org/10.1103/PhysRevA.84.023610
http://dx.doi.org/10.1016/j.physleta.2015.06.062
http://dx.doi.org/10.1088/0253-6102/66/1/053
http://dx.doi.org/10.1088/0253-6102/66/1/053
http://dx.doi.org/10.1088/0256-307X/28/9/097102
http://dx.doi.org/10.1088/0256-307X/28/9/097102
http://dx.doi.org/10.1103/PhysRevLett.107.270401
http://dx.doi.org/10.1103/PhysRevLett.109.015301
http://dx.doi.org/10.1103/PhysRevLett.109.015301
http://dx.doi.org/10.1103/PhysRevLett.110.264101
http://dx.doi.org/10.1103/PhysRevLett.112.180403
http://dx.doi.org/10.1103/PhysRevLett.112.180403
http://dx.doi.org/10.1103/PhysRevLett.115.253902
http://dx.doi.org/10.1103/PhysRevLett.115.253902
http://dx.doi.org/10.1103/PhysRevE.90.062922
http://dx.doi.org/10.1088/1367-2630/18/2/025020
http://dx.doi.org/10.1103/PhysRevLett.118.190401
http://dx.doi.org/10.1103/PhysRevB.90.195127
http://dx.doi.org/10.1103/PhysRevB.90.195127
http://dx.doi.org/10.1103/PhysRevLett.109.235308
http://dx.doi.org/10.1103/PhysRevA.98.043614
http://dx.doi.org/10.1103/PhysRevA.98.043614
http://dx.doi.org/10.1103/PhysRevA.94.033629
http://dx.doi.org/10.1016/j.physrep.2012.07.005
http://dx.doi.org/10.1103/RevModPhys.85.1191
http://dx.doi.org/10.1016/S0021-9991(03)00102-5
http://dx.doi.org/10.1103/PhysRevLett.108.035302
http://dx.doi.org/10.1103/PhysRevA.86.043602
http://dx.doi.org/10.1103/PhysRevA.86.043602

	1. Introduction
	2. Model and method
	3. Results and discussion
	3.1. Ferromagnetic spin interaction
	3.2. Antiferromagnetic spin interaction

	4. Conclusion
	References

