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The entropy squeezing for a three-level atom interacting with a single-model field is studied. A general definition
of entropy squeezing for three-level atom is given according to entropic uncertainty relation of three-level system, and the
calculation formalism of entropy is derived for a cascade three-level atom. By using numerical calculation, the entropy
squeezing properties of a cascade three-level atom are examined. Our results show that, three-level atom can generate ob-
vious entropy squeezing effect via choosing appropriate superposition state of three-level atom. Our results are meaningful
for preparing three-level system information resources with ultra-low quantum noise.
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1. Introduction
The precision measurement of observable quantities in

quantum physical experiments is greatly restricted by quantum
noises (quantum uncertainty[1]) of quantum systems. Hence,
breaking through the restriction of quantum noises and real-
izing quantum physical experiments with ultra-low quantum
noise is a strong expectation for physical scientists. As we
know, the suppression of quantum noises in quantum sys-
tems via squeezing effects is one of the most outstanding
achievements in modern quantum optics over the last few
years. Therefore, many squeezing effects have been investi-
gated, such as the atomic squeezing. It should be pointed out
that quantum information entropy is a accurate measure of the
atomic squeezing, and one of our authors has defined the en-
tropy squeezing (ES) for a two-level atom by using quantum
information entropy according to entropic uncertainty relation
based on two conjugate observables,[2] which overcomes the
limitation of the definition of squeezing via the variance of the
system observable according to Heisenberg uncertainty rela-
tion. For more than a decade, the entropy squeezing (ES) prop-
erties of quantum system have been investigated widely. Such
as, Yu and Fang have studied the steady and optimal entropy
squeezing of a two-level atom with quantum-jump-based feed-
back and classical driving in a dissipative cavity and provided
a scheme of generating steady and optimal entropy squeezing
in the two-level system;[3] Wang has investigated sustained op-
timal entropy squeezing of a two-level atom via non-Hermitian
operation and provided a scheme for generating the sustained
optimal entropy squeezing of the atom via non-Hermitian
operation;[4] Xiao has studied the entropy squeezing of a two-

level system by detuning in non-Markovian environments and
shown that the atomic entropic squeezing can be protected for
a long time when both the non-Markovian effect and detun-
ing are present simultaneously;[5] the entropy squeezing of a
two-level atom in Jaynes–Commings model has been reported
widely;[6] Zou has studied the quantum entropic uncertainty
relation and entanglement witness in the two-atom system
coupling with the non-Markovian environments.[7,8] However,
these results are obtained only in the case of two-level atom,
the entropy squeezing properties of three-level atom have not
yet been involved until now.

On the other hand, as we know, three-level system has
more obvious advantages than two-level system for the rep-
resentation of quantum information,[9,10] the key distribution
scheme of a three-level entanglement system is more effec-
tive than the two-level system for preventing eavesdropping in
cryptography,[11] and three-level quantum systems have more
obvious quantum nonlocality than the two-level system.[12]

Therefore, three-level system with ultra-low quantum noise
is a more useful information resource, which means that the
study of entropic squeezing of three-level system becomes
very meaningful in quantum information processing. In this
paper, we study the entropy squeezing of three-level atom in-
teracting with a single-mode field. The outline of this paper
is as follows. In Section 2, we give a general definition of
entropy squeezing for three-level atom by using quantum in-
formation entropy according to entropic uncertainty relation
of three-level atom based on two conjugate observables. In
section 3, the reduced density matrix is obtained, and the cal-
culation formalism of entropy is derived for a cascade three-
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level atom. We analyze the properties of entropy squeezing of
a cascade three-level atom by using numerical calculation in
section 4, while in section 5 a brief summary is presented.

2. The general definition of entropy squeezing
for a three-level atom
Since the entropy squeezing of three-level atom has not

been discussed before, we first give a general definition of the
entropy squeezing for a three-level atom. A three-level atom
can be described by dipole operators[13,14]

Sx =
1
2
(D++D−),

Sy =
1
2i

(D+−D−),

Sz =
1
2
(D+D−−D−D+) (1)

with

D+ = α21|2〉〈1|+α32|3〉〈2|+α31|3〉〈1|,

D− = (D+)
†, (2)

where (D+)
† is the conjugate transpose of D+; α21, α32, and

α31 are dimensionless constants. The spin operators can sat-
isfy the commutation [Ŝx, Ŝy] = iŜz and the uncertainty relation
is given by

4Sx4Sy ≥
1
2
|〈Sz〉|, (3)

where the variance4Sα =
√
〈S2

α〉−〈Sα〉2, and 〈Sz〉 is the ex-
pectation of the observable Sz.

For three complementary observables Sα , (α = x,y,z) of a
three-level atom, the corresponding information entropies can
be defined as[15]

H(Sα) =−
3

∑
i=1

Pi(Sα) lnPi(Sα), (α ≡ x,y,z), (4)

where Pi(Sα) = 〈ψαi|ρ|ψαi〉, i = 1,2,3, and |ψαi〉 is an eigen-
vector of the operator Sα . Alberto et al.[16] derived entropic
uncertainty relations for three observables systems of dimen-
sions d = 3

H(Sx)+H(Sy)+H(Sz)≥ 2. (5)

This inequality can be also written as

δH(Sx)δH(Sy)≥
e2

δH(Sz)
, (6)

where

δH(Sα) ≡ exp[H(Sα)], (α ≡ x,y,z). (7)

We define the squeezing of the atom by Eq. (6). The fluctua-
tions in the component S(α) are said to be squeezed in entropy
if the information entropy H(Sα) satisfies the condition

E(Sα) = δH(Sα)−
e√

δH(Sz)
< 0, (α ≡ x or y). (8)

Equation (8) is the central result of this paper. From Eq. (8) we
find that the optimal value the entropy squeezing factor E(Sα)

is 1− e/
√

3≈−0.569.
For the convenience of the following discussion, we also

give the definition of variance squeezing based on the Heisen-
berg uncertainty relation. When the variance in the component
Sα satisfies the condition

∆Sα <

(
1
2
|〈Sz〉|

)1/2

, (α ≡ x or y), (9)

or

V (Sα) = ∆Sα −
(
|〈Sz〉|

2

)1/2

< 0, (α ≡ x or y). (10)

Fluctuations in the component Sα are said to be squeezed.
We are interested in the case that equation (10) is trivial

when 〈Sz〉= 0 (as ∆Sα ≥ 0) and fails to provide any useful in-
formation while the equation (8) is non-trivial and can provide
a useful information.

3. The reduced density matrix and entropic cal-
culation formalism of a cascade three-level
atom
In this section, we consider a cascade three-level atom in-

teracting with a single-mode field. The transition frequencies
between |1〉 and |2〉, |3〉, and |2〉 are respectively related to a
single-mode field with a frequency ω , and the transition be-
tween |1〉 and |3〉 is electrical dipole forbidden, that is α31 = 0
in Eq. (2). The Hamiltonian of the interaction between the
atom and the field is given by

H = H0 +HI, (11)

with

H0 =
3

∑
α=1

ωαC†
αCα +ωα a†a, (12)

HI = g1(aC†
3C2 +a†C†

2C3)+g2(aC†
2C1 +a†C†

1C2), (13)

where a and a† are the annihilation and creation operators of
the field with the frequency ω , ωα is the eigenenergy of level
|α〉 of the atom, g j ( j = 1,2) is a coupling constant of the atom
and single-mode field. Cα and C†

α (α = 1,2,3) correspond to
the Fermi annihilation and creation operators of the atomic en-
ergy level α , respectively, which follows the rules

CαC†
β
= 0, CαC†

αCβ =Cβ , (α 6= β ). (14)

However, for the sake of simplicity, we consider the resonance
condition between the three-level atom and the field, namely,
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ω3−ω1 = 2ω . In the interaction picture, the Hamiltonian is
given by

HI = g1
(
aC†

3C2 e i∆ t +a†C†
2C3 e−i∆ t)

+ g2
(
aC†

2C1 e−i∆ t +a†C†
1C2 e i∆ t), (15)

where ∆ =ω−(ω2−ω1)= (ω3−ω2)−ω,(∆�ω). We sup-
pose that the initially field is the coherent state |α〉= ∑n Fn|n〉
with Fn = exp

[
(−1/2)|α|2

]
αn/
√

n!, α = |α|exp(iβ ), and the
initially atom is the coherent superposition state of three lev-
els. If we assume at time t = 0 the three-level atom and the
field are decoupled, the initial state vector of system can be

written as

|Ψ I
AF(0)〉= ∑

n
(Fn cosθ |3,n〉+Fn sinθ sinϕ|2,n〉

+ Fn sinθ cosϕ|1,n〉). (16)

For the initial condition Eq. (16), the solution of the
Schrodinger equation in interaction picture is given by

|Ψ I
AF(t)〉= ∑

n
(an(t)|3,n〉+bn(t)|2,n〉+ cn(t)|1,n〉), (17)

where

an(t) =−ig1 e i∆ t√n+1

[
Yn+1

Zn+1
sin(Zn+1t)− Xn+1

Z2
n+1

cos(Zn+1t)

]
−Fn+1 sinθ sinϕ,

bn(t) = Yn cos(Znt)+
Xn

Zn
sin(Znt),

cn(t) =−ig2 e i∆ t√n

[
Yn−1

Zn−1
sin(Zn−1t)− Xn−1

Z2
n−1

cos(Zn−1t)

]
−Fn+1 sinθ sinϕ, (18)

with

Xn =−ig1 e−i∆ t√nFn−1 cosθ

− ig2 e−i∆ t√n+1Fn+1 sinθ cosϕ,

Yn = Fn sinθ sinϕ,

Zn =
√

g2
1n+g2

2(n+1). (19)

According to Eq. (17), the reduced density matrix of the three-
level cascade atom can be expressed as

ρ
I
A(t) = TrF|Ψ I

AF(t)〉〈Ψ I
AF(t)|

=


∑
n

ana∗n ∑
n

anb∗n ∑
n

anc∗n

∑
n

bna∗n ∑
n

bnb∗n ∑
n

bnc∗n

∑
n

cna∗n ∑
n

cnb∗n ∑
n

cnc∗n


=

 ρ11 ρ12 ρ13
ρ21 ρ22 ρ23
ρ31 ρ32 ρ33

 , (20)

where ρ11, ρ22, ρ33 are the atomic populations in energy level
|1〉, |2〉, and |3〉, respectively.

In order to obtain the entropic calculation formalism of
the spin operators of the cascade three-level atom, we give the

concrete form of the spin operators as

Sx =

 0
√

2/2 0√
2/2 0

√
2/2

0
√

2/2 0

 ,

Sy =

 0 −
√

2/2i 0√
2/2i 0 −

√
2/2i

0
√

2/2 0

 ,

Sz =

 1 0 0
0 0 0
0 0 −1

 . (21)

Using Eqs. (4), (20) and (21), we obtain the entropic cal-
culation formalism of the spin operators Sx, Sy, Sz of the cas-
caded three-level atom

H(Sx) = H(Sx1)+H(Sx2)+H(Sx3),

H(Sy) = H(Sy1)+H(Sy2)+H(Sy3),

H(Sz) = H(Sz1)+H(Sz2)+H(Sz3), (22)

where H(Sαi) = −Pi(Sα) log2 Pi(Sα), (α = x,y,z, i = 1,2,3),
and

H(Sx1) = −

[
1
4

ρ11 +
1
2

ρ22 +
1
2

ρ33 +

√
2

2
Im(ρ21)+

1
2

Im(ρ13)+

√
2

2
Im(ρ23)

]

× log2

[
1
4

ρ11 +
1
2

ρ22 +
1
2

ρ33 +

√
2

2
Im(ρ21)+

1
2

Im(ρ13)+

√
2

2
Im(ρ23)

]
,

H(Sx2) = −

[
1
4

ρ11 +
1
2

ρ22 +
1
2

ρ33−
√

2
2

Im(ρ21)+
1
2

Im(ρ13)−
√

2
2

Im(ρ23)

]
060304-3
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× log2

[
1
4

ρ11 +
1
2

ρ22 +
1
2

ρ33−
√

2
2

Im(ρ21)+
1
2

Im(ρ13)−
√

2
2

Im(ρ23)

]
,

H(Sx3) = −
(

1
2

ρ11−
1
2

ρ31−
1
2

ρ23 +
1
2

ρ33

)
log2

(
1
2

ρ11−
1
2

ρ31−
1
2

ρ23 +
1
2

ρ33

)
, (23)

H(Sy1) = −

[
1
4

ρ11 +
1
2

ρ22 +
1
4

ρ33 +

√
2

2
Im(ρ21)−

1
2

Re(ρ13)−
√

2
2

Im(ρ23)

]

× log2

[
1
4

ρ11 +
1
2

ρ22 +
1
4

ρ33 +

√
2

2
Im(ρ21)−

1
2

Re(ρ13)−
√

2
2

Im(ρ23)

]
,

H(Sy2) = −

[
1
4

ρ11 +
1
2

ρ22 +
1
4

ρ33−
√

2
2

Im(ρ21)−
1
2

Re(ρ13)+

√
2

2
Im(ρ23)

]

× log2

[
1
4

ρ11 +
1
2

ρ22 +
1
4

ρ33−
√

2
2

Im(ρ21)−
1
2

Re(ρ13)+

√
2

2
Im(ρ23)

]
,

H(Sy3) = −
(

1
2

ρ11 +
1
2

ρ31 +
1
2

ρ23 +
1
2

ρ33

)
log2

(
1
2

ρ11 +
1
2

ρ31 +
1
2

ρ23 +
1
2

ρ33

)
, (24)

H(Sz1) = −ρ11 log2 ρ11, H(Sz2) =−ρ22 log2 ρ22, H(Sz3) =−ρ33 log2 ρ33. (25)

Employing the reduced operator given by Eq. (20) and
the entropic calculation formalism of the spin operators given
by Eqs. (22)–(25), we investigate the properties of the entropy
squeezing of the cascade three-level atom interacting with a
single-mode field in the next section.

4. Numerical results and discussion
In this section, we examine numerical results for the

atomic entropy squeezing. For comparison, we also consider
the atomic variance squeezing and atomic inversion.

                 

t

↩











E
↼S

y
↽

                 
t

                                 

t t

↩.

↩.


.

.

.

.

.

↩.

↩.



.

.

.

.

.

↩











V
↼S

y
↽

E
↼S

x
↽

V
↼S

x
↽

(a) (b)

(c) (d)

Fig. 1. The time evolution of the squeezing factors of a cascade three-level
atom. The atom is initially in a superposition state of |3〉 and |1〉 with θ = 0,
ϕ = π/2, and the field is the coherent state with initial average photon num-
ber n̄ = |α|2 = 225; (a) entropy squeezing factor E(Sx); (b) entropy squeez-
ing factor E(Sy); (c)variance squeezing factor V (Sx); (d) variance squeezing
factor V (Sy).

The time evolution of the squeezing factors E(Sx), E(Sy),
V (Sx), and V (Sy) are shown in Fig. 1, while the atomic in-
version 〈Sz〉 is plotted in Fig. 4(a), for the atom initially in

the excited state (θ = 0, ϕ = π/2) and the field in a coherent
state with average photon number n̄ = 225 and phase β = 0.
We can see from Fig. 1(a) and Fig. 1(c) that both E(Sx) and
V (Sx) predict no squeezing in the variable Sx when the atom
is initially in the excited state, while figures 1(b) and 1(d) dis-
play that E(Sy) and V (Sy) exhibit entropy squeezing only in
initial time of the time evolution, which means that, the cas-
cade three-level atom initially in excited state can not generate
entropy squeezing except for it in initial time. In addition,
from Fig. 4(a), it can be seen that in collapse region of atomic
inversion, 〈Sz〉 evolves to zero. Therefore, Heisenberg uncer-
tainty relation shows triviality, and variance squeezing can not
reflect accurately the quantum fluctuations of the observable
variables of three-level atom in collapse region of atomic in-
version.

Figure 2 displays the entropy and variance squeezing for
the cascade three-level atom initially in the superposition state
of |3〉 and |1〉 with θ = π/4, ϕ = 0, and the field is the co-
herent state with the average photon number n̄ = 225, while
the atomic inversion 〈Sz〉 is plotted in Fig. 4(b). We see
from Figs. 2(a) and 2(c) that both E(Sx) and V (Sx) predict no
squeezing in the variable Sx, while figures 2(b) and 2(d) show
that there are great differences between E(Sy) and V (Sy): the
former shows entropy squeezing in certain time ranges whilst
the latter predicts no variance squeezing at all. This result
stems from the fact that, V (Sy), as we see in Fig. 2(d), does not
exhibit any variance squeezing since the atomic inversion 〈Sz〉
evolves to values very close to zero, showing in the Fig (b). In
this case, the value of V (Sy) has no particular significance and
the information provided by Heisenberg uncertainty relation is
not helpful.
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(c) (d)
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Fig. 2. The time evolution of the squeezing factors of a cascade three-level
atom. The atom is initially in the superposition state of |3〉 and |1〉 with
θ = π/4, ϕ = 0, and the field is the coherent state with initial average pho-
ton number n̄ = |α|2 = 225; (a) entropy squeezing factor E(Sx); (b) entropy
squeezing factor E(Sy); (c) variance squeezing factor V (Sx); (d) variance
squeezing factor V (Sy).

The entropy and variance squeezing factors are presented
in Fig. 3 for the atom is initially in the coherent superposi-
tion state with θ = π/3, ϕ = arcsin(

√
6/3) and the field is

the coherent state with n̄ = 225. It can be seen that from
Figs. 3(a) and 3(b) that there are alternate entropy squeezing in
the atomic variable components Sx and Sy, whereas V (Sx) and
V (Sy), as illustrated in Figs. 3(c) and 3(d), display no variance
squeezing. This result also stems from the fact that the atomic
inversion 〈Sz〉 evolves to values very close to zero, showing in
the Fig. 4(c), and the variance squeezing can not provide any
useful squeezing information.
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Fig. 3. The time evolution of the squeezing factors of a three-level atom. The
atom is in a coherent superposition state with θ = π/3, ϕ = arcsin(

√
6/3),

and the field is the coherent state with initial average photon number n̄ =
|α|2 = 225; (a) entropy squeezing factor E(Sx); (b) entropy squeezing fac-
tor E(Sy); (c)variance squeezing factor V (Sx); (d) variance squeezing factor
V (Sy).

From Figs. 1, 2, and 4, it can be seen that, the both squeez-
ing factor and atom inversion exhibit violent oscillation with
high frequency in some time interval in time evolution. The
emergence of this phenomenon is a result generated by the su-
perposition of Rabi oscillation with different frequency of the
cascade three-level atom under coherent field driving.[13]

It is worth pointing out that, the results above obtained for
the entropy squeezing for a cascade three-level atom interact-
ing with a single-model field is based on a universally adapted

spin operator given by Eq. (21), but if different form spin op-
erator is adapted, the regularity of entropy squeezing for the
cascade three-level atom is different according to the indepen-
dence of squeezing definition for the different operator.[13]
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Fig. 4. The time evolution of the atom inversion 〈Sz〉 for a cascade three-
level atom. In these pictures, the field is the coherent state with initial av-
erage photon number n̄ = |α|2 = 225. (a) The atom is initially in a ground
state with θ = π/2, ϕ = 0; (b) The atom is initially in superposition state
of |3〉 and |1〉, θ = π/4, ϕ = 0; (c) The atom is in a coherent superposition
state with θ = π/3, ϕ = arcsin(

√
6/3).

5. Conclusion
In conclusion, we have studied the entropy squeezing

properties for a cascade three-level atom interacting with a
single-model field. First, a general definition of entropy
squeezing of a three-level atom is given by using quantum in-
formation entropy according to entropic uncertainty relation of
three-level atom. Secondly, the reduced density matrix is ob-
tained, and the calculation formalism of entropy is derived for
a cascade three-level atom. Finally, we analyze the properties
of entropy squeezing of a three-level cascade atom by using
numerical calculation. Our results show that, a cascaded three-
level atom interacting with a single-model field can generate
obvious entropy squeezing effect via choosing appropriate su-
perposition state of three-level atom. Our results are mean-
ingful for preparing three-level system information resources
with ultra-low quantum noise.
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