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A comprehensive study on the requirements for the highly efficient third harmonic generation (THG) and its inverse
process, one-third harmonic generation (OTHG), in lossy waveguides is proposed. The field intensity restrictions for both
THG and OTHG caused by loss are demonstrated. The effective relative phase ranges, supporting the positive growth of
signal fields of THG and OTHG are shrunken by the loss. Furthermore, it turns out that the effective relative phase ranges
depend on the intensities of the interacting fields. At last, a modified definition of coherent length in loss situation, which
evaluates the phase matching degree more precisely, is proposed by incorporating the shrunken relative phase range and the
nonlinear phase mismatch. These theoretical analysis are valuable for guiding the experimental designs for highly efficient
THG and OTHG.
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1. Introduction
Nonlinear optical processes in optical microfibers have at-

tracted significant interest because of the unique environment,
including a tight confinement of light, long interaction lengths,
and large manageable waveguide dispersion.[1–3] With a rel-
atively low optical power, many enhanced nonlinear effects,
such as supercontinuum generation,[4,5] bistability,[6,7] two-
photon absorption,[8,9] third-harmonic generation,[10–13] and
one-third harmonic generation,[13–17] have been demonstrated.

In this work, we focus on third-harmonic generation
(THG) and one-third harmonic generation (OTHG) in optical
microfibers, which are a pair of inverse processes and share
the same phase matching condition that can be realized by
engineering the waveguide dispersion in optical microfibers.
The THG is widely used to produce novel wavelengths, which
are attractive to optical logic unit,[18] material processing,[19]

and so on. The OTHG, on the other hand, is a potential
way to generate the triple photon states with possible appli-
cations in quantum cryptography, quantum information pro-
cessing, and general experiments investigating the fundamen-
tal nature of quantum entanglement. The theoretical frame-
work behind THG and OTHG in optical microfibers was de-
veloped initially by Grubsky and Savchenko in 2005.[10] Fol-
lowing, laser power and waveguide design parameters for high
THG and OTHG efficiency were analyzed with the lossless
approximation.[13,15] However, the optical attenuation is un-

neglectable and influences the nonlinear conversion in real ex-
periments. Several theoretical researches on THG[20–22] and
OTHG[14,17,20] have included the optical losses in their numer-
ical calculations, but mainly aim at improving the correspond-
ing conversion efficiency by designing the waveguide param-
eters. The influences of losses on the optical parameters, in-
cluding power and phases, have not been systematically inves-
tigated for both THG and OTHG processes in microfibers.

Here, a general analysis on THG and OTHG in lossy
waveguides is made to get a guideline for the experimental
designs to achieve the high efficiencies. The required opti-
cal field conditions for THG and OTHG conversions in loss
waveguides are deduced from the coupled mode equations.
The requirements are quite different from those in the loss-
less situation. Accordingly, a modified definition of coherent
length is proposed to evaluate the phase matching degree in
loss situation more precisely. At last, some suggestions for
improving the conversion efficiencies of THG and OTHG in
lossy waveguides are made based on the analysis.

2. Coupled mode equations
The fields at ω and 3ω are assumed in different but sin-

gle propagating modes of a waveguide as represented by the
slowly varying complex amplitudes Am(z), m = 1,3 respec-
tively. The following set of equations can then be derived,[10]

with losses αm, m = 1,3 included.

∂A1

∂ z
=−α1A1 + iγ0

[(
J1 |A1|2 +2J2 |A3|2

)
A1 + J3 (A∗1)

2 A3 e iδβ z
]
, (1a)
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∂A3

∂ z
=−α3A3 + iγ0

[(
6J2 |A1|2 +3J5 |A3|2

)
A3 + J∗3 A3

1 e−iδβ z
]
. (1b)

The coefficients J1, J2, J3, and J5 are the modal overlap in-
tegrals, which respectively correspond to the self-phase modu-
lation (SPM) of field at ω , cross-phase modulation (XPM) be-
tween fields ω and 3ω , nonlinear conversion between fields ω

and 3ω , and SPM of field at 3ω . The waveguide nonlinear co-
efficient is γ0 = 2πn(2)/λ1, where n(2) and λ1 are the Kerr non-
linearity and vacuum wavelength of field at ω , respectively.
The modal phase mismatch is δβ = β (3ω)− 3β (ω). The
amplitudes ρm and phases φm of each field are incorporated
in their complex amplitudes by the relations of Am = ρm e iφm .
Consequently, the coupling mode equations can be rewritten
as:

dρ1

dz
=−α1ρ1− γ0J3ρ

2
1 ρ3 sinθ , (2a)

dρ3

dz
=−α3ρ3 + γ0J3ρ

3
1 sinθ , (2b)

dθ

dz
= δβ +K (ρ1,ρ3,θ) , (2c)

K (ρ1,ρ3,θ) = γ0
[
3
(
2J2− J1

)
ρ

2
1 +3

(
J5−2J2

)
ρ

2
3

+
(
ρ

3
1 ρ
−1
3 −3ρ1ρ3

)
J3 cosθ

]
. (2d)

Equations (2a) and (2b) respectively govern the ampli-
tude evolutions of the fields at ω and 3ω along the propagating
path. The first terms of these two expressions represent the lin-
ear loss rates, and the second terms stand for the nonlinear gain
rates. The sign of the nonlinear gain term indicates the power
flow direction, which is determined by the relative phase de-
fined as θ = δβ z+φ3− 3φ1. If sinθ > 0, it is THG process,
otherwise OTHG. However, because of loss, the relative phase
ranges for positive gain of THG and OTHG signal field be-
come smaller, which are quantitatively demonstrated below.
It shows that this phase range strongly depends on the inten-
sities of the interacting fields. Equations (2c) describes the
variation of relative phase along the propagating path, which
arises from two terms: the modal dispersion and the nonlinear
dispersion caused by Kerr effects. The latter term is given by
Eq. (2d) as a function of intensities of the interacting fields and
their relative phase. Based on Eqs. (2a)–(2d), the requirements
of optical fields for efficient THG and OTHG conversions in
lossy waveguides are investigated below.

2.1. THG process in lossy waveguides

As mentioned above, the field at ω transfers its energy
to the field at 3ω when sinθ > 0, which is the THG process.
This nonlinear transfer rate reaches its maximum at sinθ = 1,
where the relative phase is the optimal value for THG process.
In this part, we focus our discussion to THG with the relative
phase satisfying sinθ > 0. Besides, the effective growth of

THG signal field still needs the strengths of the two interact-
ing fields to satisfy certain requirement.

Equation (2b) describes the change rate of THG signal
field with respect to the propagating distance. At any location
on the propagating path, the positive change rate requires the
nonlinear transfer rate to be bigger than the attenuation rate,
which is mathematically expressed as:

γ0J3ρ
3
1 sinθ > α3ρ3. (3)

With the optimal relative phase value, equation (3) gives
the intensity relationship between the two interacting fields,
which supports the effective signal growth, as below:

ρ3 <
γ0J3

α3
ρ

3
1 = ρ3max. (4)

This expression indicates that the efficient THG conver-
sion needs the signal field to be lower than a maximum ampli-
tude, which is directly proportional to the material nonlinearity
γ0, modal parameter J3, and the third power of pump field am-
plitude, and is inversely proportional to the attenuation coeffi-
cient α3. In lossless situation, the strength of signal field has
no influence on the nonlinear energy transfer of THG process.
This is the first influence of loss effect on THG conversion.

If the signal field just results from the THG conversion,
rather than from the initial field, there is a maximum limit
for the corresponding conversion efficiency with the definition
of η = P3max/P1, where Pm = ρ2

m are the power of the pump
(m = 1) and signal (m = 3) fields, respectively,

ηmax =

(
γ0J3

α3

)2

P2
1 . (5)

As shown by Eq. (5), the conversion efficiency of the THG
process is only limited by the square of the pump power in
any lossy waveguides. Instead of facilitating the energy con-
version of the THG process, the existence of third harmonic
signal field decreases the percentage of the pump field that can
be converted into the signal field. Accordingly, it is benefi-
cial to enhance the THG conversion by using high nonlinear-
ity material with small loss coefficient, choosing the interact-
ing modes with bigger overlap integral and inputting the pump
power as high as possible.

Even though the interacting fields satisfy the amplitude
condition of Eq. (4), the positive growth of THG signal field
still needs the relative phase to be within a certain range. At
the beginning of this part, it has been mentioned that the rela-
tive phase for THG conversion ranges from 0 to π . However,
due to the loss, the effective phase range for signal positive
growth rate narrows symmetrically with respect to θ = π

/
2.
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According to Eq. (3), the effective phase range can be analyti-
cally derived as:

∆θTHG = π−2arcsin
(
ρ3
/

ρ3max
)
. (6)

Based on Eq. (6), the dependence of effective range of rela-
tive phase on the normalized signal amplitude is analytically
calculated, which is shown as the curve in Fig. 1.
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Fig. 1. Dependence of effective relative phase range of the THG process on
the normalized signal amplitude.

For any given signal maximum amplitude, the effective
phase range decreases with the increase of the signal ampli-
tude. On the other hand, the effective phase range increases
with the increase of signal maximum amplitude that is pro-
portional to the third power of pump field amplitude, for any
given signal amplitude. Thus, the effective phase range can be
controlled by adjusting the intensities of the interacting fields.

2.2. OTHG process in lossy waveguides

The OTHG signal field evolution along the propagation
path is described by Eq. (2a), in which the dependence of non-
linear transfer term on the relative phase is the contrary of the
situation of THG process. Namely, the field at 3ω transfers its
energy into the signal field at ω when sinθ < 0. This nonlin-
ear transfer rate reaches its maximum at sinθ =−1, where the
relative phase is optimal for OTHG process. To figure out the
power dependence of OTHG process, we limit our discussion
to the situation that the relative phase satisfies the condition of
sinθ < 0.

At any location on the propagation path, the effective in-
crease of the OTHG signal field requires the nonlinear transfer
term to be larger than the loss term, which can be expressed
as:

−γ0J3ρ
2
1 ρ3 sinθ > α1ρ1. (7)

With the optimal relative phase of sinθ = −1, the above re-
lationship gives the lowest intensities of the two interacting
fields to support the effective signal growth, as:

ρ1ρ3 >
α1

γ0J3
. (8)

This expression indicates that the efficient OTHG conversion
requires the amplitude product of the pump and signal fields to

be larger than a threshold value, which is directly proportional
to the loss coefficient, and inversely proportional to the mate-
rial nonlinearity and the modal parameter. For simplicity, we
define the amplitude product as the parameter ζ by following:

ζ = ρ1ρ3. (9)

Then the threshold value can be defined as:

ζmin =
α1

γ0J3
. (10)

Equation (9) shows the first limit set by loss effect to the
OTHG conversion. For lossless situation, any nonzero sig-
nal and pump fields are possible to support the OTHG signal
growth and they do not restrict each other like the situation
shown in THG process. Therefore, the loss of waveguides sets
an intensity threshold for the interacting fields to achieve the
efficient OTHG. Furthermore, since the threshold is the prod-
uct of the amplitudes of the interacting fields, a large pump
power means the required OTHG signal filed can be weaker,
and vice versa.

The second limit caused by loss effect is the shrinkage
of the effective relative phase range. In lossless situation, the
relative phase for the OTHG conversion ranges from −π to
0 for any amplitude product. However, with the fields satis-
fying the threshold condition of Eq. (8), the effective relative
phase range narrows symmetrically with respect to θ =−π

/
2,

which is deduced as:

∆θOTHG = π +2arcsin
(
−ζmin

/
ζ
)
. (11)

Similarly, the dependence of the effective relative phase range
on the normalized amplitude product can be analytically cal-
culated and shown by the curve in Fig. 2.
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Fig. 2. Dependence of effective relative phase range for the OTHG process
on the normalized amplitude product.

The effective relative phase range increases with the in-
crease of the amplitude product larger than threshold, which
can be realized by increasing either the pump field or the sig-
nal field, or both the two fields. It is different that the increase
of the signal amplitude narrows rather than extends the effec-
tive range of the relative phase required by efficient THG con-
version. The reason of this difference is that the THG is a
spontaneous process, while the OTHG is a stimulated process.
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2.3. Modified coherent length for THG and OTHG in lossy
waveguides

The above analysis figures out the requirements of ampli-
tude and relative phase to support the signal positive growth
rate of the THG and OTHG processes, respectively. However,
it is just one part of what makes for high conversion efficiency.
The other part to acquire the efficient gain is a long effective
propagation length in which the positive growth rate is main-
tained, as the final signal increases are the path integral of the
amplitude growth rate governed by Eqs. (2a) and (2b).

Commonly, the effective propagation lengths are mainly
restricted by the relative phase variation. It is easy to make
the signal field amplitude far below the maximum value for
THG process or to make the amplitude product larger than the
threshold for OTHG process, while to keep the relative phase
within the respective effective ranges are difficult because that
the perfect phase matching is critical to be realized. The per-
fect phase matching can make the relative phase between the
two interacting fields as a constant along the propagation path.
But this situation occurs only when the modal dispersion fully
compensates the nonlinear dispersion caused by optical Kerr
effects, as shown by Eq. (2c). A more general situation is that
the constant modal dispersion in uniform waveguides cannot
totally compensates the field dependent nonlinear dispersion
along the propagation path, as described by Eq. (2d).

A common parameter to quantitatively describe the phase
mismatch is the coherent length, over which the relative phase
is kept within the range for THG or OTHG process. In lossless
situation, the definition of coherent length is the ratio of the
relative phase range π to the modal phase mismatch δβ . Ac-
cordingly, the coherent length is independent on the strengths
of the interacting fields and only in reverse proportional to the
modal phase mismatch. However, in consideration of loss ef-
fect, the effective relative phase ranges of the THG and OTHG
processes depend on the intensities of the interacting fields
and become smaller than π . Meanwhile, the variation of rela-
tive phase is also intensity dependent due to the nonlinear dis-
persion that is proportional to the strengths of the interacting
fields.

Consequently, a modified definition of coherent length is
proposed as:

Lcoh =
∆θ

|δβ +K|
, (12)

in which the compressed relative phase range and the var-
ied nonlinear phase mismatch are included. Accordingly, the
nonzero coherent lengths for THG and OTHG processes firstly
require the effective relative phase ranges that are fields de-
pendent according to Eqs. (6) and (11), to be larger than zero.
Then a longer coherent length can be obtained from a smaller
total phase mismatch. Once the interacting fields dissatisfy the
field amplitude relationship of Eq. (4) or Eq. (8), the effective
ranges of relative phase and the consequent coherent lengths
turn to zero, no matter how small the total phase mismatch is.

As expounded above, the perfect phase matching is hard
to be maintained along the propagation path. Therefore, for
a given total phase mismatch, the coherent length can be ex-
tended by enlarging the effective relative phase ranges. For
the THG process, the effective relative phase range can be en-
larged by reducing the normalized signal amplitude, as shown
by Fig. 1. The effective relative phase range of the OTHG
process, on the other hand, can be enlarged by increasing the
normalized amplitude product, as shown by Fig. 2.

3. Conclusion
In conclusion, we have analyzed the optical field condi-

tions supporting the THG and OTHG signal growth in lossy
waveguides. The attenuation sets an upper limit for the THG
signal field with the given pump field, and requires the ampli-
tude product of interacting fields of the OTHG process to be
larger than a threshold value. With the loss effects considered,
the effective relative phase ranges for both THG and OTHG
process are related to the strengths of the interacting fields.
Based on our analysis, we proposed a modified definition of
coherent length and pointed out that the phase matching con-
dition also depends on the strengths of the interacting fields.
Even with the severe phase mismatch, the signal increase for
THG and OTHG can still be improved by enlarging the effec-
tive relative phase ranges. The work presented in this paper
can offer a cogent theoretical explanation for the experimental
research of THG and OTHG.
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