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We study the steady-state entanglement and heat current of two coupled qubits, in which two qubits are connected with
two independent heat baths (IHBs) or two common heat baths (CHBs). We construct the master equation in the eigenstate
representation of two coupled qubits to describe the dynamics of the total system and derive the solutions in the steady-
state with stronger coupling regime between two qubits than qubit–baths. We do not make the rotating wave approximation
(RWA) for the qubit–qubit interaction, and so we are able to investigate the behaviors of the system in both the strong
coupling regime and the weak coupling regime, respectively. In an equilibrium bath, we find that the entanglement decreases
with the bath temperature and energy detuning increasing under the strong coupling regime. In the weak coupling regime,
the entanglement increases with coupling strength increasing and decreases with the bath temperature and energy detuning
increasing. In a nonequilibrium bath, the entanglement without RWA is useful for entanglement at lower temperatures.
We also study the heat currents of the two coupled qubits and their variations with the energy detuning, coupling strength
and low temperature. In the strong (weak) coupling regime, the heat current increases (decreases) with coupling strength
increasing when the temperature of one bath is lower (higher) than the other, and the energy detuning leads to a positive
(negative) effect when the temperature is low (high). In the weak coupling regime, the variation trend of heat current is
opposite to that of coupling strength for the IHB case and the CHB case.

Keywords: steady-state entanglement, equilibrium and nonequilibrium baths, heat current, rotating wave ap-
proximation

PACS: 03.65.Yz, 05.30.–d, 05.70.Ln DOI: 10.1088/1674-1056/28/6/060303

1. Introduction
Quantum entanglement[1,2] plays a central role in quan-

tum information processing (QIP)[3] and has attracted con-
siderable attention. In a practical application, quantum sys-
tems are never completely isolated from the environment and
the quantum behavior may be substantially affected by un-
wanted couplings to their surroundings. The prepared entan-
glement may vanish because of the decoherence effect[4] of
environments. A more practical situation for the open quan-
tum system is in a nonequilibrium thermal bath with a non-
vanishing temperature difference. Applying the temperature
gradient has enabled many quantum thermal devices to be
proposed, such as thermal rectifiers,[5–9] thermal diodes,[10,11]

thermal transistors,[12] self-contained refrigerators,[13–18] and
the quantum Otto cycle.[19–21]

We study the quantum entanglement of a system in the
steady-state, in contrast to the generation of transient entangle-
ment. When the coupled systems contact the thermal baths and
reach thermal equilibrium, the steady-state entanglement may
arise in the long-time limit. Mathematically, the thermaliza-
tion time for a system should be infinite because the long-time
limit (limit t → ∞) is needed to make sure that these density
matrix elements evolve to their steady-state values. From the

viewpoint of physics, we might introduce some time scales to
describe thermalization as the half-life of an exponential de-
cay. However, for the present systems, the evolutions of these
density matrix elements are not purely exponential functions.
At the same time, these evolutions also depend on the initial
conditions.

To solve the steady-state entanglement of the system, we
use an example of a practical approach that is based on the
master equations for the reduced density operator,[22,23] which
is extensively employed to describe the dynamics of quantum
systems weakly coupled to reservoirs. The quantum system of
interest may be constituted by one or multiple subsystems and
connected with many environments.[24–31] However, in this lit-
erature, both the interactions between subsystems and the sys-
tem and the baths are subject to the RWA. In Ref. [32], there
is no RWA between two qubits, but one of them is indepen-
dent, and only one of them interacts with a bath. However, the
individual subsystems of the coupled systems are difficult to
isolate from contacting their own local baths.

Focusing on this situation, in this paper we study the
steady-state entanglement and heat current of two coupled
qubits, in which two qubits are connected with two indepen-
dent heat baths (IHBs) or two common heat baths (CHBs),
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and the coupling strength between two subsystems is stronger
than the system–bath coupling. When the coupling strength is
stronger than the system–bath coupling, the composite quan-
tum system can be regarded as a single system. The evolution
process to the steady-state can be modeled by a quantum mas-
ter equation. We do not make RWA for the qubit–qubit inter-
action, therefore we are able to investigate the behavior of the
system in both the strong coupling regime and weak coupling
regime. Calculations are performed for a wide range of values
of qubit–qubit coupling strengths as well as energy detuning
of the subsystems and the temperature gradient of the baths.
As another figure of merit, we also consider the heat current
with respect to a bath of two qubits, observing how the heat
current varies with the energy detuning, coupling strength and
diverse lower temperatures.

The remainder of this paper is organized as follows. In
Section 2, we present the physical model and the derivation
of the master equation. In Section 3, we give the steady-state
entanglement of the IHB case and CHB case. In Section 4, we
consider the heat current of the IHB case and CHB case. We
draw some conclusions from the present study in Section 5.

2. Physical model and the derivation of the mas-
ter equation
As described in the schematic diagram in Fig. 1, we con-

sider a total model consisting of two coupled qubits A, B and a
non-equilibrium environment of two heat baths which are bath
a: having temperature T1 and bath b: having temperature T2.
With system–environment interaction, the total Hamiltonian
of the system and two baths can be divided into three parts as
follows:

H = HS +HB +HI. (1)

Here, HS is the Hamiltonian of two coupled qubits, HB is the
Hamiltonian of two heat baths, HI is the interaction Hamilto-
nian between two qubits and two heat baths.

heat 

bath 

ΩA

ΩB

ca

heat 

bath 

b (T2)a (T1)

A
cb
A

ca
B cb

B

ξ

Fig. 1. Schematic diagram of physical model with two coupled qubits
A and B interacting with a non-equilibrium environment consisting of
bath a and bath b. Coupling coefficients cR

i , i=A,B, R= a, b, determine
configuration of interaction channels.

The Hamiltonian HS reads as (we take }= 1)

HS = ΩAσ
+
A σ
−
A +ΩBσ

+
B σ
−
B

+ξ
(
σ
+
A σ
−
B +σ

−
A σ

+
B +σ

+
A σ

+
B +σ

−
A σ
−
B
)
, (2)

where σ
+
A(B) = |1〉A(B) 〈0| (σ

−
A(B) = |0〉A(B) 〈1|) is the raising

(lowering) operator for two qubits A and B; ΩA and ΩB are the
bare frequencies of two qubits, and coupled with each other by
the dipole–dipole interaction of strength ξ .

The Hilbert space of two coupled qubits may be spanned
by the following four bare states: η1 = |11〉, η2 = |10〉, η3 =

|01〉, and η4 = |00〉, which are eigenstates of the free Hamilto-
nian ΩAσ

+
A σ
−
A +ΩBσ

+
B σ
−
B , with the corresponding eigenen-

ergies Eη1 = Ωm, Eη2 = ΩA, Eη3 = ΩB, and Eη4 = 0. Here,
we have introduced the total energy Ωm = ΩA +ΩB and the
energy detuning ∆Ω = ΩA−ΩB.

Due to the dipole–dipole interaction and the strong cou-
pling regime between the subsystems, we construct a mas-
ter equation to describe the evolution of the system in the
eigenstate representation. We can solve the eigenequation
HS
∣∣λp
〉
= Ep|λp〉 (p = 1, 2, 3, 4) to obtain the following four

eigenstates and eigenvalues:

|λ1〉= α+ |η1〉+α− |η4〉 , |λ2〉= β+ |η2〉+β− |η3〉 ,
|λ3〉=−β− |η2〉+β+ |η3〉 , |λ4〉=−α− |η1〉+α+ |η4〉 ,

E1 =
1
2

(
Ωm +

√
Ω 2

m +4ξ 2

)
,

E2 =
1
2

(
Ωm +

√
∆Ω 2 +4ξ 2

)
,

E3 =
1
2

(
Ωm−

√
∆Ω 2 +4ξ 2

)
,

E4 =
1
2

(
Ωm−

√
Ω 2

m +4ξ 2

)
, (3)

where

α± =
1√
2

√
1± Ωm√

Ω 2
m +4ξ 2

and

β± =
1√
2

√
1± ∆Ω√

∆Ω 2 +4ξ 2
.

Hence, the eigenstructure for the system Hamiltonian is given
by

HS =
4

∑
p=1

Ep
∣∣λp
〉
〈λp|. (4)

In this paper, we consider the two harmonic-oscillator heat
baths. The Hamiltonian HB of two baths reads as

HB = ∑
j

ωa ja
†
ja j +∑

k
ωbkb†

kbk, (5)

where a†
j (b

†
k) and a j (bk) are the creation and annihilation op-

erators of the j-th (k-th) harmonic oscillator with frequency
ωa j (ωbk), respectively. The interaction Hamiltonian HI be-
tween two qubits and two baths is

HI = ca
Aσ

x
A⊗∑

j
gA j

(
a j +a†

j

)
+ca

Bσ
x
B⊗∑

j
gB j

(
a j +a†

j

)
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+cb
Aσ

x
A⊗∑

k
gAk

(
bk +b†

k

)
+cb

Bσ
x
B⊗∑

k
gBk

(
bk +b†

k

)
, (6)

where σ x
i = σ

+
i + σ

−
i (i = A,B), gA j, gB j, gAk, gBk are the

interaction strengths between qubit–bath. For simplicity, we
assume that they are real numbers.

According to the distribution of the coupling strengths be-
tween the i-th atom and the R-th bath, our model can be ana-
lyzed via the following two cases, i.e., IHB case and CHB
case. For the IHB case, ca

A = cb
B = 1 and cb

A = ca
B = 0, in

which each atom interacts with an individual heat bath. For

CHB case, ca
A = cb

B = cb
A = ca

B = 1, in which the two atoms are
coupled with both heat baths simultaneously. Without loss of
generality, we derive the solutions in the CHB case. When we
set cb

A = ca
B = 0, the derivation degenerates to the IHB case.

In the presence of the weak coupling between qubits and
baths, the equation of motion of the qubits can be derived
within the framework of the Born–Markov approximation as

ρ̇ =−i [HS,ρ]+ ∑
R=a,b

(
ζ

R
A [ρ]+ζ

R
B [ρ]+ζ

R
AB [ρ]

)
. (7)

The Lindblad operator ζ R
i [ρ] represents the dissipation of

qubit A(B) due to the heat bath-R and takes the form as

ζ
R
i [ρ] = ∑

n=1,2
γ

R
i (ωn)

[
n̄R (ωn)+1

][
2σ

x
i (ωn)ρσ

x+
i (ωn)−

{
σ

x+
i (ωn)σ

x
i (ωn) ,ρ

}]
+ ∑

n=1,2
γ

R
i (ωn) n̄R (ωn)

[
2σ

x+
i (ωn)ρσ

x
i (ωn)−

{
σ

x
i (ωn)σ

x+
i (ωn) ,ρ

}]
. (8)

While ζ R
AB [ρ] reflects the collective behavior of two qubits as a single entity to emit or absorb photons induced by the common

bath R in the form of

ζ
R
AB [ρ] = ∑

n=1,2
γ

R
AB (ωn)

[
n̄R (ωn)+1

][
2σ

x
A (ωn)ρσ

x+
B (ωn)−

{
σ

x+
B (ωn)σ

x
A (ωn) ,ρ

}]
+ ∑

n=1,2
γ

R
AB (ωn) n̄R (ωn)

[
2σ

x+
A (ωn)ρσ

x
B (ωn)−

{
σ

x
B (ωn)σ

x+
A (ωn) ,ρ

}]
+ ∑

n=1,2
γ

R
AB (ωn)

[
n̄R (ωn)+1

][
2σ

x
B (ωn)ρσ

x+
A (ωn)−

{
σ

x+
A (ωn)σ

x
B (ωn) ,ρ

}]
+ ∑

n=1,2
γ

R
AB (ωn) n̄R (ωn)

[
2σ

x+
B (ωn)ρσ

x
A (ωn)−

{
σ

x
A (ωn)σ

x+
B (ωn) ,ρ

}]
, (9)

where

σ
x
i (ω1) = 〈λ4|σ x

i |λ3〉 |λ4〉〈λ3|+ 〈λ2|σ x
i |λ1〉 |λ2〉〈λ1|

and

ω1 = E1−E2 = E3−E4 = (
√

Ω 2
m +4ξ 2−

√
∆Ω 2 +4ξ 2)/2

corresponding to the transitions |λ1〉 ↔ |λ2〉 and |λ3〉 ↔ |λ4〉,
while

σ
x
i (ω2) = 〈λ3|σ x

i |λ1〉 |λ3〉〈λ1|+ 〈λ4|σ x
i |λ2〉 |λ4〉〈λ2|

and

ω2 = E1−E3 = E2−E4 = (
√

Ω 2
m +4ξ 2 +

√
∆Ω 2 +4ξ 2)/2

corresponding to the transitions |λ1〉 ↔ |λ3〉 and |λ2〉 ↔
|λ4〉. The γR (ω) = 2π ∑

l

∣∣gR,l
∣∣2 δ

(
ω−ωR,l

)
denotes the spec-

tral coupling density of the bath R at frequency ω . For
simplicity, we suppose that γR

i (ωn) = γR
i are frequency-

independent throughout the paper. The collective damping rate

is γR
AB (ωn) =

√
γR

A (ωn)γR
B (ωn) =

√
γR

A γR
B = γR

AB. The average

photon number n̄R (ωn) of the bath R depends on temperature
TR and takes Bose distribution as

n̄R (ωn) =
1

exp(ωn/TR)−1
. (10)

By substituting Eqs. (8)–(10) into the equation of motion (7),
we can obtain the master equation

ρ̇ = −i [HS,ρ]+Γ1Lτ43 (ρ)+Γ2Lτ21 (ρ)+Γ3Lτ34 (ρ)

+Γ4Lτ12 (ρ)+Γ5Lτ31 (ρ)+Γ6Lτ42 (ρ)+Γ7Lτ13 (ρ)

+Γ8Lτ24 (ρ)+2(Λ1τ43ρτ12 +Λ2τ34ρτ21

+Λ3τ31ρτ24 +Λ4τ13ρτ42 +h.c.). (11)

Here, LX (ρ)≡ 2XρX+−{X+X ,ρ} with X being an arbitrary
system operator, τpq =

∣∣λp
〉∣∣λq

〉
, and

Γ1 =
(

CA
I
√

γa
A−CB

I
√

γa
B

)2
[n̄a (ω1)+1]

+

(
CA

I

√
γb

A−CB
I

√
γb

B

)2 [
n̄b (ω1)+1

]
= Γ

′
1 +Γ

′′
1 ,

Γ2 =
(

CA
I
√

γa
A +CB

I
√

γa
B

)2
[n̄a (ω1)+1]

+

(
CA

I

√
γb

A +CB
I

√
γb

B

)2 [
n̄b (ω1)+1

]
= Γ

′
2 +Γ

′′
2 ,
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Γ3 =
(

CA
I
√

γa
A−CB

I
√

γa
B

)2
n̄a (ω1)

+

(
CA

I

√
γb

A−CB
I

√
γb

B

)2

n̄b (ω1) = Γ
′

3 +Γ
′′

3 ,

Γ4 =
(

CA
I
√

γa
A +CB

I
√

γa
B

)2
n̄a (ω1)

+

(
CA

I

√
γb

A +CB
I

√
γb

B

)2

n̄b (ω1) = Γ
′

4 +Γ
′′

4 ,

Γ5 =
(

CA
II
√

γa
A−CB

II
√

γa
B

)2
[n̄a (ω2)+1]

+

(
CA

II

√
γb

A−CB
II

√
γb

B

)2 [
n̄b (ω2)+1

]
= Γ

′
5 +Γ

′′
5 ,

Γ6 =
(

CA
II
√

γa
A +CB

II
√

γa
B

)2
[n̄a (ω2)+1]

+

(
CA

II

√
γb

A +CB
II

√
γb

B

)2 [
n̄b (ω2)+1

]
= Γ

′
6 +Γ

′′
6 ,

Γ7 =
(

CA
II
√

γa
A−CB

II
√

γa
B

)2
n̄a (ω2)+(CA

II

√
γb

A

−CB
II

√
γb

B)
2n̄b (ω2) = Γ

′
7 +Γ

′′
7 ,

Γ8 =
(

CA
II
√

γa
A +CB

II
√

γa
B

)2
n̄a (ω2)+(CA

II

√
γb

A

+CB
II

√
γb

B)
2n̄b (ω2) = Γ

′
8 +Γ

′′
8 ,

Λ1 =
[
−
(
CA

I
)2

γ
a
A +
(
CB

I
)2

γ
a
B

]
[n̄a (ω1)+1]

+
[
−
(
CA

I
)2

γ
b
A +
(
CB

I
)2

γ
b
B

][
n̄b (ω1)+1

]
= Λ

′
1 +Λ

′′
1 ,

Λ2 =
[
−
(
CA

I
)2

γ
a
A +
(
CB

I
)2

γ
a
B

]
n̄a (ω1)

+
[
−
(
CA

I
)2

γ
b
A +
(
CB

I
)2

γ
b
B

]
n̄b (ω1) = Λ

′
2 +Λ

′′
2 ,

Λ3 =
[(

CA
II
)2

γ
a
A−
(
CB

II
)2

γ
a
B

]
[n̄a (ω2)+1]

+
[(

CA
II
)2

γ
b
A−
(
CB

II
)2

γ
b
B

][
n̄b (ω2)+1

]
= Λ

′
3 +Λ

′′
3 ,

Λ4 =
[(

CA
II
)2

γ
a
A−
(
CB

II
)2

γ
a
B

]
n̄a (ω2)

+
[(

CA
II
)2

γ
b
A−
(
CB

II
)2

γ
b
B

]
n̄b (ω2) = Λ

′
4 +Λ

′′
4 . (12)

with CA
I = α−β+ + α+β−, CB

I = α−β− + α+β+, CA
II =

−α−β−+α+β+, and CB
II =−α−β++α+β−.

To study the stationary regime of the model, we need to
solve the steady-state solution ρSS of master equation (11).
By making ρ̇SS = 0 in Eq. (11), we obtain all off-diagonal el-
ements ρSS

ll′ = 〈λl |ρSS |λl′〉 with l 6= l′ to be zero, while the

diagonal elements can be obtained as follows:

ρ
SS
11 = (Γ3Γ4Γ7 +Γ3Γ6Γ7 +Γ1Γ4Γ8 +Γ4Γ7Γ8)/A,

ρ
SS
22 = (Γ2Γ3Γ7 +Γ1Γ2Γ8 +Γ1Γ5Γ8 +Γ2Γ7Γ8)/A,

ρ
SS
33 = (Γ3Γ4Γ5 +Γ2Γ3Γ6 +Γ3Γ5Γ6 +Γ4Γ5Γ8)/A,

ρ
SS
44 = (Γ1Γ4Γ5 +Γ1Γ2Γ6 +Γ1Γ5Γ6 +Γ2Γ6Γ7)/A, (13)

where ρss
i j = 〈λi|ρSS

∣∣λ j
〉

and

A = Γ1Γ4Γ5 +Γ3Γ4Γ5 +Γ1Γ2Γ6 +Γ2Γ3Γ6

+Γ1Γ5Γ6 +Γ3Γ5Γ6 +Γ2Γ3Γ7 +Γ3Γ4Γ7

+Γ2Γ6Γ7 +Γ3Γ6Γ7 +Γ1Γ2Γ8 +Γ1Γ4Γ8

+Γ1Γ5Γ8 +Γ4Γ5Γ8 +Γ2Γ7Γ8 +Γ4Γ7Γ8.

3. Steady-state entanglement of IHB case and
CHB case
In this work, we are interested in the steady-state en-

tanglement between two qubits after the total system has
reached a stationary state. As a figure of merit, we use the
concurrence[33] to quantify the steady-state entanglement in
the following sections.

Since the concurrence is defined in the bare-state repre-
sentation, the evolution of the system is expressed in the eigen-
state representation. Therefore, we need to obtain the transfor-
mation between the two representations as follows:

µ
SS
11 = α

2
+ρ

ss
11 +α

2
−ρ

ss
44, µ

SS
44 = α

2
−ρ

ss
11 +α

2
+ρ

ss
44,

µ
SS
22 = β

2
+ρ

ss
22 +β

2
−ρ

ss
33, µ

SS
33 = β

2
−ρ

ss
22 +β

2
+ρ

ss
33,

µ
SS
23 = µ

SS
32 = β+β− (ρ

ss
22−ρ

ss
33) ,

µ
SS
14 = µ

SS
41 = α+α− (ρ

ss
11−ρ

ss
44) , (14)

where µss
i j = 〈ηi|ρSS

∣∣η j
〉
. Hence, for the so-called X-class

state, the density matrix (expressed in the bare-state represen-
tation {|11〉 , |10〉 , |01〉 , |00〉}) is given as[34]

µ
SS =


µSS

11 0 0 µSS
14

0 µSS
22 µSS

23 0
0 µSS

32 µSS
33 0

µSS
41 0 0 µSS

44

 . (15)

The concurrence is

C = 2max
{

0,
∣∣µSS

14
∣∣−√µss

22µ33
23 ,
∣∣µSS

23
∣∣−√µss

11µ33
44

}

= 2max

 0, |α+α− (ρ
ss
11−ρss

44)|−
√(

β 2
+ρss

22 +β 2
−ρss

33

)(
β 2
−ρss

22 +β 2
+ρss

33

)
,∣∣β+β−

(
ρss

22−ρss
33
)∣∣−√(α2

+ρss
11 +α2

−ρss
44

)(
α2
−ρss

11 +α2
+ρss

44

)
 . (16)

Obviously, C = 0 means that the entanglement is zero and C = 1 represents the maximal entanglement.
Next, we will analyze the steady-state entanglement of IHB case and CHB case respectively from the strong coupling regime

and the weak coupling regime.
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3.1. Strong coupling regime

Now we consider the strong coupling regime for the
qubit–qubit interaction, or ξ ≥Ω .

In the strong coupling regime, no matter how qubits in-
teract with two baths—that is, for the IHB case and the CHB
case—the steady-state entanglement of two coupled qubits in
the case of T1 = T2 = T is the same as that shown in Fig. 2.
In Figs. 2(a) and 2(b), we plot the steady-state concurrence
as a function of coupling strength ξ for various values of
thermal bath temperature T and energy detuning ∆Ω , respec-
tively. Figure 2(a) shows that the entanglement decreases with

the increase of the thermal bath T and increases with ξ and
reaches to 1 when the thermal bath temperature T is very small
(T = 0.015γ); that is, the state becomes a maximally entangled
state when the coupling is very strong coupling regime. For a
larger T , the entanglement first increases and then decreases
with the increase of coupling strength ξ . Figure 2(b) shows
that the entanglement decreases with thermal bath T (energy
detunings ∆Ω) increasing under a given energy detuning ∆Ω

(thermal bath T ). In fact, the state of the two qubits at high
temperature is near to the completely mixed state which con-
tains no entanglement.
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Fig. 2. In thermal equilibrium baths with T1 = T2 = T , steady-state concurrence as a function of coupling strength ξ for various temperatures of thermal
baths T in panel (a). And steady-state concurrence as a function of temperature of thermal baths T for different values of coupling strength ξ in panel (c)
and energy detuning ∆Ω in panels (b) and (d). Panels (a) and (b) are for strong coupling regime; Panels (c) and (d) are for weak coupling regime. We set
∆Ω = 2γ in panels (a) and (c); ξ = 20γ in panel (b); ξ = 2γ in panel (d). Other parameters are set to be γa

A = γb
A = γa

B = γb
B = γ and Ωm = 20γ .

Next, we consider the steady-state entanglement of two

coupled qubits in the nonequilibrium case with T1 = Tm +

∆T/2 and T2 = Tm−∆T/2 where Tm denotes the average tem-

perature and ∆T refers to the gradient of two thermal baths.

For the IHB case and the CHB case, the entanglement is the

same as that shown in Fig. 3(a). When the qubit–qubit inter-

action is not subject to RWA, we note that the concurrence de-

creases with the average temperature Tm increasing for ∆T = 0,

similar to the results in Figs. 2(a) and 2(b). In the nonequi-

librium regime, we are more interested in the effect of the

temperature gradient ∆T on the steady-state entanglement. As
shown in Fig. 3(a), the concurrence decreases with ∆T increas-
ing. However, compared with the entanglement with RWA in
Refs. [24] and [26] at the lower average temperature Tm, the
entanglement without RWA is large. So, we can obtain that
the entanglement without RWA is beneficial for entanglement
at lower temperature.

3.2. Weak coupling regime

Now we turn our attention to weak coupling regime for
the qubit–qubit interaction, or ξ < Ω .
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In the weak coupling regime, the overall entanglement is
small compared with in the strong coupling regime. For the
IHB case and the CHB case, the steady-state entanglement of
two coupled qubits in the case of T1 = T2 = T is also the same
as that shown in Fig. 2. Figure 2(c) shows that the entangle-
ment decreases with thermal bath T increasing. For a givenT ,
the entanglement increases with the coupling strength ξ in-
creasing. Figure 2(d) shows that the entanglement decreases
with thermal bath T increasing (energy detuning ∆Ω ) under a

given ∆Ω(T ). Likewise, when the temperature is high enough,
the entanglement vanishes.

Next, we consider the steady-state entanglement of two
coupled qubits in the nonequilibrium IHB case in Fig. 3(b)
and CHB case in Fig. 3(c). The trend of the entanglement in
Figs. 3(b) and 3(c) are the same as that shown in Fig. 3(a), but
the values are different. It can be seen that the entanglement
in strong coupling regime is larger than in the weak coupling
regime.

0 1.0 2.0 3.0
0.2

0.3

0.4

0.5

0.6

0 1.0 2.0 3.0
0

0.04

0.08

0.12

0.16

0.20

0 1.0 2.0 3.0
0

0.04

0.08

0.12

0.16

0.20

C
o
n
c
u
rr
e
n
c
e

(a) (b)
C
o
n
c
u
rr
e
n
c
e

C
o
n
c
u
rr
e
n
c
e

(c)
Tm/.γ
Tm/.γ
Tm/.γ

Tm/γ
Tm/γ
Tm/γ Tm/.γ

Tm/.γ
Tm/.γ

Tm/γ
Tm/γ
Tm/γ

Tm/.γ
Tm/.γ
Tm/.γ

Tm/γ
Tm/γ
Tm/γ

DT/γ DT/γ DT/γ

Fig. 3. In nonequilibrium thermal baths with T1 6= T2, steady-state concurrence as a function of scaled temperature gradient of two thermal baths ∆T for different
values of average temperature Tm in the strong coupling regime (a) and weak coupling regime of the IHB case (b), CHB case (c). We set ξ = 20γ in panel (a),
ξ = 2γ in panels (b) and (c), Ωm = 20γ , ∆Ω = 2γ and γa

A = γb
A = γa

B = γb
B = γ .

4. Heat current of IHB case and CHB case
As another figure of merit, we consider the heat current

with respect to a bath Rµ defined as

Qµ = Tr
{

ζµ [ρ]HS
}
. (17)

From the side of a bath, a positive heat current refers to the
heat released from the bath to the system, while a negative
value implies the heat absorption of the bath from the system.
Therefore, a change of sign of the heat current can be used as
an indicator for a crossover between heat absorption and heat
release or vice versa.

According to Eqs. (8), (10), and (12), we can derive from
Eq. (17) the explicit expressions of heat currents for the two
baths as follows:

Qa = 2
(
Γ
′

4 ρ
SS
22 +Γ

′
3 ρ

SS
44 −Γ

′
2 ρ

SS
11 −Γ

′
1 ρ

SS
33
)

ω1

+2
(
Γ
′

7 ρ
SS
33 +Γ

′
8 ρ

SS
44 −Γ

′
5 ρ

SS
11 −Γ

′
6 ρ

SS
22
)

ω2, (18)

Qb = 2
(
Γ
′′

4 ρ
SS
22 +Γ

′′
3 ρ

SS
44 −Γ

′′
2 ρ

SS
11 −Γ

′′
1 ρ

SS
33
)

ω1

+2
(
Γ
′′

7 ρ
SS
33 +Γ

′′
8 ρ

SS
44 −Γ

′′
5 ρ

SS
11 −Γ

′′
6 ρ

SS
22
)

ω2. (19)

Next, we will analyze the heat current of IHB case and CHB
case respectively from the strong coupling regime and the
weak coupling regime.

4.1. Strong coupling regime

Figure 4(a) shows the variations of heat current Qa and
Qb with temperature T1 in the IHB case. For T1 < 20γ , Qb is

positive while Qa is negative, which implies that the heat flows
from the bath b into the bath− a. At the critical temperature
T1 = 20γ , the total system reaches thermal equilibrium and all
heat currents become zero. When T1 > 20γ , the heat of the
bath− a is transferred into bath b. Figure 4(b) shows the vari-
ations of heat current Qa with the temperature T1 for different
values of energy detuning ∆Ω . The figures show that the larger
the value of ∆Ω , the larger (smaller) the value of Qa is when
T1 < 20γ (T1 > 20γ). Figure 4(c) shows that heat current Qa

decreases (increases) as coupling strength ξ increases when
T1 > T2 = 20γ(T1 < T2 = 20γ). For a given ξ , Qa increases
with T1, which is consistent with the scenario in Fig. 4(a). In
Fig. 4(d), the temperature at which Qa becomes zero is the
same as that in the cool bath, while a smaller lower tempera-
ture is associated with a larger the heat current.

As shown in Fig. 4(a), the variations of the heat currents
Qa and Qb as a function of temperature T1 have the same trend,
but there is a numerical difference. Figure 5(b) shows that
∆Ω has little effect on Qa. Figure 5(c), indicates that Qa de-
creases (increases) as the coupling strength ξ increases when
T1 > T2 = 20γ (T1 < T2 = 20γ) and Qa is equal correspond-
ing to the case of the coupling strength ξ large enough, (e.g.,
for ξ = 50γ). For a given ξ , Qa increases with T1 increasing,
which is consistent with the scenario in Fig. 5(a). In Fig. 5(d),
the temperature at which Qa becomes zero is the same as that
in the cool bath, while a smaller lower temperature is associ-
ated with a larger heat current.
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Fig. 4. In IHB case, heat currents Qa and Qb as a function of temperature T1 in panel (a) and Qa as a function of T1 for different values of energy detuning
∆Ω in panel (b), various values of coupling strength ξ in panel (c) and diverse values of temperature T2 in panel (d). We set ∆Ω = 2γ in panels (a), (c), and
(d), ξ = 20γ in panels (a), (b), and (d) and T2 = 20γ in panels (a), (b), and (c). Other parameters are set to be γa
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Fig. 5. In CHB case, heat currents Qa and Qb as a function of temperature T1 in panel (a) and Qa as a function of T1 for different values of energy detuning
∆Ω in panel (b), various values of coupling strength ξ in panel (c) and diverse values of temperature T2 in panel (d). We set ∆Ω = 2γ in panels (a), (c), and
(d), ξ = 20γ in panels (a), (b), and (d), and T2 = 20γ in panels (a), (b), and (c). Other parameters are set to be γa

A = γb
A = γa

B = γb
B = γ and Ωm = 20γ .

4.2. Weak coupling regime

As shown in Figs. 4(a), 4(b), and 4(d), the variations of
heat current Qa and Qb with temperature T1 and the heat cur-
rent Qa with temperature T1 for different values of energy de-
tuning ∆Ω and diverse values of lower temperature T2 have
the same trend in the IHB case, but there is a numerical dif-

ference among Figs. 6(a), 6(b), and 6(d). In Fig. 6(c), we ob-
serve that heat current Qa first decreases and then increases
with coupling strength ξ increasing when T1 < T2 = 20γ; for
T1 > T2 = 20γ , Qa increases with ξ . For a given ξ , Qa in-
creases with T1 increasing, which is consistent with the sce-
nario in Fig. 6(a).
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Fig. 7. In CHB case, heat currents Qa and Qb as a function of temperature T1 in panel (a) and Qa as a function of T1 for different values of
energy detuning ∆Ω in panel (b), various values of coupling strength ξ in panel (c) and diverse values of temperature T2 in panel (d). We set
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γa

A = γb
A = γa

B = γb
B = γ and Ωm = 20γ .

As shown in Figs. 5(a), 5(b), and 5(d), the variations of
heat current Qa and Qb with temperature T1, the heat current
Qa with temperature T1 for different values of energy detun-

ing ∆Ω and diverse values of lower temperature T2 have the
same trend in the CHB case, but there is a numerical differ-
ence among Figs. 7(a), 7(b), and 7(d). In Fig. 7(c), we observe
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that heat current Qa decreases as coupling strength ξ increase
when T1 > T2 = 20γ; for T1 < T2 = 20γ , Qa increases with ξ .
For a given ξ , Qa increases with T1, which is consistent with
Fig. 7(a).

5. Conclusions
In this work, we investigate the steady-state entanglement

and heat current of two coupled qubits in two IHBs or in two
CHBs. We do not make RWA for the qubit–qubit interaction,
therefore we are able to investigate the behavior of the system
in both the strong coupling regime and weak coupling regime.

In the strong coupling regime, for the IHB case and the
CHB case, in thermal equilibrium baths, the entanglement de-
creases with temperature of thermal baths T increasing, and
increases with coupling strength ξ increasing, and reaches to
1 when T is very small; for the larger T , the entanglement
first increases and then decreases with the increase of coupling
strength ξ . The entanglement decreases as T increases (en-
ergy detuning ∆Ω) under a given energy detuning ∆Ω (ther-
mal bath T ). In nonequilibrium heat baths, for the IHB case
and the CHB case, the concurrences are the same. The en-
tanglement without RWA is useful for entanglement at lower
temperatures. In a weak coupling regime, the trend of the en-
tanglement is the same as in the strong coupling regime but
the value is smaller.

Subsequently, we study the heat current of two coupled
qubits. For the IHB (CHB) case, both in the strong coupling
regime and in the weak coupling regime, the heat current as a
function of temperature T1 and the heat current Qa as a func-
tion of temperature T1 for different values of energy detuning
∆Ω and diverse values of lower temperature T2 have the same
trend. While in the weak coupling regime, for T1 > T2 = 20γ

(T1 < T2 = 20γ), the variation trend of heat current Qa is op-
posite to that of coupling strength ξ for the IHB case and the
CHB case.

Thus, the IHB case and the CHB case have different
behaviors in the weak coupling regime and strong coupling
regime. There is also a great influence in entanglement, no
matter whether or not the RWA is made. We hope that the re-

sults in this work will be useful in implementing the quantum
information tasks in thermal environments.
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